Chapter 4

Top Down Parsing

The parsing problem was defined in Section 3.2 (see p. 92) asfollows. given agrammar

and an input string, determine whether the string isin the language of the grammar, and, if
s0, determine its structure. Parsing algorithms are usually classified as either top down or
bottom up, which refers to the sequence in which aderivation tree is built or traversed; in
this chapter we consider only top down algorithms.

. . S
In atop down parsing agorithm, grammar rules T—
are applied in a sequence which corresponds to a general
S - a S b
top down direction in the derivation tree. For example, T~
consider the grammar G8:
b A c
cs: S
' b S
1 S > asShb b/l\c
2 S - bAc
3 A - bsS &ll
4 A - a

Figure4.1 A Derivation

We show aderivation tree for theinput string Treefor abbbacch

abbbaccb inFigure4.1. A parsing agorithm will read

oneinput symbol at atime and try to decide, using the

grammar, whether the input string can be derived. A top down a gorithm will begin with
the starting nonterminal and try to decide which rule of the grammar should be applied.
In the example of Figure 4.1, the algorithm is able to make this decision by examining a
singleinput symbol and comparing it with the first symbol on theright side of the rules.
Figure 4.2 (see p. 95) shows the sequence of events, as input symbols are read, in which
the numbersin circles indicate which grammar rules are being applied, and the under-
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S = aSb = abAcb = abbScb = abbbAccb = abbbacch

© & O ® ®

Figure 4.2 Sequence of Eventsin a Top Down Parse

scored symbols are the ones which have been read by the parser. Careful study of Figures
4.1 (see p. 94) and 4.2, above, reveals that this sequence of events corresponds to atop
down construction of the derivation tree.

In this chapter, we describe some top down parsing algorithms and, in addition,
we show how they can be used to generate output in the form of atoms or syntax trees.
Thisisknown as syntax directed translation. However, we need to begin by describing
the subclass of context-free grammars which can be parsed top down. In order to do this
we begin with some preliminary definitions from discrete mathematics.

4.0 Relations and Closure

Whether working with top down or bottom up parsing algorithms, we will always be
looking for ways to automate the process of producing a parser from the grammar for the
source language. Thiswill require, in most cases, the use of mathematicsinvolving sets
and relations. A relation isaset of ordered pairs. Each pair may be listed in parentheses
and separated by commas, asin the following example:

R1

(a,b)
(c,d)
(b, a)
(b, c)
(c,c)

Notethat (a, b) and (b, a) are not the same. Sometimes the name of arelation is used
to list the elements of therelation:

4<9
5<22
2<3

-3<0

If Risarelation, then the reflexive transitive closure of Risdesignated R* ; itis
arelation made up of the same elements of Rwith the following properties:

1. All pairsof Rareasoin R*.
2. If(a,b) and(b, c) areinR*, then (a, c) isinR* (Transitive).
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a ° a Transitive

GD Reflexive

Figure 4.3 Reflexive and Transitive Elements of a Relation

3. Ifaisinoneof thepairsof R, then (a, a) isinR* (Reflexive).

A diagram using an arrow to represent the relation can be used to show what we mean by
transitive and reflexive properties and is shown, above, in Figure 4.3. Inrule 2 for
transitivity note that we are searching the pairs of R*, not R. This meansthat as addi-
tional pairs are added to the closure for transitivity, those new pairs must also be checked
to see whether they generate new pairs.

Sample Problem 4.0

Show R1* the reflexive transitive closure of R1.

Solution:
R1*:

(a, b)
(c,d)
(b, a) (from R1)
(b, c)
(c,c)

(a, c)
(b, d) (transitive)
(a,d)

(a, a)
(b, b) (reflexive)
(d, d)
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Note in Sample Problem 4.0 that we computed the transitive entries before the reflexive

entries. The pairscan belisted in any order, but reflexive entries can never be used to

derive new transitive pairs, consequently the reflexive pairswere listed last.
Exercises 4.0

Show the reflexive transitive closure of each of the following relations:

@ (ab) () (a a) © (ab)
(a,d) (a, b) (c,d)

(b, c) (b, b) (b, c)

(d, a)

The mathematical relation “less than” is denoted by the symbol <. Some of the

elements of thisrelationare: (4,5) (0,16) (-4,1) (1.001,1.002).
What do we normally call the relation which is the reflexive transitive closure of
“lessthan”?

Write aprogram in Pascal or C++ to read in from the keyboard, ordered pairs (of
strings, with a maximum of eight characters per string) representing arelation,
and print out the reflexive transitive closure of that relation in the form of ordered
pairs. Y ou may assume that there will be, at most, 100 ordered pairsin the given
relation, involving, at most, 100 different symbols. (Hint: Form aboolean matrix
which indicates whether each symbol is related to each symboal).
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4.1 Simple Grammars

At this point, we wish to show how top down parsers can be constructed for agiven
grammar. We begin by restricting the form of context-free grammar rules so that it will
be very easy to construct a parser for the grammar. These gammarswill not be very
useful, but will serve as an appropriate introduction to top down parsing.

A grammar isasimple grammar if every ruleis of the form:

A- aa

(where A represents any nonterminal, a represents any terminal, and o represents any
string of terminals and nonterminals), and every pair of rules defining the same nontermi-
nal begin with different terminals on the right side of the arrow. For example, the
grammar G9 below issimple, but the grammar G10 is not simple because it contains an
epsilon rule and the grammar G11 is not simple because two rules defining S begin with
the sameterminal.

Go: G10: G11:
S 5 aSb S 5 aSb S 5 aSb
S5 b S 5¢ S5 a

A language which can be specified by a simple grammar is said to be asimple
language. Simple languages will not be very useful in compiler design, but they serve as
agood way of introducing the class of languages which can be parsed top down. The
parsing agorithm must decide which rule of the grammar isto be applied asastring is
parsed. The set of input symbols (i.e. terminal symbols) which imply the application of a
grammar ruleis called the selection set of that rule. For simple grammars, the selection
set of each rule always contains exactly one terminal symbol —the one beginning the right
hand side. In grammar G9, the selection set of thefirst ruleis{a} and the selection set of
the second ruleis{b}. Intop down parsing in general, rules defining the same
nonterminal must have digjoint (non-intersecting) selection sets, sothat it isaways
possible to decide which grammar rule isto be applied.

For example, consider grammar G12 below:

G12:
1. S - absd
2. S - basd
3. S 5 d

Figure 4.4 (see p. 99) illustrates the construction of a derivation tree for the input string
abbaddd, using grammar G12. The parser must decide which of the three rulesto apply
asinput symbolsareread. In Figure 4.4 the underscored input symbol isthe one which
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rulel

rule2
abb = S

rule3
abbad = S

Figure4.4 Using the Input Symbol to Guide the Parsing of the String abbaddd

determines which of the three rulesis to be applied, and is thus used to guide the parser as
it attemptsto build a derivation tree. The input symbolswhich direct the parser to use a
particular rule are the members of the selection set for that rule. In the case of simple
grammars, thereis exactly one symbol in the selection set for each rule, but for other
context-free grammars, there could be several input symbolsin the selection set.

4.1.1 Parsing Simple Languageswith Pushdown Machines
In this section, we show that it is always possible to construct a one-state pushdown
machine to parse the language of asimple grammar. Moreover, the construction of the
machine follows directly from the grammar; i.e., it can be done mechanically. Consider
the simple grammar G13 below:

G13:

aSB

omwmwwm
R 2NN

N

bBa



100

Chapter 4 Top Down Parsing

We now wish to construct an extended pushdown machine to parse input strings
consisting of a’sand b’s, according to the rules of this grammar. The strategy we useis
to begin with a stack containing a bottom marker (V) and the starting nonterminal, S. As
the input string is being parsed, the stack will always correspond to the portion of the
input string which has not been read. As each input symbol is read, the machine will
attempt to apply one of the four rulesin the grammar. |If the top stack symbol is S, the
machinewill apply either rule 1 or 2 (since they define an S); whereasiif the top stack
symbol is B, the machine will apply either rule 3 or rule 4 (since they defineaB). The
current input symbol is used to determine which of the two rules to apply by comparing it
with the selection sets (thisis why we impose the restriction that rules defining the same
nonterminal have digjoint selection sets).

Once we have decided which ruleis to be entered in each cell of the pushdown
machinetable, it is applied by replacing the top stack symbol with the symbols on the
right side of the rule in reverse order, and retaining the input pointer. This means that we
will be pushing terminal symbols onto the stack in addition to nonterminals. When the
top stack symbol isaterminal, all we need to do is ascertain that the current input symbol
matches that stack symbol. If thisisthe case, simply pop the stack and advance the input
pointer. Otherwise, the input string isto berejected. When the end of theinput string is
encountered, the stack should be empty (except for V) in order for the string to be
accepted. The extended pushdown machine for grammar G13 is shown in Figure 4.5,
below. The sequence of stack configurations produced by this machine for the input aba
isshown in Figure 4.6 (see p. 101).

In genera, given asimple grammar, we can always construct a one state
extended pushdown machine which will parse any input string. The construction of the
machine could be done automatically:

1. Build atable with each column labeled by aterminal symbol (and endmarker <) and
each row labeled by anonterminal or terminal symbol (and bottom marker V).

a b ©
Rep (Bsa) | Rep (b) Rej ect
S Ret ai n Ret ai n
Rep (a) |Rep (aBb) Rej ect
B Ret ai n Ret ai n
pop Rej ect Rej ect
a Advance S
Rej ect pop Rej ect v
b Advance
v Rej ect Rej ect Accept Initial
St ack

Figure 4.5 Pushdown Machine for Grammar G13
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a
a| s S|b]b a ©
-|{Bf~-|Bf|~-|Bf-|B|->|al-

v v v v v v Accept

Figure4.6 Sequence of Stacksfor Machine of Figure 4.5 for Input aba

2. For each grammar rule of theform A - aa, fill in the cell in row A and column a

with: REP(ara) ,

r et ai n, wherear represents a reversed (here, a representsa

terminal, and o represents a string of terminals and nonterminals).

3. Fill inthecell inrow a and column a with pop,

advance, for each terminal

symbol a.

4. Fillinthecell inrow V and column < with Accept .

5. Fill indl other cellswith Rej ect .

6. Initialize the stack with V' and the starting nonterminal..

This means that we could write a program which would accept, asinput, any simple
grammar and produce, as output, a pushdown machine which will accept any string in the
language of that grammar and reject any string not in the language of that grammar.

There is software which isable to do thisfor agrammar for ahigh level programming

language —i.e., which is able to generate a parser for a compiler. Software which

generates acompiler automatically from specifications of a programming languageis
called acompiler-compiler. We will study a popular compiler-compiler called yaccin
the section on bottom up parsing.

4.1.2 Recursive Descent Parsersfor Simple Grammars

A second method for implementing a parser for simple grammarsisto use a method
known asrecursive descent. In this method, the parser iswritten using a procedure
oriented language, such as Pascal or C. A function iswritten for each nonterminal in the
grammar. The purpose of this function isto scan aportion of the input string until an
example of that nonterminal has been read. By an example of anontermninal, we mean a
string of terminals or input symbols which can be derived from that nonterminal. Thisis
done by using the first terminal symbol in each rule to decide which rule to apply. The
function then handles each succeeding symbol in therule; it handles nonterminals by
calling the corresponding functions, and it handles terminals by reading another input
symbol. For example, arecursive descent parser for grammar G13 is shown on the next

page:

101
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char inp;
voi d parse ()
{ cin >> inp;
S ();
if (inp=="¢") accept();
el se reject();

}
void S ()
{ if (inp=="a") /1 apply rule 1
{ cin >> inp;
S ();
B ()
} /1 end rule 1
else if (inp=="b'") cin >> inp; /1 apply rule 2
el se reject();
}
void B ()
{ if (inp=="a') cin >>inp; /1 apply rule 3
else if (inp=="b") /1 apply rule 4
{ cin >>inp;
B ();
if (inp=="a"') cin >> inp;
el se reject();
} /1 end rule 4
el se reject();
}

Note that the main function (par se) readsthe first input character before calling the
function for nonterminal S (the starting nonterminal). Each function assumesthat the
initial input symbol in the exampleit islooking for has been read before that function has
been called. It then usesthe selection set to determine which of the grammar rules
defining that nonterminal should be applied. The function S callsitself (because the
nonterminal S is defined interms of itself), hence the name recursive descent. When
control is returned to the main program, it must ensure that the entire input string has been
read before accepting it. Thefunctionsaccept () andr ej ect (), which have been
omitted from the above program, simply indicate whether or not the input string isin the
language of the grammar. The student should perform careful hand simulations of this
program for various input strings, to understand it fully.
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SampleProblem 4.1

Show aone state pushdown machine and a recursive descent parser (show functions S()
and A() only) for the following grammar:

AwNPR
>> 00

R ORFr O

R 2NN

S1
0 A
SO

A

Solution:

Thisgrammar is simple because al rules begin with aterminal —rules 1 and 2 which
define S, begin with different terminals, and rules 3 and 4 which define A, begin with

different terminals. The pushdown machineis shown below:

0 1 o

Rep (A1S0O) | Rep (A01) Rej ect

S Ret ai n Ret ai n
Rep (0S0) Rep (1) Rej ect

A Ret ai n Ret ai n
pop Rej ect Rej ect

0 Advance

Rej ect pop Rej ect

1 Advance
\v Rej ect Rej ect Accept

Therecursive descent parser is shown below:

void S()

{ if (inp=="0")

if (inp=="1") cin >> inp;

{ cin >>inp;
S ();
el se reject;
} A();

else if (inp=="1")

{

cin >> inp;

S
v

Initial
St ack

/1 apply rule 1

/1 end rule 1
/1 apply rule 2
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if (inp=="0") cin >> inp;
el se reject();
A();

} /1 end rule 2
el se reject();
}
void A ()
{ if (inp=="0") /1 apply rule 3
{ cin >>inp;
S ();
if (inp=="0") cin >> inp;
el se reject();
} /1 end rule 3
else if (inp=="1") cin >> inp; /1 apply rule 4
el se reject();
}
Exercises 4.1
1 Determinewhichof thefollowing grammarsaresimple. Forthosewhicharesimple,
show an extended one-state pushdown machineto accept thelanguage of that
grammar.
@ 1. S - asShb
2. S - b
(b) 1. Expr - Expr + Term
2. Expr - Term
3. Term - var
4. Term - ( Expr )
(© 1. S - aAbB
2. A - bA
3. A > a
4. B - bA
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(d) 1. S - aAbaB
2. A 5 b A
3. A - b
4, B - b A

(e 1. S - aAbB
2. A - b A
3. A - €
4, B - b A

Show the sequence of stacks for the pushdown machine of Figure 4.5 (see p. 100)
for each of the following input strings:

@ aba< (b) abbaa< (© aababaa<

Show arecursive descent parser for each simple grammar of Problem 1, above.
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4.2 Quasi-Simple Grammars

We now extend the class of grammars which can be parsed top down by permitting € rules
inthegrammar. A quasi-simple grammar isagrammar which obeys the restriction of
simple grammars, but which may aso contain rules of the form:

A-e
(where A represents any nonterminal) aslong as al rules defining the same nonterminal

have digoint selection sets.
For example, the following is a quasi-simple grammar:

Gl14:

1. S->aAsS
2. S-> b
3. AscAS
4. A ->¢€

In order to do atop down parse for this grammar, we will again have to find the selection
set for each rule. In order to find the selection set for € rules (such as rule 4) we first need
to define some terms. The follow set of anontermina A, designated Fol ( A) , isthe set
of all terminals (or endmarker <) which can immediately follow an Ain an intermediate
form derived from S<, where S is the starting nonterminal. For grammar G14, above, the
follow set of Sis{ a, b, <} andthefollow set of Ais{ a, b}, asshown by the follow-
ing derivations:

Se = aASe = acASSe = acASaASe
= acASh« Fol ('S)

{a, b, <}

Se = aASe = aAaASe
= aAbe Fol (A)

{a, b}

For the present, we rely on the student’ s ingenuity to find all elements of the
follow set. In alater section, we will present an algorithm for finding follow sets. The
selection set for an € ruleis simply the follow set of the nonterminal on the left side of the
arrow. For example, in grammar G14, above, the selection set of rule4isSel (4) =
Fol (A) = {a, b}. Weusethefollow set because these are the terminals which could
be the current input symbol when, for instance, an example of an Aiin recursive descent is
being sought.

To understand selection sets for quasi-simple grammars, consider the case where
the parser for grammar G14 is attempting to build a derivation tree for the input string
acbb. Onceagain, it isthe selection set of each rule that guides the parser to apply that
rule, asillustrated in Figure 4.7. If the parser istrying to decide how to rewrite an A, it
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rulel rule3
a = S ac = S
T~ /I\
a A S a A S
/I\
c A S
rule4 rule 2
acbh = S acb = S
T ST
a A S a A S
/I\ /I\
c A S c A S
I ||
€ € b
rule 2
acbb = S
/I\
a A S
/I\\
c A S b
||
€ b

Figure4.7 Construction of a Parse Tree for acbb Using Selection Sets

will chooserule 3 if the input symbol isac, but it will chooserule 4 if theinput symbol
iseitherana or ab.

4.2.1 Pushdown Machinesfor Quasi-Simple Grammars

To build a pushdown machine for a quasi-simple grammar, we need to add only one step
to the algorithm given in Section 4.1.1 (see p. 99). We need to apply an € rule by ssimply
popping the nonterminal off the stack and retaining the input pointer. We do thisonly
when the input symbol isin the follow set of the nonterminal defined inthe e rule. We
would add the following step to the algorithm between steps 4 and 5:
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4.5 For each € rulein the grammar, fill in cells of the row corresponding to the nontermi-
nal on the left side of the arrow, but only in those columns corresponding to elements of
thefollow set of the nonterminal. Fill in these cellswith Pop, Ret ai n.

Thiswill cause the machine to apply an € rule by popping the nonterminal off the stack
without reading any input symbols.

For example, the pushdown machine for grammar GL4 isshown in Figure 4.8,
above. Note, in particular, that the entriesin columnsa and b for row A ( Pop,
Ret ai n) correspond to the € rule (rule 4).

a b c ©
Rep (Saa) | Rep (b) Rej ect Rej ect
S Ret ai n Ret ai n
Pop Pop Rep (Sac) Rej ect
A Ret ai n Ret ai n Ret ai n
Pop Rej ect Rej ect Rej ect
a Advance S
Rej ect Pop Rej ect Rej ect v
b Advance
Rej ect Rej ect Pop Initial
c Advance St ack
\% Rej ect Rej ect Rej ect Accept

Figure 4.8 A Pushdown Machine for Grammar G14

4.2.2 Recursive Descent for Quasi-Simple Grammars

Recursive descent parsers for quasi-simple grammars are similar to those for simple
grammars. Theonly differenceisthat we need to check for al theinput symbolsin the
selection set of an € rule. If any of these are the current input symbol, we simply return to
the calling function without reading any input. By doing so, we areindicating that € isan
example of the nonterminal for which we aretrying to find an example. A recursive
descent parser for grammar G14 is shown below:

char inp;
voi d parse ()
{ cin >> inp;
S ();
if (inp=="¢") accept();
el se reject();
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void S ()
{ if (inp=="a") [l apply rule 1
{ cin >>inp;
AC);
S();
} /1 end rule 1

else if (inp=="b'") cin >>inp; [l apply rule 2
el se reject();

}
void A ()
{ if (inp=="c") /1 apply rule 3
{ cin >>inp;
A();
S ();
} /!l end rule 3
else if (inp=="a" || inp=="b") ; [/ apply rule 4
el se reject();
}

Note that rule 4 is applied in function A() when theinput symbol isa or b. Rule4is
applied by returning to the calling function without reading any input characters. Thisis
done by making use of the fact that C++ permits null statements (at the comment / /
apply rul e 4). Itisnot surprising that anull statement is used to process the null
string.

4.2.3 A Final Remark on € Rules

Itisnot strictly necessary to compute the selection set for € rulesin quasi-simple gram-
mars. |n other words, there is no need to distinguish between Rej ect entries and Pop,
Ret ai n entriesin the row of the pushdown machinefor an € rule; they can all be
marked Pop, Ret ai n. If the machinedoesaPop, Ret ai n whenitshould Rej ect
(i.e., it appliesan € rulewhen it really has no rule to apply), the syntax error will always
be detected subsequently in the parse. However, thisis often undesirablein compilers,
because it is generally agood ideato detect syntax errors as soon as possible so that a
meaningful error message can be put out.

For example, in the pushdown machine of Figure 4.8 (see p. 108), for the row
labeled A, we havefilled in Pop, Ret ai n under the input symbolsa and b, but Rej ect
under the input symbol «; the reason isthat the selection set for thee ruleis{ a, b} . If
we had not computed the selection set, we could havefilled in al three of these cellswith
Pop, Ret ai n, and the machine would have produced the same end result for any input.
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SampleProblem 4.2

Find the selection setsfor the following grammar. |sthe grammar quasi-simple? If so,
show a pushdown machine and a recursive descent parser (show functions S() and A()
only) corresponding to this grammar.

1. S>sb AD
2. S-sa

3. A - €

4. A-aSa
Solution:

In order to find the selection set for rule 3, we need to find the follow set of the
nonterminal A. Thisisthe set of terminals (including <) which could follow an Aina
derivation from Se.

Se> = bAbe

We cannot find any other terminalsthat can follow an A in aderivation from S«<. There-
fore, FOL(A) = {b}. Theselection setscan now be listed:

Sel (1) = {b}
Sel (2) = {a}
Sel (3) = FOL(A) = {b}
Sel (4) = {a}

The grammar is quasi-simple because the rules defining an S have disjoint selection sets
and the rules defining an A have dijoint selection sets. The pushdown machineis shown
below:

a b e
Rep (a) |Rep (bAb) Rej ect
S Retain Retain
Rep (aSa) Pop Rej ect
A Retain Retain
Pop Rej ect Rej ect
a Advance S
Rej ect Pop Rej ect \
b Advance
v Rej ect Rej ect Accept Initial
St ack
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Therecursive descent parser is shown below:

void S ()
{ if (inp=="D") [l apply rule 1
{ cin >>inp;
A();
if (inp=="b") cin >> inp;
el se reject();
} /1 end rule 1
else if (inp=="a') cin >>inp; [l apply rule 2
el se reject();

}
void A ()
{ if (inp=="b") ; /1 apply rule 3
else if (inp=="a') /1 apply rule 4
{ cin >>inp;
S ();
if (inp=="a"') cin >> inp;
el se reject();
} /1 end rule 4
el se reject();
}

Notethat rule 3 isimplemented with anull statement. This should not be surprising
since rule 3 defines A asthe null string.

Exercises 4.2

Show the sequence of stacks for the pushdown machine of Figure 4.8 (see p. 108)
for each of the following input strings:

@ abe (b) acbbe (© aabe
Show aderivation tree for each of the input strings in Problem 1, using grammar
G14. Number the nodes of the tree to indicate the sequence in which they were

applied by the pushdown machine.

Given the following grammar:
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1 S - aAbsS
2 S - ¢

3 A - asShb
4 A - ¢

@ Find the follow set for each nonterminal.
(b) Show an extended pushdown machine for the language of this grammar.
(© Show arecursive descent parser for this grammar.
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4.3 LL(1) Grammars

We now generalize the class of grammars that can be parsed top down by alowing rules
of theform A- o wherea isany string of terminals and nonterminals. However, the
grammar must be such that any two rules defining the same nonterminal must have
digoint selection sets.  If it meets this condition, the grammar is said to be LL (1), and we
can construct a one-state pushdown machine parser or arecursive descent parser for it.
The name LL (1) isderived from the fact that the parser finds aleft-most derivation when
scanning the input from left to right if it can look ahead no more than one input symbol.
In this section we present an agorithm to find selection setsfor an arbitrary context-free
grammar.

The agorithm for finding sel ection sets of any context-free grammar consists of
twelve steps and is shown below. Intuitively, the selection set for each rulein the
grammar isthe set of terminals which the parser can expect to encounter when applying
that grammar rule. For example, in grammar G15, below, we would expect the terminal
symbol b to bein the selection set for rule 1, since:

S = ABc = bABc

In this discussion, the phrase “any string” alwaysincludesthe null string, unless otherwise
stated. Aseach step is explained, we present the result of that step when applied to the
example, grammar G15.

G15:

ABc
bA
£

c

w>>0n
NN

N

Step 1. Find all nullable rules and nullable nonterminals:

Remove, temporarily, al rules containing aterminal. All € rulesare nullablerules.
The nonterminal defined in anullable ruleis anullable nonterminal. In addition, all
rulesintheform

AsB CD...
where B, C, D, ... areal nullablenon-terminals are nullable rules, and they define
nullable nonterminals. In other words, anonterminal is nullableif € can be derived from

it, and aruleisnullableif € can be derived from itsright side.

For grammar G15 —
Nullablerules: rule 3
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Nullable nonterminas; A

Step 2. Compute the relation “Begins Directly With” for each nonterminal :

A BDW X if thereisarule A - a X B suchthat a isanullable string ( astring of
nullable non-terminals). A representsanonterminal and X representsaterminal or
nonterminal. 3 represents any string of terminals and nonterminals.

For G15 -

S BDWA (fromrule 1)

S BDWB (also from rule 1, because Ais nullable)
A BDW b (fromrule 2)

B BDWc (fromrule 4)

Step 3. Compute therelation “Begins With”:

X BWY if thereisastring beginning with Y that can be derived from X.  BW isthe
reflexive transitive closure of BDW  In addition, BW should contain pairs of the form
a BWa foreachtermina a inthegrammar.

For G15 —

BW A
BW B (from BDW)
BW b
BW c

Wr>unwm

BW b (transitive)
BW c

(2]

BW S
BW A
BW B (reflexive)
BW b
BW c

O T wW>»Wm

Step 4. Compute the set of terminals "First(x)" for each symbol x in the grammar.

At this point, we can find the set of all terminals which can begin a sentential form when
starting with agiven symbol of the grammar.

First(A)
First(t)

set of dl terminals b, suchthat A BW b for each nonterminal A.
{t} foreachterminal.
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For G15 -
First(S) = {b,c}
First(A) = {b}
First(B) = {c}
First(b) = {b}
First(c) = {c}

Step 5. Compute "First" of right side of each rule:

We now compute the set of terminalswhich can begin a sentential form derivable from
theright side of each rule.

First (XYZ...) = {First(X}

U{First(Y)} if X isnullable
U{First(2)} if Y isasonullable

In other words, find the union of the Fi r st ( x) setsfor each symbol on the right side of
arule, but stop when reaching a non-nullable symbol.

For G15—

1. First(ABc) = First(A) U First(B) = {b,c} (becauseAis
nullable)

2. First(bA) = {b}

3. First(e) = {}

4, First(c) = {c}

If the grammar contains no nullable rules, you may skip to step 12 at this point.

Step 6. Compute therelation “1s Followed Directly By”:

B FDB X if thereisarule of theform

A-aBBXy

where [ isastring of nullable nonterminals, a, y are strings of symbols, X isany
symbol, and A and B are nonterminals.

For G15 —

A FDB B (fromrule 1)
B FDB c (fromrule 1)
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Note that if B were anullable nonterminal we would also have A FDB c.

Step 7. Compute therelation “Is Direct End Of”:

X DEO A if thereisarule of the form:

A-a X

where Bisastring of nullable nonterminals, a isastring of symbols, and Xisasingle
grammar symbol.

For G15 -

¢ DEO S (fromrule 1)

A DEO A (fromrule 2)

b DEO A (fromrule 2, since A isnullable)

c DEO B (fromrule 4)

Step 8. Compute therelation “Is End Of”:

X EO Y if thereisastring derived from Y that endswith X. EO isthereflexive
transitive closure of DEO. In additon, EOshould contain pairs of theform N EO N for
each nullable nonterminal, N, in the grammar.

For G15 —

EO S
EO A (from DEO)
EO A
EO B

O T P>Oo

(no transitive entries)
EO c
EO S (reflexive)
EO b
EO B

WwWo Wmo

Step 9. Compute therelation “1s Followed By”:

W FB Z if thereisastring derived from S« inwhich W isimmediately followed by
Z.

If there are symbols X and Y such that

W EO X
X FDB Y
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Y BWZ
then WFB Z
For G15 —
A EO A A FDB B B BWB A FB B
B BWc A FB c
b EO A B BWB b FB B
B BWc b FB ¢
B EOB B FDB c c BWc B FB c
c EOB c BWc c FB c

Step 10. Extend the FB relation to include endmarker:

A FB « if A EO S whereA representsany nonterminal and S represents the
starting nonterminal .

For G15 -
S FB « because S EO S
There are now seven pairsin the FB relation for grammar G15.

Step 11. Compute the Follow Set for each nullable nonterminal:

Thefollow set of any nonterminal Aisthe set of all terminals, t, for whichA FB t.
Fol (A) = {t | AFBt}

Tofind selection sets, we need find follow sets for nullable nonterminals only.
For G15 -

Fol (A) = {c} since A istheonly nullable nontermina and A FB c.

Step 12. Compute the selection set for each rule:

i. A-sa

if rulei isnotanullablerule, then Sel (i) = First(a)
if rulei isanullablerule, then Sel (i) = First(a) U Fol (A

For G15—
Sel (1) = First(ABc) = {b,c}
Sel (2) = First(bA) = {b}
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Sel (3)
Sel (4)

First(e) U Fol (A = {} U {c} = {c}
First(c) = {c}

Notice that since we are looking for the follow set of anullable nonterminal in step 12, we
have actually done much more than necessary in step 9. In step 9 we need produce only
those pairs of theform A FB t, where A isanullable nonterminal and t isa
terminal.

The agorithm is summarized, below, in Figure 4.9 A context-free grammar is
LL (1) if rules defining the same nonterminal always have disjoint selection sets.
Grammer G15isLL (1) because rules 2 and 3 (defining the nonterminal A) have disjoint
selection sets (the selection sets for those rules have no terminal symbolsin common).
Note that if there are no nullable rules in the grammar, we can get the selection sets
directly from step 5—i.e., we can skip steps 6-11. A graph showing the dependence of
any step in this algorithm on the results of other stepsis shown in Figure 4.10 (see p.
119). For example, this graph shows that the results of steps 3,6, and 8 are needed for
step 9.

1. Find nul I abl e rul es and nul | abl e nont erm nal s.

2. Find “Begins Directly Wth” relation (BDW.

3. Find “Begins Wth” relation (BW.

4, Find “First(x)” for each synbol, x.

5. Find “First(n)” for the right side of each rule,
n.

6. Find “Followed Directly By” relation (FDB).

7. Find “Is Direct End O" relation (DEO.

8. Find “I's End O” relation (EO.

9. Find “Is Followed By” relation (FB).

10. Extend FB to i nclude endnarker.

11. Find Foll ow Set, Fol (A), for each nullable
nonterm nal, A

12. Find Sel ection Set, Sel(n), for each rule, n.

Figure4.9 Summary of Algorithm to Find Selection Sets of any Context-Free Grammar.
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~O<O=0

bt
=

Figure4.10 Dependency Graph for the Stepsin the Algorithm for Finding Selection
Sets.

4.3.1 Pushdown Machinesfor LL (1) Grammars

Once the selection sets have been found, the construction of the pushdown machineis
exactly asfor quasi-simple grammars. For arule in the grammar, A a, fill inthecellsin
the row for nonterminal A and in the columnsfor the selection set of that rule with
Rep(ar), Retain, wherear representstheright side of therule reversed. For €
rules, fill in Pop, Ret ai n inthe columnsfor the selection set. For each terminal
symbol, enter Pop, Advance inthecell inthe row and column labeled with that
terminal. The cell intherow labeled V and the column labeled < should contain
Accept . All other cellsare Rej ect . The pushdown machine for grammar G15is
shown in Figure 4.11 (see p. 120).

4.3.2 Recursive Descent for LL (1) Grammars

Once the selection sets have been found, the construction of the recursive descent parser
isexactly asfor quasi-simple grammars. When implementing each rule of the grammar,
check for theinput symbolsin the selection set for that grammar. A recursive descent
parser for grammar G15 is shown bel ow (beginning on page 120):
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b c o
Rep (cBA) [Rep (cBA) Rej ect
S Ret ai n Ret ai n
Rep (Ab) Pop Rej ect

A Ret ai n Ret ai n
Rej ect Rep (c) Rej ect

B Ret ai n S
Pop Rej ect Rej ect 4
b Advance
Rej ect Pop Rej ect Initial
C Advance St ack
\ Rej ect Rej ect Accept

Figure4.11 A Pushdown Machine for Grammar G15

voi d parse ()
{ cin >>inp;

S ();
if (inp=="¢') accept; else reject();
}
void S ()
{ if (inp=="b" || inp=="c") /1 apply rule 1
{ AQ:;
B ();
if (inp=="c') cin >> inp;
el se reject();
} /1 end rule 1
el se reject();
}
void A ()
{ if (inp=="b") /1 apply rule 2
{ cin >>inp;
A();
} /1 end rule 2
else if (inp=="c') ; /1 apply rule 3

el se reject();
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void B ()
{ if (inp=="c¢') cin >>inp; /1 apply rule 4
el se reject();

Note that when processing rule 1, an input symbol is not read until ateminal is encoun-
tered in the grammar rule (after checking for a or b, an input symbol should not be read
before calling procedure A).

SampleProblem 4.3

Show the sequence of stacks that occurs when the pushdown machine of Figure 4.11
(seep. 120) parsesthe string bcc«.

Solution:
b
A A A
b B B B c B c
S -> C - C - C C > C N
v v v \v
C ©
c N N Accept
v
Exercises 4.3

1 Given the following information, find the Followed By relation ( FB) asde-
scribed in step 9 of the algorithm for finding selection sets:

A EO A A FDB D D BWDb
A EOB B FDB a b BWhb
B EOB a BWa
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2. Find the selection sets of the following grammar and determine whether it is
LL(2).

S - ABD
A - aA
A-> €
B - bB
B- ¢
D - dD
D- ¢

NogrwNE

3. Show a pushdown machine for the grammar of Problem 2.
4. Show arecursive descent parser for the grammar of Problem 2.

5. Step 3 of the algorithm for finding selection setsisto find the “ Begins With”
relation by forming the reflexive transitive closure of the “Begins Directly With”
relation. Then add “pairs of theforma BW a for each termina a in the gram-
mar”; i.e., there could be terminals in the grammar which do not appear in the
BDW relation. Find an example of agrammar in which the selection sets will not
be found correctly if you don’t add these pairs to the BW relation (hint: see step
9).
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4.4 Parsing Arithmetic Expressions Top Down

Now that we understand how to determine whether agrammar can be parsed down, and
how to construct atop down parser, we can begin to address the problem of building top
down parsers for actual programming languages. One of the most heavily studied aspects
of parsing programming languages deals with arithmetic expressions. Recall grammar
G5 for arithmetic expressions involving only addition and multiplication, from Section
3.1. Wewish to determine whether this grammar isLL(1).

G5:

Expr - Expr + Term
Expr - Term

Term » Term [ Fact or
Term - Fact or

Factor - ( Expr )
Factor - var

oUEWNE

In order to determine whether this grammar isLL (1), we must first find the selection set
for each rulein the grammar. We do this by using the twelve step algorithm givenin
Section 4.3 (see p. 118).

1. Nul | abl e rules: none
Nul | abl e nonterm nal s: none

2. Expr BDW  Expr
Expr BDW Term
Term BDW Term
Term BDW  Factor
Fact or BDW  (
Fact or BDW var
3. Expr BW Expr
Expr BW Term
Term BW Term
Term BW Fact or
Fact or BW (
Fact or BW var
Fact or BW Fact or
( BW  (
var BW var

Expr BW Fact or
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Expr BW (
Expr BW var
Term BW (
Term BW var
O BW O
+ BW +

4, Fi rst (Expr)
First(Term
First(Factor)

{(,var}
{(,var}
{(,var}

5. (1) First(Expr + Term
(2) First(Term
(3) First(Term O Factor)
(4) First(Factor)
(5) First( ( Expr ) )
(6) First (var)

12.  Sel (1)
Sel (2)
Sel (3)
Sel ( 4)
Sel (5)
Sel ( 6)

Since there are no nullable rulesin the grammar, we can obtain the selection sets
directly from step 5. This grammar isnot LL (1) because rules 1 and 2 define the same
nonterminal, Expr , and their selection setsintersect. Thisisalso truefor rules3 and 4.

Incidentally, the fact that grammar G5 is not suitable for top down parsing can be
determined much more easily by inspection of the grammar. Rules 1 and 3 both have a
property known as left recursion :

1. Expr - Expr + Term
3. Term > Term O Fact or

They arein the form:

A > Aa
Note that any rulein thisform cannot be parsed top down. To seethis, consider the
function for the nonterminal Ain arecursive descent parser. Thefirst thing it would do

would beto call itself, thus producing infinite recursion with no “escape hatch”. Any
grammar with left recursion cannot be LL(1).
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The left recursion can be eliminated by rewriting the grammar with an egquivalent
grammar that does not have left recursion. In general, the offending rule might bein the
form:

A - A

A > B
in which we assumethat 3 isastring of terminals and nonterminals that does not begin

with an A. We can eliminate the left recursion by introducing anew nonterminal, R, and
rewriting therules as:

R
R

x>
N
™ Q™

A more detailed and complete explanation of left recursion elimination can be found in
Parsons [1992].

This method is used to rewrite the grammar for simple arithmetic expressionsin
which the new nonterminalsintroduced are El i st and Tl i st . Anequivalent grammar
for arithmetic expressionsinvolving only addition and multiplication, G16, isshown
below. A derivation tree for the expression var +var *var isshownin Figure 4.12
(seep. 126).

Gl6:

Expr - Term Eli st
Elist - + Term Eli st
Elist - ¢

Term > Factor Tli st
Tlist - OFactor TIlist
Tlist >¢

Factor - ( Expr )
Factor - var

PN A WN

Notein grammar G16 that an Expr isstill the sum of one or more Ter nsand a
Ter mis still the product of one or more Fact or s, but the left recursion has been
eliminated from the grammar. We will see, later, that this grammar also definesthe
precedence of operators as desired. The student should construct several derivation trees
using grammar G16 in order to be convinced that it is not ambiguous.

We now wish to determine whether this grammar isLL (1), using the agorithm to
find selection sets:

1. Nul | abl e rules: 3,6
Nul | abl e nont er m nal s: Elist, Tlist
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Expr
Term Eli st
Fact or Tlist + Term Eli st
var € Factor TIlist
Figure4.12 A derivation tree for the expression *  Factor TIlist
var+var*var using grammar G16 | |
2. Expr BDW Term var €
Eli st BDW +
Term BDW Fact or
Tli st BDW O
Fact or BDW (
Fact or BDW var
3. Expr BW Term
Eli st BW +
Term BW Fact or (from BDW)
Tli st BW O
Fact or BW (
Fact or BW var
Expr BW Fact or
Term BW (
Term BW var (transitive)
Expr BW (
Expr BW var
Expr BW Expr
Term BW Term
Fact or BW Fact or
Eli st BW Eli st
Tli st BW Tli st (reflexive)
Fact or BW Fact or
+ BW +
O BW O

( BW



var

Fi rst
Fi rst
Fi rst
Fi rst
Fi rst

PN EWN

Term
Fact or
Expr

Eli st
Term
Eli st
Term
Tli st
Fact or
Tli st
Fact or

)

var

Eli st
Term
Eli st
Term
Tli st
Fact or
Tli st
Fact or
)

var
Tli st

Section 4.4 Parsing Arithmetic Expressions Top Down

BW
BW

(Expr)
(Elist)
(Term
(Tlist)
(Factor)

var

{(,var}
{+}
{(,var}
{Q
{(,var}

First(Term Elist)
First(+ TermElist)

First(eg)

First(Factor Tlist)
First (O Factor TIist)

First(eg)

First(( Expr ))

First(var)

FDB
FDB
FDB

DEO
DEO
DEO
DEO
DEO
DEO
DEO
DEO
DEO
DEO

EO
EO
EO
EO
EO
EO
EO
EO
EO
EO
EO

Eli st
Tl i st

)

Expr
Expr
Eli st
Eli st
Term
Term
Tli st
Tli st
Fact or
Fact or

Expr
Expr
Eli st
Eli st
Term
Term
Tli st
Tli st
Fact or
Fact or
Expr

(from DEO)

127
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10.

Tl i st
Fact or
Fact or

Expr
Term
Fact or

)
var
+

O

(
Eli st

Tli st

Tli st

Fact or
var

Term

)
)

var
Fact or

Elist
Tli st

Elist
Term

EO

EO

EO

EO

EO

EO

EO

EO

EO

FB
FB

EO
EO
EO
EO
EO
EO
EO
EO
EO
EO
EO

EO
EO
EO
EO
EO
EO
EO
EO
EO
EO

Term

Fact or

Expr
Expr

Eli st
Expr

Eli st
Term
Tli st
Expr

Eli st
Term
Tli st
Expr

Eli st

Expr
Term
Fact or

)
var
+

O

(
Eli st

Tli st

FDB Eli st

FDB Tli st

FDB )

BW

BW
BW
BW
BW
BW
BW
BW
BW
BW
BW
BW
BW
BW
BW
BW
BW

Tl
)

i st

i st

i st

i st

i st

i st

i st

st

(trangitive)

(reflexive)

Tli st

Eli st
Tl i st

FB +

FB )
FB )
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Expr FB ©
Tli st FB e

Factor FB ©

11. Fol (Elist) ={), <}
Fol (Tlist) = {+), <}

12. Sel (1) = First(TermElist) = {(,var}
Sel (2) = First(+ TermElist) = {+}
Sel (3) = Fol (Elist) ={), <}
Sel (4) = First(Factor Tlist) = {(,var}
Sel (5) = First(OFactor Tlist) = {0
Sel (6) = Fol (Tlist) ={+), <}
Sel (7) = First( ( Expr ) ) = {(}
Sel (8) = First(var) = {var}

Since al rules defining the same nonterminal (rules 2 and 3, rules 5 and 6, rules 7 and 8)
have digjoint selection sets, the grammar G16isLL(1).

In step 9 we could have listed several more entriesin the FB relation. For example,
we could have listed pairssuchasvar FB +andTli st FB El i st. Thesewere not
necessary, however; thisisclear if onelooks ahead to step 11, where we construct the
follow setsfor nullable nonterminals. This means we need to use only those pairs from
step 9 which have a nullable nonterminal on the left and aterminal on theright. Thus, we
will not needvar FB + because the left member is not anullable nonterminal, and we
will notneed Tl i st FB El i st because the right member is not aterminal.

SampleProblem 4.4

Show a pushdown machine and arecursive descent trandator for arithmetic expressions
involving addition and multiplication using grammar G16.

Solution:

To build the pushdown machine we make use of the selection sets shown above.
These tell us which columns of the machine are to befilled in for each row. For ex-
ample, sincethe selection set for rule4is{ (, var } , wefill the cellsin the row labeled
Ter mand columns labeled ( and var with information fromrule4: Rep (Tl i st
Fact or). Thesolution isshown on the next page.

We make use of the selection sets again in the recursive descent processor. In
each procedure, the input symbolsin the selection set tell uswhich rule of the grammar
to apply. Assumethat avar isrepresented by the integer 256.
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+ * ( ) var ©
Rep(El'i st Rep(Eli st
Expr Rej ect Rej ect Term Rej ect Term Rej ect
Ret ai n Ret ai n
Rep(Eli st
Elist| Term+) Rej ect Rej ect Pop Rej ect Pop
Ret ai n Ret ai n Ret ai n
Rep(Tli st Rep(Tli st
Term| Reject Rej ect Fact or) Rej ect Fact or) Rej ect
Ret ai n Ret ai n
Rep(Tli st
Tli st Pop Factor *)| Reject Pop Rej ect Pop
Ret ai n Ret ai n Ret ai n Ret ai n
Rep( Rep(var)
Factor| Reject Rej ect YExpr( ) | Reject Rej ect
Ret ai n Ret ai n
+ Pop Rej ect Rej ect Rej ect Rej ect Rej ect
Advance
* Rej ect Pop Rej ect Rej ect Rej ect Rej ect
Advance
( Rej ect Rej ect Pop Rej ect Rej ect Rej ect
Advance
Expr
) Rej ect Rej ect Rej ect Pop Rej ect Rej ect v
Advance
Initial
var Rej ect Rej ect Rej ect Rej ect Pop Rej ect St ack
Advance
v Rej ect Rej ect Rej ect Rej ect Rej ect Accept
int inp; const int var = 256;
voi d Expr ()
{ if (inp=="(" || 1np==var) /1 apply rule 1
{ Term{();
Elist ();
} /1 end rule 1

el se reject();
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void Elist ()
{ if (inp=="+")
{ cin >>inp;

Term ();
Elist ();
}
else if (inp==")" || inp=="¢")
el se reject ();
}
void Term ()
{ if (inp=="(" || inp==var) /1
{ Factor ();
Thist ();
}
el se reject();
}
void Tlist ()
{ if (inp=="*'
{ cin >>inp;
Factor ();
Thist ();
}
else if (inp=="+" || inp==")" ||

el se reject();

voi d Factor ()
{ if (inp=="(")
{ cin >>inp;
Expr ();

if (inp==")") cin >>inp;
el se reject();

}

else if (inp==var) cin >>inp

el se reject();

/1 apply rule 2

/!l end rule 2

;[ apply rule 3

apply rule 4

/] end rule 4

/1 apply rule 5

/1 end rule 5
i np=="¢")
/1 apply rule 6

/1 apply rule 7

/1 end rule 7
/1 apply rule 8

131
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Exercises 4.4
1. Show derivation trees for each of the following input strings, using grammar G16.
€) var + var (b) var + var Ovar

(© (var + var) 0Ovar (d) ((var))
(e var Ovar [Ovar

2. We have shown that grammar G16 for smple arithmetic expressionsis LL (1), but
grammar G5isnot LL(1). What are the advantages, if any, of grammar G5 over
grammar G16?

3. Suppose we permitted our parser to “peek ahead” n charactersin the input stream
to determine which rule to apply. Would we then be able to use grammar G5 to
parse simple arithmetic expressions top down? In other words, is grammar G5

LL(n)?

4, Find two null statements in the recursive descent parser of the sample problem in
this section. Which functions are they in and which grammar rules do they repre-
sent?

5. Construct part of a recursive descent parser for the following portion of a pro-

gramming language:

1. Stnt > if (Expr) Stnt

2. Stnt > while (Expr) Stnt
3. Stmt > { StntList }

4. Stm > Expr ;

Write the procedure for the nonterminal St mt . Assume the selection set for rule
4is{(, identifier, number}.

6. Show an LL(1) grammar for the language of regular expressions over the al phabet
{0, 1}, and show arecursive descent parser corresponding to the grammar.



