Numerical Pack 2009 / 2010

Course Map

Sources of Error:

1- Human Error

2- Finite precision of computer
3- Loss of significance

4- Truncation error

Representation of integer and float numbers in computer
Converting floating numbers into binary

Error Analysis

Propagation of Error

Methods of solving non linear equations numerically:

1- Fixed point iteration method
2- Bisection method

3- False position method

4- Newton method

5- Secant method

Interpolation methods:

1- Lagrange method

2- Newton method

3- Piecewise method

4- Basis cubic Spline method

Curve Filting methods:

1- Least Square Line method
2- Weighted Least Square Polynomial Approximation

Numerical Integration:

1- Newton — Cots Quadrature Rules
2- Composite Rules
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Errors:
oo S| (8 o Approximated Solution Jls Exact Solution JI ¢ B 8l (sd Uasdl @
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(1) Exact Error:
Let A be the Exact Solution and A~ be the Approximated Solution then

The Exact Error = A — A~
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(2) Absolute Error:
=|A-A7]

ow Absolute Jl 5958 uu Y9 (sl wgilall e lga

(3) Relative Error:
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14l
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(4) Percentage Error:
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3= 0.333333 ....
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a is the first term in the series and r "is the bas"
0l 8D o> ugilell (88 Laugeidlg
3%10°1 3 3 1
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(1) Exact Error:
1
3~ 0.333 = 0.00033333 ....
(2) Relative Error:
1 -
0.0003333 3*107°
[
3 3

=103

(3) Percentage Error:
RE 100 % = 1073 x 100 % = 0.1%
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Sources of Error

1- Human Error
wuss Syl 55,50 Axlg 0 = il Uazdl Jloss| ol ade (ausd 018 lawo Lie (09

Human Error = Zero
2- Finite Precision of Computer
Representation of integer and float numbers in computer

Integer Number:
105> pd,Jl saue Vo Ul Lo sl of

(10101101), »— = (173)y

Jl glu o> bit ;31 9 068,J opad o>l JgVI (88 sl 15 bit Saue (sawd 16 bit (59 05 p3,)l Usxd 9
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Floating Number:
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05<¢g<1
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Ex:
if X =0.0001101
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ehyo 3 il sasll el aoMell &y lpasl olide Mantissa Jl cusl o3V asls Jsl (s oSl
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X =0.1101 %273
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0l Lo ya8l o) b

X =1101.0011
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X =0.11010011 = 2*
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X =0.11010011 * 2*
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l 16 Bit \
1

4 Bit for
power

12 Bit for

Mantissa
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© allaozd! p3,)l oz Ul o 035 g
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EX:

Computer that represent floating point number in 32 bit (8 bit for exponent (power) and
24 bit for Mantissa)

a) Calculate the largest represent able positive numbere
b) Calculate the smallest represent able positive numbere
c) Total number of represent able real numbers?
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Qmax = 0.111117111111111111111111
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Converting floating numbers into binary

1

R=—
10

binary JJ decimal Jl o aielly @Sl slacVl Jg= Sl Ledsil LS 048 ulo;

SShl paw OIS 05 Hlg=dl sy Suaid

woidi g9 sae Lasl o)

£5> 9 tuo £5> Hu> Aouwdd lbhud Ul saell 9 2 (88 aad ax>l> Jgl binary J alg>| wlade
oo &l Syiic £5> Jgl o axd 1388 g glb (sJl 08,J1 pouidl 9 il (08 S uinell 52l Lol g Sy
pdlnle Ul (sJl aoMell o=y o8V sac (sde wad LoMs G, ,Sio o) 9 (il ,)Ss Lo adoc Jgl

2R =10.2

d1=0 f1:02

0> a2l pMSI 8ubos

2 s p8,)l ol asl> gl

SHuiLE £5> 9 Zuseo 5> 05 p9)Jl powds

Qouuds 9 (ol 2 (89 S el o5l Ly g

d2=0 f2=04

2f, =038

d3:0 f3:08

2f; =16
d4:1 f4:06
2f, = 1.2

d5=1 f5=02

ol a9

© sal sl 1>y (89 Yugslaso

wJl s> Sequence Jl )50 Jasd Y 0aS Wl oM (ol S0l &lb Syuiue ¢5> Jol Ul wus) L

o alp Vo

¢ L binary Jl sa=ll (8 wub
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cueall o532l (88 wealb Ul pBVI s binary Jl sasll
R, =0.000110011 ....
S> G99 dluw LS (ol alSlinadl > sy 05 wub
Ol oo axl> Jamy sz sule 9 03 S5 08, alilin L) B &l Vo (sl Uty sa8 Giuo igaaSIl O
euwol rounding Jl g rounding Jess gl chopping Jess ol L

posy o3c (sl asluwodl Bgay lod 1= bits Jl Uz Jiaswd sy § chopping Jos al (suss wub
agli Sl Vg p8,)1 (58U (o

Ll L3 o (suss oauc sy yog andl (sl 08,1 (e Law i rounding JI Srounding Jlg wub
b mantissa Jl ggu 11 bit (9 05 pMSIl Ujzad lgd 035 saw 16 bit computer go Joleiy

@S| Vg alS (s8LL Lasiud LoMs 0 kel o) 12 08, ale yaw g Lo Lo S5 08,0l oo 11 bit Jaius
Jgs 03c 39290 (sl 11 bit Jl iale a5ly gozud 1 ola) o) oSU 015 csle JoSu 5 assliv

|9.® Q\Ul dg\” EX) q.J.s:p.lS.u@ L3 .,_stl Error JI |9.cb ‘_s\.U| & 01S 0> uu.lo
Finite precision of computer

25V 1 algs Yo ol Ut ivpdiamo @il 899 dluw (sd)l adllunall (08 alSiine Joe (bl 05 9
o (il eImor auts Juazmn azl> cann 050 JS 3 JoSy wlile 038 bifs aygud (o (st
Loso wuyd 2ol gllaw WS Ul g 2uo summation JI cely asall gl

Ex # 1:
Find Exact (E) and Relative (Egr) Error:

A=10.147 && A" = 10.159

E =10.147 —10.159 = 0.012

Ep = 0.012 =0.0011826
R=10147 —
Ex # 2:
Convert to Decimal:
1- 10101)2
=1%204+0%21 +1%22 4+ 0%234+1x24
=14+4+16
= (21)q
2- 0.11011)2
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=12 14+ 15224 0523 4+1%27%4+1%x27°

11 1 1 27
=2t 1 16732732

3- 11.0010010001)2
=129+ 121 + 123 4+1%x204+1x2710

1 1 1
= 1+2+§+a+m=3.1416015

Ex # 3:
If V2 =1.4142136237309) 10 exactly and =~ 1.0110101)2 approximately Find
the error:

Binary Jl (89 Lu,ai > anusll ul JBB g > anusll s kbl 2 3> aoud ol Jgsu Ld lgd
ErrorJl aoud gl sy Uiule 9 0> a8 lga (sl Sqluwiy

lgSJU s> Approximated Jl awousll (28U Exact JI awoud Jl e o,Le Error JI Mol lga wub
i Binary JU Approximated Jl aousll Sase Ul s Decimal JU (sbs S pusll Ul
Exact Jl ;o lp>,bl W el wlade Decimal J lpJg=a

1.0110101 = 1.4140625

E =1414213 — 1.41406 = 0.000151

Ex # 4:
Convert to Binary:

2R = 0.875
d,=0,,f; =0.875
2f1 = 1.75
d,=1,,f, =075
2f, = 1.5
d;=1,,f3=05
2f3=1
dy=1,f,=0

2f, =0
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d5=0,,f5:0

9 Lleo , )80 Jaed (siey Ja> lago 0 Jasis > anusll 015 (o 1iS| wag) logo @l auoly L leub
JI o acgomo WSy Sow yuw A>lg digit ey eV e g Significant Digit  aueawis 05 Digit JI
alg Yo (I lpwss 5,5 Jasi 038 digits

1048 Sl (sdad binary Jl (58 0> 08,J1 018

0.011100

Ex # 5:
We have a 16 bit computer (12 = mantissa, 4 2 exponent) Find the

error in the operation:
( 1 N 1) N 1
10 5 6

JoVl b Approximated Jlg Exact solution Jl o 8,8]l lga Error JI Lissil bo S5 wub

:S> Operation Jl gl Exact JI J=JI glhas

1 1.1 7
10 5 6 15

o, WIS sl apsudall uilgsll 0>

¢ o> approximated JlI J=JI lga aul b

Computer JI (sle disil Lo > Operation JJ Binary Jl zolJl < o,lc lga
sl biwd wub

w9 Representation op.d 1>l JSJ Jood (v LiguuoSIl (88 Jgs o8] 3l U= a5 Jol
bbby 0,0 lxoll (08 lpde LIS sl asy,bbll Guss Memory J

»igaoSdl o> (sde Exponent Jlg Mantissa JlI wu>| (i 9 Binary alg>l 9 08, JS a>la
Sayl gules &lb 0> pMSJI Vg i wub 16 bit > al=dl (59 g s

To binary:

=0.00011001100110011

=0.0011001100110011

—
ul| = O|H

1
= 0.001010101010101
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In memory:

1
10 0.11001100110 273

=0.11001100110 % 272

AN = Ul =

=0.10101010101 % 272

aloles 9 p3,Jl (58 11 bit Jgl 25U Mantissa JI (3 ppla=ia sl 11 bit JI ,lizs o) L
1lga ¢J a=l> Jo=d juo oM 0 lgd ¢ 12 08, digit JI Vg uu suey Rounding JI asy by
aaz Ul Ul 11 bit JI 08,J1 (sde a>lg 5958

goxdll adoc Jowi (i (a8U yigaaSIl (58 (isio o)l 3l by (il

9 2ol a5La lsa B o)l s (59 pas 8o 3l Ro vy da0 198 1B oS auill
£, 53| go azoxy 9 iU Wy ppcliy zuldl 5 ppeo

Db, g iy gozll audoc
Sgluwio (sbwy uioVl (58 power Jl o3V
Sgluwio (sbwy uioVl (58 mantissa Jl well digits Jl sac o3V g
1015 Wg w9 uod,; Jgl axlid
X; =0.11001100110 % 273

X, =0.11001100110 * 272

=d iy -2 adxd g9 05 -3 Ul a3 by pas S ue powers Jl ul (s8Wa as> Jol
0.0 3938 9 UleS 0,0 Jlowidl a>U aoMell

1 UeSy WMl asy digit Jgl ul Mantissa Jl g Ly bb,uidb anjdo UeSy Jiuo ozl adoc <lilg

1035 (siad sVl 08,1 (o
X; =0.011001100110 * 272

0 Jl olisle 515 VoVl o8l cacliy digits Jl sae ol (sdUa iy silill byuidl ot ashs
uAAL” e UL D9 )HD yau wuldl ,09).” e uleS dlglt 593 p)'\J 01S (s 0> olika> (sl
mantissa Jl aoud (59 i yileo wlide

X, =0.110011001100 * 22
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X; =0.011001100110 * 272
X, = 0.110011001100 * 272
Sslell S gozwig lga bo s Power JI Jiius asl> Jol
X; + X, =1.001100110010 * 272
gz Ll bo S5 05 08,1 (séy U
03S siud 1 aoMell a=s o8, Jgl (slzs oVl
X, + X, =0.1001100110010 * 27*
11 bit Jol (sés a5b
X; + X, =0.10011001100 % 27!

ol 11 bit JI 08,1 (sde 1>l gozid susy rounding Josid 015 1 = 12 o8, bit JI (s8Ws
1025 b uldl 1B olas

X;+ X, =0.10011001101 % 271
CJUl 08l go 0> guldl gosw 018 sy 9
X3 =0.10101010101 * 272
B9 sl 55 (s wlade power Jl kudais
X3 =0.010101010101 % 271
e S lgay vlade ol o digit Csoldl 08,Jl 5950 9
X;+ X, =0.100110011010 % 271
PO Qo 9
X;+ X, =0.100110011010 % 271
X3 =0.010101010101 % 271
Sum = 0.111011101111 % 271

Jod (sdy 1= 12 08, bit Jl ul (s8WUd 9 Juw 11 a5ld 1B 12 (& bits JI sac 018
01S (siud guldl 9 08, (sle a>lg 5938 9 rounding
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Sum = 0.11101111000 % 21
© lpdl pulll Llog weSs 1S 9
Error Jl gl vlade Exact Solution Jl (o a> o wliade Decimal ddg= sy ouinle

Sum = 0.466796875
7
E= 15~ 0.466796875 = —0.00013
I

Error Analysis
We have 2 rules that we will be following for the rest of the term to analyze errors | will
first write the 2 definitions then | will explain each one with examples:

We will assume that there are 2 numbers p,p° where p' is the approximated value of p

PR e e e e e e e e e e e e e e

\

' Definition # 1: |

p’ Is an approximation to p up to d decimal digifs
if d is the largest positive integer value that satisfies
the following rule:

Ip—p’| <05%107¢

———

-
~

N e o = e = - - - - —

P e e e e e e e e e e e e

! Definition # 2: \

p’ Is an approximation to p up to d significant
decimal digits if d is the |largest positive integer
value that satisfies the following rule:

lp—p

o - - —

<0.5%107¢

e e e o e e e e e e e e

e o = = - - - - - ———




o Apliinll o)Vl e o,lie s decimal digits Jl Ol sy GwiVl G Grell b
s> digits Jl sae Jiow bd d Jl g ¢udac

Wio Lils o) sy
X, = 2.53243 X, = 2.53272
¢ ad e digit oS (8 Jg> u0d)JI
4 lg2llud pd>ic Cyic o)
X, = 2.53243,X, = 2.53272
4 pd>ic vlide d =4 Jl ul Jgsy 9 decimal digits JI pgaoaws Jgs 4 digits JI (saw

olS 9 Huo o3, die wui bo A a8 o, o8,V oS counter Laie ul Luo,udl o b
‘Mo 045 0,0 (59 awl,d

5

6

load V g 5 lgad Vg 04S Ladl (88 wblg ax>lg ;3 ,SJ aiuso o8l sde w4 digits Jgl Ul La Ja>Ma
4digi’rs d3|..5\wd)9._l.a.xu¢\.o.:@bpw%Sﬁp.a.dODbuﬂ%Buﬂ»bUSMM 6
ouidl oS00 03 bit 3] oS aly JSiiu usizo peiV ppinadd (e lgilisy gy Guaseds unbo Jos
Qouill s I92,id Louls o S s aslisio and alio,as 15ly s

01S pdguS (sJl oud )l UlS g 0> counter Jl ayl,8 19.uSy ppUdd g asei Uil Wl Lo udl o wubb
: W
X, = 2.48251,X, = 2.48255

ol MU oS pdsac decimal digits JI W el vlade definition Jgl (gudod Ul o
lod sl o)l 5 (89 upslinio

X, = 2.48251,X, = 2.48255
o,le significant decimal digits JI vV wlizia sas ba definition (sl wad o wub
J sl sd sl (sloVl 08,1 Soluwis opiosd Ol oo 03Slio Ul sl digits JI sac e
ow 4 lod zro ppiond Ol 03Slko sl digits JI sac ol (s8Md séw 035 Mol counter

(od s
X, = 2.48251,X, = 2.48255
LS > asladl lguS sl sVl oo axly JS 16 aiosd oo 045k o Mol Ul aslg ,31 0V
] © lgd o,k a4p>9 0
2w 03S ppiosd Ul 0aSlio weSy Ul WY significant decimal digits JI egaoaws (sds Jgdg

SigaaSll (59 0> pMSIl gl bl iy lod @l b
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yigaoSdl sl approximated Jl aoysll 9 exact Jl asusll ¢ error awuws Jua=w Usle
Szl @l Cub aid)le Ll os Lol

WGueo Aowd aidzs 9 aues wlaslgoy HigauoS Mio Sauc Ul g Ul (sudg)s ad,cl o5le Ul I
090, Al adoc il OS> anusll Wo gl approximation lplos 9 laasls lga leub
ol exact I asusll gl goll) bbb auglue UgSid iuo (susy approximation lplos.d
Jl aoudll ¢ agslasoll digits JI sac lga al Jlg>Vl lgwl (sde lgd (sés asd,¢l o4l Ul
yigaoSdl e sl approximated Jl aousll 9 Saie Ul exact

e JoVI (59 lpde LS (sJJI DEFINITIONS JI o> (sde Lo ledog d Jl lga (sl
i Uluodl (38 Ll bo o>

definition Jgl pasiws sy decimal digits Jl sl JBg d JI wdb o) susy

ol pazeaws 1 significant decimal digits JI oc o,le s d Jl ul JB ¢J Ll

109k oglas audioid 9 Jlo Jgsid wub

Ex:
If we have a 32 bit computer, find the number of significant decimal
digits (d) in the worst case?

vgilall [lizxa > all=dl (8 9 ade suiod Ul sl ugslall Lzl Ul ol Lploss oghhs Jgl b
OV 127N FEUWESIPN 1B N1

lp—p
p

<0.5%107¢

TP&p ld al b

o> uelall (88 ppu Loscel Llade normalization eglosd la> Huwsle Haod, Jgs
p=q*2",p=q *2"

0> 999 (slJl ugslall o (VY 5=l (8O Loges Lub 0500 005 S8 o wud,)le Ll o>

018 gl a8\

lqg*2"— q*2"| q-—q

q 2" N q

N

qa—q

<05%107¢

Sole Lagei >0 JSlio Jiuwdo 015 1=

Jlg=>Vl lgwl s significant decimal digits JI sac ayl ulS ol Jlgudl wub
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¢ Mol Jlg=>Vl lgwl (sd @l wub

e Sol alld Lpiosd g J Ldow led 05 yigmaStl (50 g wssl sl bod Ul ol Jlg=>Vl gl
S aousll (88 8,9 Jooud 015 @Y Saic adoVl g Jl anyd

asl> lgwl (sdw Sign J 3>y pgio (8 24 bit (28 " Jl UsZen casw 32 bit sl JB lga
09, bit Jl Jgl 0 9 ,lasl Lol Lgud 22 bit Jgl exact Jl ucly g Jl 0eSs 0l Jass oSow
alp Vb 2 1 Lpds 23

ol 8l g 0alsS 05 JiguoSIl (89 @533 Wyed Giuo Ul sl bit JI sie bl (sus
w5 abadho Gusidw 03S asusll 0,uS ASiiw Jua> AS1 0aS (b wub 1 alS o> alasiud

01S ac,uy oalldw Cub
¢ 23 (59 Wz Wl go 22 bit Jgl wdd aJ Ul
Mol s> mantissa JI Ju8l ulide a>lg ugSy o3V 0> aoMell Ay bit Jgl OV

Sl iy Ul saue waa Ul I bit JI ol lew rounding Josid julidsoe ad g b
<1

leloss Lod logac g rounding i chopping Jes Ul ol (s o g kall lgwl yoyxaa Ul oY
P 13> o B el ayl sl Wgiud g rounding JL uw ol lpsSd chopping JU
d Wl g, g asws) wlogi 0aS Ul b
q = 0.1000....000...111 ...
alp Yo JI T Jl 0aS 32922 = 0 Jl sac
q = 0.1000.....000

o0 S| Jusin Givyasae alolSel 0> (sely yiguoSIl VY aiuw, 005 (88l 9 22 = 0 Jl sac Ls
1S

Lol L (sl d aoud gl e 05 g9 olicw (sl Ugilall (58 S5 pl8,VU Loess s wub
© Vol iple
q=05+2724+ 27+ ..
2—24-

=1—5=7 +05=05+27%

Geometric Series JL olelb o> leb
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ueilall (89 Loy
054223 -05
054223

2—23

<05x107¢

m <05%10¢

SUSY| IE X RUTW-IY-)

2—22

m < 05%107¢

Lu,si a>lg glbad a>lgdl go ool Lod 1B (nSSSyl 0,020 S5 2722 an,d wl Jgdl a8l La
2722 < 05%107¢

il 2 (88 wyain

2721 <107
i aoMell 9 jueid ol LoVl Ul Sx8ud low bl Lleid

221 > 104

oSkl Log asU

21log2 >d
&lhis calculator JlI (sde > aoudll o=

d <6.3

B Juw cuxall o522l 23D by Puo w>g0 dac B> d Jl ul definition JI s LS Lol Loy

d=6

JI 08,)l ;w 6 significant decimal digits (sd (s Jlg>Vl lgwl (58 0l olizo 05 oMSJI g
2wo M2 Jgs 6 Jl ansd 0l (o oSk Ul approximated Jlg exact

Wolg Jl ulS o) Jazus error Sl ols 1b rounding Wec 9 JoVI ¢oo Ul bl ol Lol oJg
Jocl (s>l 9 23 bit Jgl asld S 1B 1 alS @l Yo a=) (8l 9 0 ppdS Lpud 24 bif Jol
0> diew Ul sl Ol go JoS| g alasid 1B 0 adMs 24 08, bif JI sde yad 1B rounding
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p3iaaw Ul oJ error .Sl lpd Jaxd Ul case Jl ssuid 0aS o5 8 1 alS 0 Jl asy 0
rounding Jl

O iy pwlwl is sde b wblu=dl cosa
g = 0.1000...00001111 ....
alp Vo oJI T Jl g 24 = 0 Jl sac ol yolydl e
q = 0.10000000....000
23 = padic ld g
q=05+272 4 2726 4 ...

2—25

=m+ 0.5=05+2"%

05+27%*—-05
0.5+ 2724

2—23

<05%107¢

m <0.5%107¢

2723 < 0.5%107¢
2722 <107
222 > 10¢
22log2 >d
d <66
d=6

iy Sol HuS Yo ol )3V (59 B9 o &l LV leub
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Convert to Binary:

1
R=-
7
1
R=-
3

R—1—01429

-2=0
2R = 0.2858

dy =0, f; =0.2858 —» 2f; = 0.5716
dy=0, f, = 05716 - 2f, = 1.1432
ds =1, f; =0.1432 > 2f; = 0.2864
dy =0, f, = 02864 > 2f, = 0.5728
ds =0, fs=0.5728 > 2f; = 1.1456

d6=1

1
5= 0.001001001 ...

1
R =-=0.3333
3

2R = 0.6666
dy =0, fi =0.6666 — 2f; = 1.3332
d; =1, f, =0.3332 - 2f, = 0.6664
d; =0, f; =0.6664 > 2f; = 1.3328

d, =1, f, = 03328

1
3= 0.010101 ...
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3- Loss of Significance:

S> Al g adle error acuws Josu (uaod) ok (s lod LiganSIl Ul 0aS HLaisl 05 gg.090Jl
way oo pp>rau sl Haed )l o significant decimal digit oS a3l lga (e sousn

LS| pgpas wlile 018 Jlio g i

Ex:
1015 Huod, Lase vl Mo LS o)

P = 3.1415926536
Q = 3.1415957341
1025 US ppcly exact Jl z,bll 2o o
P —Q = 0.0000030805

Jl sac 393 adzd 0,0 JS (59 9 Ll dio culb g 5igunS) s alluwwll wdss (s Ul oJ
a>l> Jgl @ Ml k w oy S sl Jgazdl (59 Lo, 9 asly (sl significant digits
pp2s sl g K dl cow> (sle paa5bd SigueSIl GUI P & QT aod CiSa o 9 palls
o0 JS 9 ulide relative errordl gl uelall subd e 9 asllusd Jl glll 2ol

lga sl d Jl sac Bgid Lzl g aellhwd lga Ml gullly exact JI goldl u Il Bl
LoVl 2l go aud aulinio

10D g99-9 sl /o\lS.” CLogAD 0D dg.).z”

(P — Q) — (P"— Q)| # Valid
K [P Q P-Q |P — Q| Significant
Digits
6 [0.314159 *10 0.314160*10 —0.1x |2.2462263 Invalid
107* approxim
afion
7 |0.3141593*10 0.3141596*10 —0.35 0.0261321 1
* 107
8 |0.31415926*10 0.31415957*10 =03 |........ 1
*107°
9 |0.314159265*10 0.3141595734*10 | —0.308 | ......... 3
*107°
10(........ | ....... ... |l
11 | 0.31415926536*10 | 0.31415957341*10 —0.3280! ............ 11
* 107
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o>V sl el b

. Jaw error Jl awww significant digits JI sac 5950 o JS 0l

O wuisiow| g )8l asyylb (58 o) iy ASiie Josi 2ol adoc Ol 038 (uso (i
Jadl wgS, auli adoc Sl LpilSo o>l g igueSIl (sde wblwsdl (58 a2yl adoc

sy aliol Vg LD
Ex:
Let f(x) = x[Vx+1— Vx]and (x) =
rounding find: f(500)& g(500) 2

—\/)TL\/E , using 6- significant digits and

&l g Grell 500 sd (sl ppad dumo anousy pogel susle 2 functions (sdd,=o Lid
alocl g calculator Jl sde glhua sl Juwshll 2ol (o guw 6 digits a3l (sonle
© w8 adoc (susy rounding

1015 0a>lg Jgl gllua 16
£(500) = 500[v501 — /500 |
= 500 [22.3830 — 22.3607]

= 11.1500

(500) = >00 =11.1748
g ~ 501+ V500

1048 adWa f(x) J 89Lwdl ol conjugate Jl wasl ¢ Ul alajuw @bg=lo b

B Vi+1+ Vx X 3
f(x)—x[\/x+ —\/E]*\/m_l_ﬁ—\/m_l_ﬁ =g(x)

Calizo guldl glb Lioge boJ ad Jlogl wub

adac e sl Ul auldl (58 o,SJ ERROR aws Ja> 1 2,b aulac Lpud asVsVl 0V
. exactdl J=U o,lao 20t gl (sJWL 1 asb asls z bl

o5 5 0loS Jlo wub
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© radian (saw Wil sde calculator Jl lglads a1 Jgl

Lod 1 -1 Luyss Sqluis pdMa cos (3.14) ul (s8Wa Sole Wldoc o) 58y Vg (e
o glhis f Jl (59 e yogel

0
f(3.14) = T = E =0

Cayl Jomid wub 0> LJludl 090 o palxil ojule Ul Gusainwe 05 o MSIl b
S> Ulo;y weln wlalaiolly usiwund

0l Jgsiy asl> (08 US

COS X = COS (X+X)
N 2 2

X X
= C0S? (—) — SIN? (—)
2 2

2 2
2

2 X 2 X 2 X
_ coS 2+cos 2 _ 2 cos 5
2 2

_x_ (314
= COSE = COS (T)

X X
\/1 —sin? 5 + cos? 5

= 0.7963 * 1073

@O.\Su.u._l
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4- Truncation Error:
Sad Jaxu wub 0> TE Jl lgd yiguoS)l (88 Jaxiu sl Errors Jl gloil 0 95 53

Taylor or McLaren Mie s; infinite series JU Jswio aiuse dluw Mo Saie Ul o)
polynomials e o,le lpiclu terms Jl infinite series e o,lie (sdu S>
Mo 0405 S axl>
x? X3 x"
e¥=l4xtrtort bt
9l aylps Yo (I WS>

aoud ol ople Ul ol cusyidl Ul o) b

0.1

1025 (sauid 999 Logel Lol s> 1B

(0.1)%2 (0.1)3
T + 3 + ..

el =1+0.1+

oy alps Yo 2= o

Syl Jo=d 1B a4l Vo a=) s iuyabo b Ul gole wub

adlaaid (sdy 05 8l 9 ppw>l g (s> 100 gl 10 JgVI (89 04S 390> augis 15>
‘Mo 035

(0.1)? (0.1)® (0.1)*
1 2! + 3! + 4!

Caoll ayl aliags Ul sl o> s8Iy b

el ~1+40 = 1.105

Truncation error Jl o,c o,le o> 8L
TSl A= b
Vol Jgsa

(0.1 (0.1 (0.7
=5 e T T

Tg

iy alps Yo I

i Jole term Jgl aslad sdy (sudgls
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_(0.1)° L 01 (0.0*  (0.1)°

Ts =5, T AT AT
Syl Juazed planll culls Ul o) wub
5i aousll Ul aueudall A4SV
:Jgdl 508l JWL 1B
(0.1)° 0.1 (0.1)* (0.1)3 (0.1)° (0.1)? (0.1)3
51 [Pt 6 T 6x7 Tor7r8 ]S ! [1+0'1+ 2! 3!

ol aousll poger cub €% el s B9 augs (oo Lpsws Ul sl aousll (s 0> laualls o)l

Ll
0.1)°
Tg z( 5!) ("
5
:(0'51') (1.105) =~ 1077

infinite series Jl aoud iz Gl b0 Wl axiw Jua> sl Truncation error JI Lelb WS 01509
Ol Liags g 0aS ferms aygui Las g LpdS

© exact juo (suws A rdi S> aousd| ledog

sources of errors JI JS Luals> wgSs 0159
7

Ex 1:
A 40 bit computer, 32 bit mantissa and 8 bit exponent, find number of significant
decimal digit in the worst case, the computer uses rounding up?

p = 0.1000...000]0111111.....

=05+2733 4 273 ...

-33

=0.5+ 2 =05+4+232
' 1—-2"1 '

p = 0.1000....000 = 0.5

AN

qa—9

<05%107¢
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0.5+2732 -05

osyg e =05+ 107
2—31
—d
m <05x%10

2731 <0510
2730 <107
230 > 104
30log2>d
d <9.03

d=9

Ex 2:
If X=23.141592 and X" = 3.14 find the number of significant decimal digits

between the two numbers?2

N

<0.5%107¢

3.141592 — 3.14

< —d
3141592 = 0>+ 10

0.000507 < 0.5%107¢
05%103 <05%107¢

d=3

Ex:
If £(x) = £=2% and the equivalent function P(x) = 1 + % + g is mathematically

x2

equal to (x) , find f(0.01) and P(0.01) and compare between the two results?

Known that the Exact value is: 0.5016708416805

e®! —1-0.01 05
(0.01)2 o

£(0.01) =

27|




2
(0.01) N (0.01)

3 7 0.501671

P(0.01) = 1+

We will find that the function f(x) has a larger error than P(x) because of the
subtraction operation.

Ex:

If the exact value of the intfegration fOO'S e?* dx = 0.544987109184 and if the
approximated value of e?* is represented by the finite series

4 x6 x8

X
_ 2,0 0 00
p(x)=1+x +2!+3!+4!

Calculate the error in the approximated value of the integration?

0.4 0.5
fP()d = +x3+1 R U S
XX =N T3 T 70% T31.7" Tars9” .
0
— 0.544986720818
P7P 05410

1.406 x 1076 < 10~
1.406 * 10 > 10¢
d<6.1
d=6
I
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Q#1:

If X=2.71828182 and X" = 2.7182 find the exact error and relative error and the number
of significant decimal digits?

Q#2:

To solve a quadratic equation we usually use the exact form:

. —b + Vb2 — 4ac
h 2a

But because of the loss of significance we approximated this value in the form:

2c
b + Vb2 — 4ac

Solve the following equation in both exact and approximated forms and find the error
between the two solutions:

x? — 1000.001x+1=0
(1)

E,=X—-X

= 2.71828182 — 2.7182 = 8.182 * 10~

X — X'l
X = X
81821077

_ -5
= 271828182~ oL+ 10

X — X'

<05%1071

311075 <05%107¢
6.2+ 107> < 107¢
—4.2076 < —d
d < 4.2076

d=4
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x2 - 1000.001x+1=0

if b<0
—b +Vb?% — 4ac
X1 =
2a
—2c
Xy = ———
2 b —+Vb% — 4ac
if b>0
—b —Vb?% — 4ac
X1 =
2a
—2c
Xy = ———
2 b+ Vb% — 4ac

a=1,b=-1000.001,c=1

sob<0

~1000.001 +/(1000.001)2 — 4
- 2

2
X, = — = —1000
1000.001 — ,/(1000.001) — 4

= 0.001

X1

Ex:
If f(x) = 2= find £(0.01) up to 6 decimal digits2

x2

LB, 6 Lpad (s aousll Ul ppodl Luu 0.01 auce > function Jl aowd ol jule 9o L
0> guldl gllia Calculator JI (sde Walbuows o)

e?% —1-0.01 ~1.010050—-1-10.01

f(0.01) = 0012 0.0001

0.5

error acw Josu Ul gl adoc ax e 05 9 g A>lg 08, &lb @l La LasY

osfunction Jl (8 sl gl g9.090 o alxi Jolxs Wil (sadgls J=Jl b

> function M aul formula oz Jolid (susy
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McLaren s (sl infinite series < o,lc il Log a0ll €F aoud Ul 0aS .8 LS LS Ll
028 lpdsw wls

N x% x3 X"
e’ = +X+E+§+....+E+"'.

25V ale Yo o= lpows| [ass o Ul g @il Yo a=d acwle sl (sude)> alSiinadl wub
oo term auce truncation Josa

sl au=d aylps V0o s wsdg o Jgl o sl error JI aus lga (sl 05 (s8I 9 b
lpiew Ul sl terms JI ggo=o ol error Jl auws gllay 0> 04S general term s as> (a9
Hed sl

m+ D! G

Cdos X Jlg z Jl s ayl wub
X Jlg 0Jl Hw aod s z JI

z Jl Ubsle 9 0.01 = La @ sl asce function Jl cowss Gunle Lsl sl o x Jl g
0.01 = VS zJl Ul Load (suss X @ sl L anld el asly

1008 LSl (sBud > Bgd (sl series JI (58 o> term JI Usg; o] wub

X2 X3 n

S T S .
AT Ty T T T 1)

Wol Jlgd! (s (sl function JI gl JSeill plogs Jslsis (sis (sidels
1035 siid B auldl bl pghass x Jlg 1 Jl Jsus

x—1 X2+X3+ P
ef—1—-xXx=—+—+ ...+ —
! ! n (n+1)!

* (X)n+1

* (X)n+1
Jl (8 Powers Jl JS o paiid (i lpade ouudl (il (su=o 9 X2 (sle pouwdi 01S 290
2 > terms

eX —1—x 1_|_x_|_x2 N e” (o1
———— =+t —
X2 2 31 4 m+ D

© go> alS gl )b a9 Lo function J aa> JSiid Llog plos 008 ub
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6 decimal digits a.d gl guldl vlade term oS s o anll Vi (siy aulil dglazll

¢ Sl Llosid > wub
o> uelall

r < 05%10¢
p

b @l by g general term JI (8 errorJl avuws (sde (sJB lga S Lle ;990 lgd wub
NJl aoud cuxl jue (280 Liuo Ul (siw d = 6 Ul oliso 0> 186 decimal digits

eZ

n—1 —6
(n+1)!*(x) <05%10

X&z Jl e Loged
0.01

m * (0_01)n—1 <05%10°°

OVl bo o= n J oud = susy Try and Error Joss 1 alx) ugsld Giugplo 045 o5 JS_all
1Sy absleoll WJssxi asl>

4 s dsleoll 8= N Jgl Ul Lbog,a0ll
ow 4 terms a1 Ul ol oliso 039

1Sy b sl adbVIl series JI julwl (sde pdasa Ul ol 19SIL s>
. x> x3 x* X"
e _1+X+§+§+Z+ +F+
JSeid) 2ol lod (s X2 caty %2 (sde lowwd boJ s (sl x* a2 (susy 4 gl b
o X2 A oges olislb (sl syl

ef—1-x 1 x+x2 e’ . (o1
2 2713 SR EUIE TR
f(0.01) = L + 0.01 + 0.0001 _ 0.50167

) 6 24
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© unle LS b s 6 decimal digit M<d o> g
I

Propagation of Error

Pl Qixmo EITOT s Wiysens 03 S| U3z s o) yiganaSIl 0l 028 8 Lisail Ll (sudgls
foaS

adoc Sl ppde Jocl gl ppsyol gl Mo ppeoxl oule 9 uod); Saic (59 WS bod wub
Sl 89 pplssl Lol Ul Ol (seadall 1B error awuws ppgad Huod)Jl Mol Ul oy ey ,auluu>
Vg 35w 0> error JI (s B el osule Ul b g0,y €rror acus (09 (sbud awlbuus> adoc

0> pd,Jl Lo S5 S Operation Y azw al dlaxu V g lgd b S; Juasw Vg Jsu

Pl iud iguaSIl (58 ppisz o a2y P &G Mio uod) sde b Jlio Bg i b
1005

pP=p+ ¢
q=q + €
Error W 0,0 € JI La
Td\.&i.g p.ego&J oglsg] u.aJo
dasy go €Iror Jl ¢;> g aasy go mantissa Jl £5> goxd asle go> adoc Sl S i Ssle
p+aq=(p +q)+ (e + &)

JI el iVl go> Jols e o)lie (sd ozl adoc (58 error Jl aoud vl olieo 015 0>
Lpass 8o lpeozy sl o8V (8 Ul error

Sl Jole alSi (sdwd wyall adoc gl error Jl Wgiw vlide 018 opsyai wub
p.q=(p + ep). (q + eq)
=pq + €q +peg+ €€,
relative error JI gllad 01S sy

_pa—pq

R
g pq

pPq+ €q+pe+ee—pq
Pq
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_€q tpegtee
pq

=€pq‘+p‘€q+€p€q

pq pq pq
ld b g M awdl 1385 9 p J auw,85 aoud e o,be S> p JI Wi Ul (ssy yog 00l
1008 Ul (dud usy Ay Luydi (ug oy e ppoawdl

L& &

€p€q
p q pPq

Soluy bysi il yusel (Sow ax) Sl 0020 Mol > €65 s I error Jl aus wub
rosdl USx8) 059 Lol
€ €

S, &
P q

relative dl Ll (sde e jue (Sowg wrall adoc o guuw Jl error Jl acus > b 9
g Jl ¢l relative error Jl + P ¢l error

~
=

A2 il Jasin Guo errordl aus vl din ol (i b puogi ugai ey 05 01S wub

03 ggo80ll awlys o Ul 9 yigneSl (sd operation sl (sé s eV pasiwl Lo
Unxy igaroSl w8 g Aiueo aulus wldoc (o VsSo system Saic o Wycl Ul Ol sadg)s
Uawo axl> (59 (usy S wldac LSl Mo asioasiowl ol

ol aul 455 aulbusdl wldesdl Wl o> system JI Ja B el ojule (saud s> all=dl (o9
1€¢ error J Joa=d

Sol daaw 05 gl (sde al>VI

lpouwl auli axl> g stable system lpoowl asl> (09 systems Jl o uces Sauce Ul Vgl
Copin iy al Y,8ll unstable system

errordl wdgw > 9 Gl Yo o= Lasy sle ppoox! Jasd wdd g o8] aygi wus> o) Mio
0> g stable system oS o> constant ol O s ¢J > infinity JI aie o> system Jl (9
leds o>l Sy A=)l 9 ueo constant ae aul Jasu ol Jaiw error JI auws Ol oliso

leds 05> 9 UNStable system aoscwl (sdud 045 infinity way error Jl aoud ol wusl o) SJ

9 Ao xiow!l (sl Gowusiiwodl o Giwe sy Sol S error glhud Y auwgS as > Giuwe
Ledoss Ul ol
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Py o] Jlbo Bg i 1B © > pudac 05 pMSIl Ol Loy b

Ex:
Consider the sequence {1 § é % S {3%} :
i) Show that the following three methods can be used with infinite
precision rational arithmetic to recursively generate the terms of above
sequence:

(a)rﬂ = 1irn =§rn—1 ,n=1,23,..
1 4 1

(b)pO = 1;p1 =§ » Pn =§pn—1_§pn—2 1= 2;3;---
1 10

(C) do = 1,(11 :giqn :?qn—l — (p—2,01 = 2,3,..

ii) Investigate the error propagation when the initial error as follows:
(O)ro =1-— €

1
(B)po=1,p1=5-6

1
(C)QOzl»Q1:§_e

NS by waxiy Bl e wub
3111 JI b Lsclo rule dl g s> Y99 augiSo s sl sequence Sasc Ul Jgau U lga
¢ al b lgd sy i 9 ,Juo> 038 ax) Cub

i) sy, b Laie S © math 1 ell 048 Ulo; 018 digis aogleo Jgdl oule Guw JgVI
recursive auldl 9 explicit ea>lg sequence Jl e

Sl oglbl 518l g Jgb (sl lpad Log=s g rule LS| sequence Jl e jumiu LS explicit JI
9 3111 La L8 bo Mo ) Lpicly rule Jl ad,)le ugSI sul 5,00 S> sequence Jl 9 term

Job (sle aioud gllus WL 5 10 o n Jl 0l Logea Wie 10 08, term Jl ople Ul

wJosy Wi (susy ,iSlel initial term alV, sequence Jl wogiu wulS (say recursive Jl
JI e o)le term S ul Wi Jgais lpiclsy rule JI s sequence Jlg 13S aiond term Jol
983,99 08, wuxl o3V 10 08, termdl ojule oJ B Mo 3 (9 g0 alld sl term

bo a=d apaes Ul US (8 yogel 8>l 9 aiousy osel g initial tferm J Juogl o o= 138
10 08,) Joool

explicit ¢e o,le Jlgudl (8 sJJl sequence JI wel rule JI ul Lasil 0aS wub
representation
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Sl > rules Jl vl wuil (JB g recursive rules aygui (sde (JB Jlgaudl o JgVI ¢
s woge o sequence Jl uwe gl Med UgSs (suss JIgudl (8 Ul explicit J

weWl olade theoretical aayylay lpidl o3V pagsidl 5,200 Lpadl eiud o (i bd G

Co5 bl (89 0ju0nll A=l 4yl wub

s alS Lalls Jax (Sow error jugiieo (susy infinite precision passowss sl JB ail
bl exact

bl Osllaoll Bg i iy 9 JoVl 0> =i b

homework © s> C g b 08, (sde ddoed O 09, se Jo=d sl jus Igd
toadels alss uile (Wl (9 Luds

iyl Jossiu O 08, 015 Vg

ro=1,r, =3Iy
JoVI (50 alwoll 59 (sl &S5 asl sl wlade explicit alg>l ople Ul g recursive oaS os
difference equation Jl lpocw! asl> uzxd oglas Jol
Z" r, JS ulse Logcel g recursive relation Jl axL Ul ob L= >
PG 03S o9l b
gn — _7zn-1
difference equation Jl s> (a9

r0asly sl (sde asls JS hxa

yiino Jole 2771 a5lo

36|




10l lpio Jgdl Ha48 oS> lplidog Ul (sl aseuiid|
r, =AD"
wuasy constant sl es A ol ,lucl go
foiad pangeilly
r =A<1)“
! 3

ade sJB g sl initial condition JU yoged 18 o> A Jl anud W ,cl ole Ul (ssy (sudgls

r0=1

10
n=a(3) =4

A=1

@&L}LLDQ._S\U|W|U|OJSMM

-()
r, = 3
recursive Jl oS (s Jlgudl (8 sl explicit formula JI s MeS Ss g

Jlgudl 9 sl sequence JI puss gl WS> representation

b p3, e ggogoll yusi oy

1 4 1
po=1,p1 =3 Pn =3Pn-1 7 3Pn-2

difference equation Jl cu=xs oMSJl juss

4 1
7n — _Zn—l _ _Zn—2
3 3
4 1
7n _ _Zn—l _Zn—2 =0
3 + 3
4 1
A (ZZ — =7 —) =0
3 + 3

(z-%)(z-ﬂ:o
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relation JI (a8 uleS constant sqg;us B roots 2 siuc glb vV La

Pn =AD" +B(@D)"

n

1
pa=A(3) +BO"
23V iy puidsles Saie WeSy o3V 01S Jocl ulide g A & B Jl pud glbl o5V g0y L
Jlgudl (58 ppde (sJB Uxd Iga ¢ 2 initial values Sixie UgSy

po=1
10
1%=A@>+BGP=A+B

A+B=1
CLJ)[ROLJS'L.S)

wuldl condition JU sy yoges

—A+B=-=
a0 paidsleall 2rhis
2A_2
37 3
A=1
B=0
rosdy Lo woscl pusll el Ul 0as
1
pn:3_n

©olule Ul bo S; guo Med 01S 05 9
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S al le 0lS Jlgudl oo csoll s3] (s Bt

Ao iy €IMor Jua=d Wl error propagation Jl el sujule @l (sJgsw Ld lga

e JB g
V Vg stable v lga Ja fends to infinity ) lod ayl 0> error Jl auws Weiusd Ul (suss

9 J8l a8 errordl auw ppsd uo I cl vlade saie sl W 3l (e 018 L=

0l JB lgd 0a>lg Jol
I‘O = 1 — €
initial condition JI caclu aousll (8 error (88 (susu

idosy olS e sl Sol anpo axls> wisowl JgVI (68 Mol Ul b

e

o> initial conditiondl (8% Loged A Jl aosd B cl oule Ul o)

n

0

1
r0=A(§> =1-—¢€
A=1-¢€

1—€
r, = T

lpsiclu absolute error Jl glbl (s8) 05ule 9 approximated value usi 015 S>

1 1—¢€
Error=3—n— 30
1 1 €
~3n 30730
€
~3n

stable o> system Jl (séw 01S g zero Sgluwud s> Limit JI ul s8Ma

39|




035 lpuaes I Bginv b

=1 —1 0
pr—,m—B

Py = A(%) 4+ B(1)"

A & B Jl pu8 gl ¢ initial conditions JU yogss
pp=A+B=1

= 1A+B _1 0

p1—3 =3

87 A% oo ppsk

2A— + 0
SA=
A—1+39
N 2
B = 39
2
O\ o9
—(1+3e)1 3 6(1)"
Pn = 2°)3n "2
_1 39(1 1n>
3n 2 \3n
Error JI gllas

lim — 26 (= — 1
tim =50 (5 - 1)

3 3
= —20(0-1)==-6
200~V =7
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stable ugSud o> System JI (JUWL constant welb s Ul 8V Ls

JI oo J8l Zerodlg Zero glb sV sl (soVoVl sy GVl sl el bod uu

Ex:

© Jsl Error glhua BB ledb Constant

a) rp=1,r, =%rn_1,n=1,2,3,..
3 1

b) Po = 1,p1 =O'5'pn =Epn—1_5pn—2 ,I‘l>1
5

C) qQo = 1'q1 = O-S'qn =Eqn—1 _qn—ZJn> 1

Error case:
ro=1—€,pp=1,p1=05-06,90=1,q;, =05-06
a)
Z" =r,
1
Zn=§Zn—1
" —=z" 1 =90
1
n—1 ——)J=0
z (Z 2)
_1
=2
1 n
r=A(3)
I‘O—A—l
1
rﬂ:z_n

In case of error:

a1 |




r0=A=1_€

w=a-ofl)

Error =X, — r,

So this system is stable.

b)
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In case of error:

So the system is stable.

c)

n

—A(ﬁ +B
pn_ 2

po=A+B=1

1
pn = (1+26) - —26

Error =X, — p,

1 1 26
BETIETI TR

20

= 29 _ﬁ

20
lim 20 — —— = 20
n—oo
letq, =Z"
5

qn = Eqn—l —qn-2

Ay o pp> s
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7n = Ezn—l _Zn—Z
2

Z"—;TP1+ZP2=0

5
(ﬁ—EZ+Qz*2=0

22-2741=0
2

(Z—%)(Z—2)=0

Z —1Z =2
1_21 2 —

qn = AZ)" + B(Z)"

1Tl

qn=A(§ + B@)"
Go=1->A+B=1

g1 =05 0.54+2B = 0.5

A=1,B=0

qn = Z_n
Sequences are Equivalent

Error Propagation

Go=1->A+B=1

g1 =05—0->05A4+2B=05-6

A—1+29
-3
B = 29
-3
1 n
In =A(2—n)+ B(2)

(1+30) ) -3

44|




2n 3 \2"
1 1 2,61
E=X=tn =53 30 (5 ?)

2
n—>00—>En=§9(OO—O)=oo

So system is unstable
e

Solution of Non Linear Equations

1- Fixed Point Iteration

JSew sde alsleo J=l ojule Jgdl Lo ul el (sl (s
F(x)=0

zero ugSy guldl function Jl (88 lpw yosel bod (sl X wcly pusdl 05ule Ul Ul olizo 05

S> alsleodl wicly roots Jl ojule Ul Ul (susoy

4 x-Axis JI go > function Jl gblsi hss ojule Ul (ol (susoy

> function Jl welu roots Jl (s s> Lulgs aie sl khaidl 048 o> JSiadl (58 )

/N )
\/

bl Ol 8y o=l udgmio Ll o S5 Exact o> J=dl gl jas sl ol seadall b
Numerical Methods JU al= (su=y Approximated adg.iu iule
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rootdl ¢ Sol wuyd 08,) Llogu (susy Finding the root Lpowwl axl> Josiu bbb (59
39]»9)@E@lJ|-$bd)JaJ|

intferval 2ol saxiu susy Locating the root Lowwl asl> Josiu S5 2 08, I bl bl
lpad 59>g0 root JI

Casl=l yuss lslosu ppdS o) pplS G uosdl jw,aus ad wub

Gy o3V Lw,aud aay,b JS (08 g functions Jl (o puso JSoi J=iu pogio abyb JS 0V
ppinb e ,8lg as),b g as,b JS Gw ppn Jola (Wl dos les apwlul wl=l> 3 lpic
wswol28 sl adlawod! lpw J>1 Method ows! b aul sas

1bd Jo> wisl> 3
Workability Condition
Convergence Test

Rate of Convergence
S> Method Jl paziwl gaiu asol Jgsgy US| Lo S5 budall, lga workability condition Jl

lew Llsl olade s Method JI passow! adluwll (08 (s lod (sl bg il al
diol B, vlide Lucly workability condifions Jl (sde Jgsid dasls as),b JS (9 9

Lwl-.. .

Exact Jl J=JI o (saussin oo o > aay,)bll s lpad Jgéy convergence test Jl
¢ aic d=un Vg

workability conditions Jl eglS ,b 30 lel>l 538l alluwe (58 WSy HSow Wio (suss
Syl pwlwl (sde ppin Llixa cub > dluwdl 58 03510 ppicly

Ul sl J=dl e svasay asy,b (09 LSy Sow WY o> convergence test Jl jwlwl sde
© converge Josu Ul ag, bl lizs led 18 ain (suuysi aul asy,b g olule

wladl Jaso s sl rate of convergence Jl s Jl iy asl> 3]

J= Jogl vlide plocl Log,90dl (sl iterations Jl sac (od ;31 (susou ol
digits Jl ;o o sae (9 root J approximated

L Josl wlide Llacl yogyaall (sl iterations JI sac (sd @l Wio 015 Jgdl Lo oS5 Lsusy

Root approximated to 6 digits
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Sl sde )lixd converge Josw opdS 9 Guwidsdoy =0 gai aJluwod! Ul o] b
Cowlwl

olule Ul sl J=l (sidogw opad o Wouil susy rate of convergence Jl jwlwl (sle
O lad G| sauwd sl o> VY 8l iterations sac (9
7
JI Jo=s Slsl Bgiuid g bad asy,b Jgl e pdSiid
Workability condition, Convergence test, Rate of convergence
ol fixed point ayl (susy opss Gumle Vol wub

bzl go ghlaiw (sl s function JI (sle sl sl (s Function sV fixed point J
F(x) =y passiouoll

* F(x) =yJdllga o5 padl (58 Ul sl leub
Fixed Points JI s s> gblaill ks ¢

> Function Jl ccelu

function Jl (8 Lw yoscl o Ul p absdl @ susy

Fp)=p
¢ Wol function Jl gy root Jb sy 0> 9090l adMe ayl Cub
JSoi (ode LSt o3V F(x) glo root JI glbl vlade il Jgsy > Method JI (s Vgl
F(x) = x—f(x)
F(x) glu root Jl s ugSid JUL g > f(x) JI el fixed point Jl glbl o

© o>l Jlio Bgiw Joiy Ul wub
105> JScadb Function Laue Mio LS o

F(x) =sinx -x
JSir sl gzl oule o

F(x) = x— f(x)
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a>l> sl padl x JSow e dsl usy
f(x) = sinx Jl vl guolg 05 JLodl (59
03S guolg Lo Jlio Vg wub
x*?=2x+1=0
da>g) x glbl oule
2x =x* +1

x2+1
YT

Jgdl ,Sow gl
x?=2x-1
x=+V2x—1
f(x) oo sSI e glbl ,a8l function dI ol Jgdl ;18] s 0 9
by Mol Licgogal 8250 wub

S> @ Ul gwlbwl sde s blielb Ul f(x) wely Fixed points Jl gl ¢puule L
Mol alogl o5ule Ul sl 05> 9 F(x) wely root Jl sauad

Couo 05 pMSl Jwlwl sl (sle wub
zero cswy function Jl (8 lpw pogcel lod (sl anusdl lga root Jl vl L8 Giue L
dSew e F(x) beoa Lol WS o

F(x) = x—f(x)
vl fixed point (suso ul Lasil 9 f(x) wely fixed point JI cu=id 9

fo)=1p

F(x) Jl 8 p Jl e cusge g f(x) J fixed point Jl sa s> p Jl ol o8l o) wub
1018 glhid

Fip)=pr—f)

=p—-p=0
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© root 0aS @ s zero Soluwis sl Loy
¢ al oli=o 03 wub

w9 given sewlbwl s> g f(x) JI e Wsan JS (siwd s> Method Jl (88 ul oliso
all sl 0l OlsioVl (58 lpelbs a2id Lo iy © alluwoll

JSei G ST g i oS f()JI Ol LS apg s o Ll iy Ld Jlgw (59 b
¢ fixed points Mol lpd GiuwigSuo Wio ogio 03>l (Sow o
workability conditions ade Jgaiy sl (sds 0>

Workability conditions:

rolsls 3 Gass o) lule Jsas sl F(x) sl olade

1- f(x) onset
2- f(x) everywhere defined
3- f(x)is a continues function

© iy Jo> o 03>y JS ayl sy b
on set weSs function Jl ul ayl (susy Vgl ,00>l9 0a>lg 018 Bgis
aluoll pd oo aiuso Interval (sle Jgais o5V 4eiSl 05 g5l o sl J5luawod!

S> function Jl ul Jgdl vlade bog, 80l [a,0] Saie Ul Interval Jl ol Lo,s8l o) wub
Interval Jdl (% alas; U Function Jl w9 wogcel lod Ul s interval JI (sJe onset
090, S> Interval Jl lg> alass (sugxs

¢ sy Sl

s [0,1] ww interval Jl ul g function dl lga o> JSeidl ul Lo 8l oJ
1 92610 cu wiwid f(x) Jl ansd 1 a3 zero Jl o anwd Sb cuoge ¢J Ul ol (sdMs
everywhere defined i il s asl> iU
09, &l p8, SU Lud Logel o) Ul oliso 05 oMSJlg
o) Jax ;Sow Usle 05 gcomplex uoReal
plao Lo ol ;i s function Jl

v




| i function Jl al csuss oud,le WS 16 eJWwl byad) (siy il

o,le lgd ppin ggox0 glpolynomial or tfrigonometric function sl legecContinues
continues function <

$04S oloy
© all szl workability conditions JI Luals 0aS

Convergence test:
lgsd = sl Interval JI (sde (sJgsud Lol 9 bouls vl Lsasl Ll

o0 i Sy aay,bll lga Wewl wlade 0aS iteration 138 Jocel oule Ul (sdy (sudgls
¢ aic (v Vg JJI

o> Baue UL |.L@ 9 Po LM 9 > interval Jl (9 ahs; LSlJ |m Ll \J9|
l3S2 9 p1.p2; - Pn

Cshl ppuu=d wub
p1 = f(po)
p2 = f(p1)
Pn = f(Pr-1)

9 Loaes Ml and ol ulide (o function Jl (88 lpw Losed Lpelhs ahsi S (susy
|3Sa

¢ =l wdog Luyss Ul Jodl g wid asel wub
ol Juogl LoJ
pr ~ f (i)
approximated J> sde ;9350 bl UV Sqlww Luysi wuasS Ul
W py =2 J wlog b a=] iterations Jocl wdiad Ul o) Lo,9 (susy

&lb bl wus) aws sl iteration JI wuxl vlade function Jl (88 lLew yosel wu> 9

£(2) = 1.9999

Lu,as fixed point el 538l s UV oMs wed 045 Ul Ul suss Wi
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Vg converge Josiu s> function Jl wolS 15l ppu B el ;08 (sdy b b (89 wub
s susy mathematically s (sl bouls Loszuowsd s sl asu,b (89 diverge
graph JI @b e adyyb (59 9 ,auso rule 59

0> JSuadl 4 functions sauce Ul ol Mo o8 ,doVl graph JI wcly asy,)lbll Jgsia
(1) (2)

v

3 P (4) P

v

v

I
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oghazl 1B Lplogl oule Ul oLl fixed point & sl p JI ;29 a9,)le Ul (sadgls (séy uasug
:function JsJ py Ll Gl ol (sJoVI

(1) (2)

v

)
o)
o

3 P Po (4)

N\

v

v

P PO P PO
LE 0 wiod P11 owd vl vliade g function Jl o) po e o wiod 01S sy
o 138D 9 X — AXis A=) Jsil o5 laxdl o 9 pusiwnll bl A=) function J

lpic Joosd sl abasill o0 o function Jl ax) glbl g p1 0lSe o 2esd P2 Goud ople o)
X — Axis csle b Uyl 5 pusiaoll bl aic 2o,

52|
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(1) (2)
4 4
l /
| |
| |
A -
. I |
1 | > z | >
(3) P P Po P (4) P Po
4
| |
|
| | D
| | | |
| | . | | .
P Po P P P Po

oo Wiy wuS 15 Wsel ulide asy,lbll Guein (ss 0,0 13S Sy iterations Jl Jos Jasid 9
49 3 9 converge 249 10Ul (s$8Md Jg> V898 sl 4 functions Jl (89 lgic 2w Vg p JI

diverge

s o> uelsll 9 inferval Jl ud,lay yogel Ul ol s sy ausldl as,, bl cub

If ()l <k<1

vaseill Az glbud 03, Sl s k JI

9 ppw uoscl g inferval Jl ()b a5 a9 f(x) Jolad lplosd a>l> Jgl (sus
9 ppad 0,8l anusll a3l 9 Sauc lgelld (Ul uious]l absolute sl uass 9 f7(X)
JI sde converge s function Jl 0aS (s a>lgdl (o 8l s K Jl o) kK Llpaooud

© diverge (s 035 ,ue S» Interval

53]




Rate of convergence:
bl 59 iteration olS Joea Ul W2 s Ul Lplows Lograoll asls 45V Llog 018
olule Ul Ul J=U Jogl wlide

>l Jpawl B> 9 W el lide ad Joges UL (89 b

€ max
(log—g"&* + d)

n> 1
logE

vlade 018 a2 (i) Aoaiwid Lograndl (Ul g 3V (88 aJd Loy sl weslal (séy 059
J=) Josl vlide lplocl (o9, 00ll sl iterations JI sae sd sl n Jl B cl
decimal digits JI o uo da= approximated

n -> # iterations to obtain the root approximated up to “d"” decimal digits
O bl =i ppss vlade > ol JS Lud Jow allus 23U i asls s
/7

Example:
(i) Investigate the workability of the fixed point iteration algorithm to find
the roof:-
F(x) = x*—4x+23=0
Contained in the interval [0,1.5], if the iterating functions are:

(@) f (x) = 2222
(b)f(x) = V4x —2.3

(ii) Having selected the iterating function, investigate the local
convergence, determine “n"” to obtain root up to 4 digits

(iii) Evaluate the second root contained in the interval [2.5,4] up to 4
decimal digits

(iv) Ifwe take f(x) =4 — 2x—3 on the interval [2.5,4].

MJMBWLQ&W|M|JM493,Q§)LD|29]p§)@1§9J>J.xL®L;.>|
© pdgl=y Ll Lo gllhyd all Lo ol ayls (sl 0,0lxoll 9 opad 035 aops

1 09,

WGoiw vlbade ppde JB JI 2 functions JI (sde workability conditions Jecl (sinle
Sxinterval Jl (58 avizeiwl g o0pa8 a0
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resd ol oasly Jgl aslia

2
f(x)=x + 2.3

¢ al Jo=a On set Ll wuil ople
on set oaS (s s S> Interval Jl s> aossll celb o s interval Jl (u8,day oo
f(0) = 0.575 €[0,1.5]
f(1.5) = 1.1375 € [0,1.5]

0> bl ss=ia Med sd everywhere defined J acuwidl, wub on set Med ad (sbw
plaoll (58 X gl ,i> lpsd Giwsso LoV
continues (sawud 1.S1 1B polynomial Ll loy ledog

auldl function Jl wub

f(x) = Vax-23
V Vg onset o W cl vlade Interval Jl oud by joged
f(0) = V-ve
function Jl a3ld aS| s Lpoaswiwl Gusaino JWL g ON set uo 045 (od (s
oVl
1 08, Luals> 0aS
12 03,

converge M9 gJ g V Vg converge > Lpiyusl Ul sl function dl say W el (susule
approximated up to 4 digits asus) Jogs vlide iteration oS Josd B, oule

test of convergence Jl Jos a>l> Jol

intferval Jl ;u9,la yogcly function JI Jolas

fw=3
£ =0
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. 3
fs) =4

NN

C1dl oo J8los k Jl wub
converge s 03S (s J9l ol
N Jl iy Weis b
(logeg_Lgx +d)

n> 1
logE

€omax Yl v umle d Jl g k Jl Lase L
€omax = b —a
=15-0
=1.5
toiy Lelall (S yogs
n>log%+4
log%
n > 35.83
n =36
© J=l Jogl vlide 36 iteration  Jocl yogra0ll (susy
2 p8, Luals> 0aS
Luyss k=0.7 Jlgn=32 Jl ul s8Us 3 p8,) s&s auwdl
k=03 dign=11 J ul 58U 4 08, 99

Js, iterations Jl sac b JS Jsi k JI lod JS Ol asodl (susy
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28, U8Bl Juesiuo sy interval Jl guss (9 2 functions JI ey w8l vlade o3V Gun
diueo interval lpd opsd 0a>lg JS OV Mo 3 08, 8o 29 1

© interval Jl juss ppd GusVl lod WV 4 9 3 o w8 La Ul SJ
e

Ex:
2

fx) = —4+4x—x7

1- Find the fixed points
2- po = 1.9 Find py, p2, p3 and find the relative error for each.
3- po = 3.8 Find py, p2, p3 and find the relative error for each.

ul Jesia fixed points JI gl wlide Vol
x = f(x)
iy gl is e =5 9 yogeis

2

=—-4+4 z
x = xX—=

2

X
x+4—4x+?=0

2 59 o raid
2x+8—-8x+x%=0
x2—6x+8=0
(x—2)(x—4)=0
x=2,4
49 2 s fixed points JI (i

woseid BB lpyase 3 iterations =y jule g initial iteration JI (sde sJB (sdy (suldl Lgllnoll
Hod sl weslall (59

Pn+1 = f(pn)

p1 = f(py) = f(1.9) = 1.795
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JI ugSid il Log,anll wub exact value Jl ¢ud)le UgSs Log,eall error Jl gl wlade
€4 JIVg2Jl S o lixa L fixed point

led )81 Initial iteration Jl vlide 2 JI )lixs s> dl=dl (9

1008 glhua error Jl s

2—-1.975
p=—y— =01025
a8l iterations JI JSJ (ssy &S ¢
p, = f(1.795) = 1.5689
ps = 1.04508

fixed point JI (o diverge Josu Ll ul guoly ledb
o aelizeo initial iteration o 1 Lo pMSJI Guss lpyass sl

p1 = f(po) = f(3.8) =3.98

4 Jl )lixa L g exact value Jl s swaw fixed point Lzl o3V error JI gl vliade La
IV e wlade

p, = 3.9998
ps = 3.9999998

© converge Josu Ldg

PV (9 el Giwo wlide 015 Jga> (9 lpxogs JadVI s> 5 (sl Jiluwodl Usle

resoldl 039

3.8 .
3.98 0.02

3.9998 2x107*
3.9999998 21078
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.absolute error Jl s L Ex JI

Ex:
glx) = x>+x—4

Can you solve this equation using fixed point iteration method?
V Vg fixed point iteration JI elaziwl lpl>l gai > asleoll cilS 151 Jluw Ls

9 workable wgSs p;V fixed point iteration method JU alsleo sl >l vlide Mol wub
s L>l 16 divergent o convergent ugss (susy convergence test Jl sasi uleS
Jwo 9Jg fixed point JU J= geiu (sdu asiss> gJ 9 S> G99 sl equation JI sde o5 oMUl

CInterval Jl ¢ i seub Jliw 9 wub

function Jl welw fixed points Jl cuxl o3V @l oliso 05 045 interval (swwio JiwgSao o)
s allwod) acwill interval Jl (séawd (sJl Jos lad g oS

fixed points Jl cuxi wub

x = g(x)

x=x’4+x—-4

x2—4=0
x = 12
Workability conditions:
On set:
g(2) =2
g(=2)= -2

Soit's on set and it's everywhere defined and continues in this interval so it's
workable

Convergence test:

gx)=2x+1
g@2)=5
g(=2)=3
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Both are bigger than 1 so this function is divergent

equation JI J= vlude fixed point iteration method Jl pazuiouws Gusaine @l oliso 039
© >
Ex:
X+ 2

x
2

gx) =

1- Verify that p = 3 is a solution for p = g(p)
2- Find g (x) and g'(3)
3- po = 3.1 Find p4,p, . Will the iteration converge to fixed point p = 32 Why?¢

ssequation  JJ fixed point e o,le > 3 ul wuil vl lpdb asl> Jgl Ls
byadl sa=i o5V fixed point e 3 Jl vlade wub

g(3) =3
P D9 9 L o9

9
3+3 343 6

9B8) ==y 43 =3

fixed point > 3 Jl M2d (s8u
convergence test JlI Jocl (sujule asl> ol

g ="—
g@3)=0
convergent 01S S> sy 1 0 J8I 0 Jl vl Loy
lpoaw 2 iterations u=l (suule g initial iteration (sJe JB asl> 5
p = f(3.1) = 3.001612903
p, = 3.00000433

© 3 s sl fixed point JJ o, 80 iterations JI ul guolg leudog
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Ex:
Given g(x), g (x) are continues on the interval [a,b], |g'(x)| > 1 if the fixed point is P
and the initial iteration and the second iteration is p,, p; prove that:

|Ei| = |Ip —p1l > |Ip — pol = |El
diueo interval (sJe continues .Vl el derivative Jlg function (s vl Jgsu Ls

xc error Jl ol ey s sule 9 [g7(x)] > 1 JI vV divergent ssfunction Jl vl g
wJoVl iteration Jl ac error Jl (o ,uS| auldl iteration Jl

iteration JS go au5w error Jl e divergent Mol function Jl ol loy Log,90dl

Given that |g'(x)| > 1 then the function is divergent so p, & p, diverge from the fixed
point P so the error increases.

Given g(x) = 3(x — 2.25)%
¢ Find the fixed points
* po=4.4 Findpy,p2,p3,ps
e po=4.6Findp;,p2,p3,ps

e Ispy,p2,p3,p4 cONverge?

x—gx)=0
x = g(x)
1
x = 3(x — 2.25)2
x% =9(x — 2.25)
x%2 —9x +20.25=0

9 ++v81—4x%20.25
2

x =
x =45,45

There is only one fixed point x = 4.5

(2)

Po = 4.4
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Pnt+1 = 9(Py)

p1 = g(po) = g(4.4) = 3V4.4 —2.25 = 4.398861

_ 454398861 ..
r= 4.5 -
And so on for the rest
Putting all values in a table, we get
N Pl_c Ek Rk Note
0 4.4 0.1 0.02222 This sequence
1 4.39886 0.10114 0.02247 diverges from
2 4.39770 0.1023 0.02273 the fixed point
3 439651 0.10349 0.023 4.5
4 4.39529 0.10471 0.02327
0 4.6 0.1 0.02222 This sequence
1 4.59891 0.09891 0.02198 converges from
2 4.59785 0.09785 0.02174 the fixed point
3 459681 0.09681 0.02151 4.5
4 4.59579 0.09579 0.02129
.
Example:

F(x) = x*—4x+23=0
If the iterating functions are:

() f(x) = 222
(d)f(x) = V4x — 2.3

(V) Evaluate the second root contained in the interval [2.5,4] up to 4
decimal digits

(vi) Ifwe take f(x) =4 — 2x—3 on the interval [2.5, 4].

JI s workable ep.d uo Weiw wlade 2 iteration functions Jl Lpde wy=id 0a>lg Jol
<S> interval

x2+23
4

f&) =

On set:

F(2.5) = 2.1375

f(4) = 4.575
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Not on set so it's not workable
fx) = Vax—23
On set:
f(2.5) = 2.7748
f(4) = 3.7013
Everywhere defined because each point x has a value f(x) in this interval

And it's a continues function.

Convergence test:

2
fx) = m
£(2.5) = 0.7207
£ (4) = 0.5403
k=0.7207<1
So it's convergent

Rate of convergence to gain an approximated value up to 4 decimal digits:

log (%) +4

108 (57727)

n > 31.474

n>

n = 32 iteration

iy auldl J=
2.3
flx)=4- ~
On set:
f(2.5) = 3.08
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f(4) = 3.425
It also everywhere defined and continues so it's workable

Convergence test:

=22

xZ
f(2.5) = 0.368
£ (4) = 0.1437
k=0368<1
So it's convergent

Rate of convergence to gain an approximated value up to 4 decimal digits:

log (%) +4

08 (738)

n > 10.312

n>

n = 11 iteration
.Root I Jogs bo a=) s&y Iterations Jl gl 9 Jgazdl Joss 015 a=) Luug
cuals Aluall 0as
B 01> a>l> asle uas 9 S> method Jl (59 Lpgaid 0aS aaww s> augin Jold

woorenll 1B Mo approximated up to 4 digits e8| ule Log,00ll g iterating Joss Ul gJ**
iterations JI (58U wu=>ld lpio 9 py aowd Saic sdusd Ul ol

¢ sy log Ul 0aS oM Jgdl 9 wds aiel wub

Ul sl digits Jl sae (58 Luld (sl as L) wulog (sl iteration JI ol (s8YI o) waas
lalsle

0.123597 : 018 S iteration (59 vl Mo Luo,9 (susy

w@sd 03S Ul JUWL Lass ;5 o8] 4 gl ul bix>Ma La 18 0.123571 :0aS oS lpyasy sl 9
uw approximated up to 4 digits olule Ul OV oM
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J9I aoud g a>lgl o LS| aowd Sauce glb g convergence test Jl Joss Ul o) asl> (solb**
¢ fixed point iteration method Jl lpde (il gaiy 035 S

04S JSlio (89 (subuud yuw ol aul5VI
[a, b] s interval Jl ul L8 ¢J Mo
fl@>1,fb)<1

b Jl ;o au,d initial iteration JI o3V gais fixed point iteration Jl vlade s> all=dl (o8
Mol geiid juo S> method Jl b adl o aw,d wolS o I 1T Jl o J81 Ul s 0V

Method Jgl luals ugss 0aS b
]

2- Bisection Method

01S Jowis (0 Juasadl B2 g root JJ locating Josiw 035 Ju8 LS o S5 WS> asy,lall
shl

UM (b () it o ume F(x) Jl go Lleis JS snd adll sl 0l (sidols oo
o fixed point JU avls> oo

rootJl aud (sl s52J )iz 9 yass sl owis> Interval Jl oo sl bisection JI (59 0,84l
lAS® g root Jl ad (sl e5=dl 5Lz 9 (5ol Ao g

[a, b] Interval Jl g 015 el function sauc gJ Wio (susy

1.

o |

r 4
wwelall gib e o> interval Jl oowdl Ul o8

C_b+a
2
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1025 i Ll LsdWa

( 1.
L </"r g

¢ [c, b] 8 Vg [a, C] 59 39>90 9o [ interval sgsl (59 39>90 root Jl WBgiud 015 sy

rootJl W wl 9 yadl (58 Wio ¢ >l 9 (b il lpowdl 9 a1 B [, b] (9 @l 8D
lpsd >9>g0 root Jl interval ;sol ol bo A=) 138D 9 ud >9>90

a

¢ a9 >9>g0 root Jl W, Sl wub
was qolell 0,50l s> L workability conditions JI (88 a8y O,

Workability Conditions:
1- Continues Function
2- Sign F(b) '= Sign F(a)
3- [a, b] must contain single root

¢ o> wuldl ayl S ad,le LUS 9 Jpw VoVl wub

X axis Jl go function Jl gblsi alss e o,lic 0> root Jl jiuwo a>l> (sle (80iid wub lga)
ploi b

JI B9 (v g0 gio £5> UeSLd S| o3V gblay function Jl glu curve JI vlide wub
S> loww, sl function JI s X- axis Jl s (suey wJlw (ssuwd b £5> 9 X- axis

:Mio 0.5 s; function Saic ¢J Ul slizo 05 wub

I asin guwo Y > method Jl ade aubl Gussino 6l (sSMUs

|
:function Jl o)Ll vy Sl 9l w>g0) LJlw o @, b Jl aice
|

1 »
»

olade interval (sgil (8 root JI sasl Loy 5381 (sl asy,bll wé,e Ul (s 035 b
o,k

+ve auldl g —ve welb oa=ly wusl of function Jl (88 ppu yog9=d a, b sSxic Wi Ul
bisection J| paziwl ;28] plos (séw
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Wi € Loowl Ul yo el g padl (8 I adnsidl suce Guisl Interval Jl powssd oghas (sob
Gelb il I absid]l s2la (b —ve sl o) s ¢ JU function JI (58 yo9ed uisig

lslSo basl g Lld +ve walb wolS (Wl aasidl (sals +ve walb gls il oasl o -ve

K A; (-ve) B; (+ve) G F(C)
0 a, by _bo+ ag | +ve
Cy = >
1 ay Co o =0 T a0 | -ve
! 2
2 ¢ Co o =8 + ¢ | -ve
2 2

ag, by @ JI lpde JB Ul interval Jl sga= wsge Ul asl> Jol ul bd Ja> sl b
B Jlg—ve Jl s A Jl asd ul yo,58l g +ve Jl Vg —ve Jl s90c (sd 0a>lg JS waa> g
0aS 1B +ve Lpus function Jl (88 lpw woge 9 ¢ Jl aoud welb uiw 9 +ve Jl b
Jyio —ve Jl sgoc (88 sl anusll 9 LlSo ¢y Jl bl g +ve Jl sgoc (58 sl anousdl Jasiud
oxa=l interval Jl s9a> Gwlwl (sde asy (sl iteration Jl w1l g (s o S5

¢ budall interval Jl yoi (89 >9>90 UIS root JI ul Lo ,s8l o) wub

Jowd Juo wid S> al=dl (9 g zero suwaua function Jl (8 au Logel lod Ul ul (s8MUa

root J wlog oM Ul wV sl iterating

loJ wid (séw Mio 4 decimal digits J au,80 root Jl cucly aoqsll jule oJ Ld o MSJl uusig
fixed point JI (8 olds (sl jues 4 digits (88 ouplinio pasy |9 2 iterations (o8 vl (s8VI

b,

ua A>lg root Lpad wesy oV interval JI ol workability conditions Jl (s pJB8 as> 5

Sroot oo S| L UeSy S 19 9 b

Mo 015 S axl> ((Sow ol

S> interval Jl (s 3 roots sauce Ul ul s8Ma

v

'SR

1l v

pAiwl Giuyddo S> all=xdl (89 g

bisection method Jl
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o dgdi S gl Interval Jl (69 a>lg root jue uwao Ol Wgsid ,giSaJl Ul Lo ueid liddo
ONENCI I SR SOV WL TN

Convergence Test
This method is convergent by default

Rate of Convergence
Josn sl Leilall e ,S18 LIS

€, <0510
Sayl ;e o,lic 05 N oghazdl (o8 error Jl lgs wub

Jl ahsill s C csa sl Llilog Ul Ul approximated JI adaaidl oo a8lowoll coc o,lc
F o ol Llosl ole Ul (sl exact

ol Jgdl ;18] (sau
€n = |T' - Cnl

C Jlg r Jl g adluwodl aS| sy pasy sl uis=d interval Jl ooy 0,0 JS Ul Ol Loy wub
le)S Interval Jl o5 o J3I

1
|T' - Cnl < E(bn - an)
SlpaLd Ll interval JU sdMe al s b, — a, wsb sl adluoll wuub

Sl aS| by a8 oS ppin pai [z 9 s Interval Jl powsin 0,0 JS Ol LS Ll Giuo
d sl Interval Jl jai s (saidg)> Llwo interval

1/1
Ir—cnl < E(Eb"_l - an—l)
04S alS_w sy R.H.S Jl vl (s8Ms by — ay J Juogl bo A= 138

r—cl <3| 0-a)

212
Enﬁwlb—cﬂ
|b — al 4
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2n+1 1
|b — al > 0.5 %10

|b — al
0.5 * 10—

2n+1

(n+ 1)log2 > log|lb — a| —log(0.5 * 107¢)

log|b — a| —10g(0.5 = 107¢)
> -1
log 2

© o=y sl ggidl o LIS B39
i Jlo
Ex:
F(x)= xsinx—1=0

Given the interval [0, 2] which has a single real root, determine the number of iteration
to obtain the root approximated up to 8 decimail digits?

Workability conditions:
F(0) = —1,F(2) = +ve value

i continues Ll (seud 9 WS> interval JI (68 a>lg root jue Guwao Ol (sJB Igd leubog
workable _s& 04S

iterations Jl sac W, vlade s N Jl glu vesladl (89 Logs

log(2 — 0) —log(0.5 * 1078)
> -1
log 2

n > 27.575

n = 28 iteration

Iteration oS Jocl 9 ade Lsail sl Jgazdl Jocl sy o5V c,.;.SIroot JI sold JB uls o
© 8 digits 88 uprliio Lo Ly uod,) all b Ul Juogl o a=) 015

O.\Su.u._l
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3- False Position Method
JI wely, convergence test Jlg workability conditions Jl juwss led > method Jl
© Ll bisection

581 o Ny Lpicly 0,58l g G walizeol!

syl lpowuwdiy yuw 090, inferval Jl pawsiy g root JJ Locating Josiu 0.0, (s
bisection Jl o WLe gl

s> method Jl (8 Inferval JI pouwsiu Slil Bgaiud 9 s> function JI (sde Mio 04S lg.a

usSe a e function Jl o,Lul o3V ledb g ato b ¢ Inferval JI s Mo Sauce Ul
Juogd @l Interval Jl puudl vlade sy adoes Ul JI b auce Ly, Lal

F(b) JUL F(a) JI

v

- -
S NG

|\\ Cdl & Xaxis Jl go o> b=l gblai alasi 015
(:f \\\ w 15la Was i iteration JIcus! olade
E \5\\ J - > function Jl axd C JI Jsl i bas
\\\, function Jl sd C JU Loged ,3| csisoy s

:

23lg OIS sl Ve Lpdsslg +ve Vg —ve gl o
bbb bisection JI (58 adosiuy LS sl s susy ,Ledud sl iteration JI (a9 L, Lal
¢ C Jl sl ad Logel sl uglall ga eyl wub

abhall wely coordinates Jl cu=xs vy paidl ouwsid @l Jgaiy LS bisection JI (59
e\ g inferval Jl yas 8 sl

01S (i 00 Jgl iy Juodl ooy Ul L (S

F(b) — F(a)
e
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Jole ssud JSadl [a, C] pogranll (s Ul lpyasy sl Interval Jl oz loJ o 9
01S

N
AN

v

AN
N

F(b)— 0
Q==

X axis Jl go glass alns; s> ulide zero leb
198 iferation sl ae a8 Logel sl pledl gl Cub

F(b,)(b, — a,)
F(bn) - F(an)

C,=b, -

o>l oV iy N JJ ugsld Gwlele s> method JI 1 rate of convergence J awwidl
© swwaw iterations Jl Ul

Jl el uglall belb hil sd sl 0,0loldl (59 Sol lodld LS lpogl ople asl> (5o OlS Vsl
False Position Jl (s8 C,

interval JI sga> loa (sJl Guidass o Juogi false position Jl (s ol L8 LS Ll (sudgls
0> bzl ey Juodl glbl ojule Ul (sudels wub

NN 0> bl (sle ouihss udle Linl ¢l aumi ;08 Jaolly
( \\\ . Lo sl s 3 ad,le Ul (isgls
b SN j (a,F (@), (b, ), (¢, 0)

SN b, coasllisa, b Jb oy paise ausa bl wub

_F(b) — F(a)
T Th—a
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00— F()
~ ¢c—b

‘wasg) C JI glbl olide ppl>l g Lasu Jos ouilsleall Ssbus

F(b)—F(a)  —F(b)
b—a  c¢c—b

[F(b) — F(@)](c —b) = —F(B)(b — a)

_ —FB)(b—a)
~ F(b) - F(a)

F(b,)(b, — a,)
Cn = bn = lF(bn) ~Flay)

oy Jluo J=id 018 Jaw
Ex:
Using bisection method find number of iterations for some F(x) on the interval

[2, 7] to find the root with accuracy =5 = 10~°
5¥1079 < 0.5%107¢

05%108 <0.5%107¢
d=28

log(7 — 2) —1og(0.5 * 1078)
> -1
log 2

n > 28.8
n=29

Ex:

1

Could we apply the bisection method to the function F(x) = — on the intervals

[3. 4] and [1, 7]?
We should check the workability conditions

Sing F(a) != Sign F(b)
F(3) =1
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F(4) =

N | =

So it's not workable in this interval
F(1)=-1
_1
F(7) = E
So it's not workable in this interval because it's not continues at x =2

Ex:

Find the root of the following function with the minimum number of iterations:
F(x) = x* —10x + 23

On the interval [6, 6.8] with d = 2?

*Fixed point Iterations:
Finding f(x):

x% + 23
10

fikx) =

fo(x) = V10x — 23

Checking workability conditions on both functions:

f1(6) = 5.9
Not on set so it's not workable

£,(6) = 6.09

£,(6.8) = 6.7

On set, everywhere defined, continues then it's workable

Convergence test

o 5
fe) = 10x — 23
£(6) = 0.822
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£(6.8) = 0.745
k=0822<1

So it’s convergent

log%+ 2

n> 1
log 5877

n > 258
n = 26 iteration
*Bisection:
Workability conditions
F(6) = —1
F(6.8) = 1.24

And it's continues function, so it's workable

log 0.8 — 1og(0.5 * 1072
 log g(05+107%)
log 2
n> 6.32
n=7

*False Position

We don't have a rule to compute the number of iterations in this method, but
we know that it's faster than bisection method, so we are going to solve the
function using false position method because it's the fastest between them

N a, b, Cn F(c)

6 6.8 6.34 -0.16
6.34 6.8 6.41 -0.02
6.41 6.8 6.41 -2.76% 1072

Notice that the number of iterations we needed in bisection was 7, while in the
false position we needed only 3 iterations.
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Ex:

n(d3? — 3d*r + 413p) .
2 -

r=10,p = 0.638
d=2,[1,15]

Solve using bisection and false position.

(1)Bisection
F(d) = d* — 30d* + 2552
Workability Conditions:
F(x) is continues
F(1) = 2523
F(15) = —823
Sign of F(a) = Sign of F(b)

F(x) has a unique root in [1, 15]

Convergence Rate:

log(15 — 1) — log(0.5 * 1072)
n> -1
log 2

n > 10.45

n = 11 iterations

_ by +ay,
2
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N a, +ve b, -ve C, F(C,)
0 1 15 8 1144
1 8 15 11.5 105.38
2 11.5 15 13.25 -388.67
3 11.5 13.25 12.38 -147.1
4 11.5 12.38 11.94 -21.98
5 11.5 11.94 11.72 41.45
6 11.72 11.94 11.83 9.13
7 11.83 11.94 11.89 -8.25
8 11.83 11.89 11.86 0.43
9 11.86 11.89 11.88 -5.36
10 11.86 11.88 11.87 -2.46
11 11.86 11.87 11.87 -2.46
Root in the interval [11.86, 11.87]
(2)False Position
C. —p — (F(bn)(bn - an))]
N ay F(a,) b, F(b,) Cn F(Cy)
0 1 2523 15 -823 11.57 84.87
1 11.57 85.87 15 -823 11.89 -8.25
2 11.59 79.02 11.89 -8.25 11.86 0.43
3 11.86 0.43 11.89 -8.25 11.86

Root in the interval [11.86, 11.89].
7

Infroduction to Newton Method
23V olsls ags e Wreid g bdall s method Jl g ,iid e Ss 0,0lell wub
s method Jl (s 1w Lo Jud lpid le s

Single and Multiple Root:
‘Mo 0aS function sauc Ul o)

x—2=0

2 lga function Jl glu root JI ul s8Ma
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Mo 0aS LS function Jl glg wub
(x—=2)2=0
a0 HSE0 (SEad L 2 (\Buad Ao,y oot JI
x-2)(x-2)=0
x=2,x=2
oo 05 oot Jl (sde wyac Ul Ul 0aS (suso
01S Wio
(x—1)?x-3)=0
x=1,1,3

a0 o paw ol root Jl juss lgd a>lg root a6l oliso o 05 yuw 1 Jl gd 1 Jl s Sl
oo ade cyace graph JI sde Ul Guac

multiple root Lpcli, root JI (swouww 038 S| gl (yuiso 5,860 root Lpd wesSy sl function Jl

o 02>lg 0,0 5,85 OO S Gaw a>lg o ST g ol uw A>lg e Giulplo Jlio sl S5 9 9
single or simple root a.ouuw 015 0>

sy o0 LS ,,Siw ol oIS order o 05 root JI ulS I3l G,el lsl cub

Jlg function JI (s root JU _ogcl ¢ function JJ derivation Josa Ul o)l alogcuw
JI o 05 root Jl oS (s zero Jl juc anud glhua derivative Jgl lpscly, derivatives
> derivation J| a>,> wcliy, Order

: Mo
x2—4x+4=0
FF(x)=2x—4
F'(x)= 2
i ogw 2 lga root JI
F(2)=4-8+4=0
FF(2)=4-4=0

F*(2)= 2
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oo S 05 root Jl say bl lga zero Jl i aoud glb derivation Jgl oS
F(x)=(x?—4x+4)(x—2)
F(x) = x3—2x?—4x>+8x+4x—8
F(x)= x3—6x2+12x -8
F(x)= 3x?>—-12x+ 12
F (x) = 6x — 12
Fo () = 6
wosd 9 2 lga root Jlg
F(2)=8-24+24-8=0
FF(2)=12-24+12=0
Fr(2)=12-12=0
FN2) = 6
who 3 5,86 o> root Jl 0aS (séwy
Az umle Ll root Jl iudeio Mol bisl base (sl JSluodl (58 wub
¢ simple or multiple ulS sl sl;l B 28 b
simple © 015 (s s F'(x) = 0 Jl ¢J o> alauw
F'(x) # 0V x € [a, b] Single Root

Convex and Concave Set:
if F*(x) 2 0V x € [a,b] Then the Function is Convex

else if F'(x) < 0 Then the Function is Concave
interval JI (8 sJJI Points JI sJe applied lpl wus Sl 048 ae B2

Quadratic Convergence:
€ < L€,
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Josy lpaclw ald sl error Jl gl gyl o J81 UeSw 0,0 JS 9 error Jl ulS o (susy
quadratic ade

NS Lol wvlbwl (e sa=siw constant s> L JI

error Jl (s 0.5 = sadgl> error Jl ul Mie L3 oJ 0V convergence Jl glgil g ,wl 859

@V ac,ww Jaw @l 8> convergence Jl 0ju0 9 (0.5)? o J3l AS! lgd ayaes sl
© dll sl ol Newton Jl 35U bl S| ase olSiis 9 quadratic

Linear Convergence:
alS (sudg)> a=) oldgw (sdJl convergence Jl ggi lga 0> 9

€, S MEK_q

o oaeo factor o alld sl o J81 weSw error S vl
]

4- Newton Method
12w b Jud 015 wlogles @ugi

w9 ulS g simple and mulfiple root lpowwl asl> (58 Ul wsld sl 0,0 lxoll (58 LS LS
simple & single JI ;o B ell s auogid single root Jl Lpocwl aul a>l>

:simple s root Jl ul (sus=eo
F'(root) # 0
1 = gcly order Jl susy
interval Jl (88 juw a>lg root jue Guwso (suss single root ,SJ
Any single root is a simple root but not vice versa.
© > Newton method Jl (a8 Wg.iw

Workability Conditions
confinuous lgigSy F(x)& F'(x) & F'(x) vl g wellao la> oo L byl

F(x) € ¢,

iy M| Gugeo ald sl ol (68 olds (sl pMSUl uwss lgad 05 lae (oJl Hlaul
ey Shl Jeia > method Jl 0,88 s eyl (sudgls wub
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Mo 8> anw dl (9 I s; function sauce Ul o)
initial iteration point jlixs plosd asl> Jol

> 39wl Lpig) ad Il Mo o500

' e oo lud sl py Jl b
i loass sl iteration Jl cusl vlade
JI g0 gblawy o 2= slope JI cuxl uiss 9 function Jl o= > abaill Jgl (o > Josd

P1 wd sl adass sold cualg UgSI oS 9 X aXis

>l opule o py e Ul o) iy 138 o

axd py Jl sie oo b Josls pydl

A=) alogl g slope JI wuxl 9 function Jl

Ll I next iteration p, Jl > (s (i pad lgeblaiy sl aasdl Bg.wlg X axis JI
Lol 05ule wusS

ueld JSCw (89 0> pMSIl LSS Sl wub
> abaill auc first derivative Jl o o,le lga alns; sl gly slope JI

F(py) — 0
Po —P1

F(x)=

roind Wb (9 basg) py Jl cuxs

F(po)
F(po)

waud iteration sl aie wusl vlide general JSoiw (09 sy 0> wgslall o>l Led

p . F(pn—l)
et F\(pn—l)

© lIteration Function Jl lpaowud S> 9

P1 = DPo —

Dn =

po Il oo 1y Jl ! Livyaio ol 1w wub

iy (il Ol o T py Jl sus lpiclw J=JI, 0 = Wauc slope JI ulS o)
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Convergence Test
oo b Ul oz (Sew g convergence Juax vlade Guwlwl udo i Lase (59
Jl g9 sa=a 9 Ul Ul case Jl cows (sde 9 gé=io Giuo UeSy Jos uisVI
convergence

4l lieo Vguiw g BIA>g) 0aScase JS (s g rwind
Case 1:
1) F(x) #0V x € [a,b] Simple root

2) Initial approximation is sufficiently close to the root
Jos ubuidl eyl ppes asl> Jol wub

simple root Jl (su=o u9,le Ll bo 5 by Jol

root J asliine wsSs ke oo 1aud sl initial iteration JI o3V @l Jgaw (sés csoldl wab
close to the root gl Lpac Jgdl a8l ulade J8VI e 1 digit (s

¢ o> pMSUl g close iwo Vg ClOSE (6 (s\8y (yuio B, Ulg b
Ul g lglog 018 A lgloc (s Lo
if vy <1 thenit'sclose
else if y > 1 thenit's not close
¢ > Gamma Jl Guiw vl puw @l Jiuwso wub

Hed dio lpw=id sl wgslall

Cog.0, Jgs M, M, § Huo wub
la> ala,n

JI a3l g Inferval Jl sgaxy gad jogcl g F7(x) JI e Ul Ul e o,le S5 M I
M Jl g (s S| &l sl g absolute value

Max (|F"(a), F~ (b))
20V ,lid S 0,0l o Inferval Jl sgas ogo Lpud uoscls F () Jl cuxa (si m J

Min (|F (a),F (b)])
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0> UeiBIL lpwu=d 8y 6 Y awdly

initial iteration Jl 015 ploi (s 3>lgdl o J8I el o) (s8y Gamma Jl cows| 048
close to the root

close to the root juwe (séu yusell o)

00 l=xoll aie LodSil sl Quadratic Convergence Jazusd sy S> aldl (68 wub

Newton o ds Gaus| juuei Sag

lga (ol iterations Jl sac Ll Ueild Lpd sl oausgll s S>Case JI

1 logu~1! +logzwm
>
N ~log?2 log logy~1
U=05%10"¢
ONENCILIZYWY
ppade LB sl udo,idl o by (89 o) Jax (Siow sl cases I (8L (s Bguin waub

Case 2:
1) Multiple Root (Condition # 1 Failed)

2) y<1
linear (sdud gw convergence Juazd 035 BB juss=io (soVoll b, ildl La

Case 3:
1) Simple Root

2) y>1
guddxio (sl g (soldl byl (sdy L

convergence (9 ul Jgdl ulide gé=io UgSy o3V U by 395l o3V > all=dl (59
convex or concave wgss F(x)dl ol o> byillg

Linear-Quadratic acg convergence (9 (séw lgss=il Jgs> by, 3 Jl Ul Jua> o)
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g Linear-Quadratic al (ssss wulb

28,) Jogs lo 2= linear convergence o iterations Jl ;o ueo sac (suirow @l @lieo
Quadratic @l (sle (swioud iy i o 9 1 digit (8 ad auliw g root Jl o wu)d

Case 4:

1) Multiple Root
2) y>1

3) F(x) is Convex of Concave

§ usaamio gabraill Ol (ny o o

Lineadr (séud g CONvergence og.o, Juoazxad
7

Important Notes:

lesl @ convergent (s Function ol ulade Newton Method (s elel b,adl Vgl - -
convex or concave wgSi

JI oo JgVI aslil o3V convergent i leil olizo Giwo 05 Jiwsézio 05 byl Ol La> o) -
Convergent oaS b s 1 Jl o J81 welb oJ Gamma

ul g convex or concave Guo wess Function Jl ul & diverge L Josiad Ul dl=dl -
2>lg)l o ST weSs Gamma JI

w9 g convex or concave Ll 0aS (suso convergent Josu function Jl ugss loJ -
Jl o, gl S iterations Jl (suss global convergence aoowl UgS, > all=ll
Jasis @ V,2d Lpuiclbw Gamma Jl sasl bd ss g v Sole (ol J55 g Interval
local séwud 1 o J8SI Gamma Jl gJ leds g local saud Vg global
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lllustration for the Linear-Quadratic Convergence:

wues a>l> Ay 2uogid 04S by Jlio B

root Jl cu=l ssy yog el 9 case 3 ga=iu wilS g9 auso function saice Ul ol o,uaids

10> JSuadb glb Joasdl Joel cux o Lpsely

X

# Correct Digiis

10

0

9.0000908

8.000378

7.0010083

6.0028302

5.0077737

4.0211542

3.05701

2.1510662

V|0 N[ WIN=OIRXR

1.3837863

10 0.8850416

11 0.7104953

12 0.693956

13 0.6931471

14 0.6931472

N[ | OO0 |I0|0|O|O|0 |0 |Oo |0

JI g0 auliiie digit ol glb bo Jgl juw linear (suile OIS &l guoly leuds 05 59.wVL (I 5=
ol 3 iterations 8 Lal> 9 quadratic (siwos i.p exact roof

ol o puws| Ol 58 linear convergence Jl (08 wub

1
€, < Eek_l

OR

1
€, < Z(:'k_l

9 AoVl o S| Hlasey iteration JS 9 error Jl auwws Jsw oV ol aslll seub

gl Jogin sJWL
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lpsoaziowl o) Jiuo Newton Jl so gl Linearly ugss method (58 ol Lo ,s8l o) wub
waad 045 Jiwo Newton JU wdeS uasy g root Jl go aliuie digit JoV Jogl bo a=J

wub quadratic wlghs 3 g Linear oghs 11 ¥ a5Ld Newton JI o 9 o) sus
iteration Jl szl uasy g Mo 7 (89 Jgs linear Jl oghhs 11 JlI Josi method gl Ul bo
ac,uw palxa 1B quadrafic swied 035 9 Newton (8 Lu JoSl g daie wlog U

sl 0aS Jocl (Sow wub

bisection method Jl pazeows

Jew el iteration Jdl s wgild W9 Newton Jl o o>l Linearly sV Vgl
Ssle ams 05 pMSUl g workable Ll aSUl o3V Vgl 035 Jocl wlide wub

root J Jogl ulide bisection Jl (88 lpasiod (sl iterations Jl sace b,28 Sl wub
iy Ulade Newton Jl (8 au Logel ulide approximated up to 1 digit

¢ quadratic

105> Ugilall paiwd

b—a

W < 0.5+ 10_1

Newton JI (sé au Jeidl 1ul g 08, 51 151 ¢ sac (sde cauiwol 9 N Jl glbl g

iteration o8 1>ba Vguiw vlide 05 Y999 oldgi (sl Jldl (e 05 pMSIIl (g Ul cub

01S

5

2.5

1.25

0.625

0.9375

0.78125

N |WIN|=|O|RXR

0.635 0.9375 0.6640625
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il 9 05 2ol L3l iy a3ld g uglall o glb b s 7 iterations wloc yog,eell Ul La

Newton a.de
K Pi # correct Digi'rs
0 0.6640625 ]
1 0.6935742 3
2 0.6931472 6

o iwl lodg puw Newton wwoazowl bl iteratfions Jl sae (58 9ol udax>Vo leb
© Linear part JI s Bisection

iy ppo Jlgw cob

Bisection Jl yalsl b =y Newton (8 Lloes sl Iterations Jl sac cawusl 05le Ul o)
bl s i

0> Y99 (sl LU N Jl wgild Lpde (gubol 58l JUWL 1B Case 1 gus wsy oM 04S (s

1 Interval JI .= Bisection Jl uV w, sl interval JI ol JU I3l o5V sy bd G
wd sl bisection Jl ;e welb interval L350 [0, b] Jl 0lse Loged aud Logel (sl Lol
© > Joazdl 8 B35l Lpig)

Newton JI sle allus J= (s Jgi Ul

Ex:
Consider the problem of finding the zeroes of:

1
F(x):;+lnx—2

This function is defined V + ve x and has two zeroes, one between

(x =0 and x = 1) and the other between (x = 6 and x = 7)

i) Are Newton iterates convergent in both intervals? Why?

i) If you decided that Newton'’s iterative algorithm is convergence on both
intervals, determine the type of convergence?

iiii) Determine the roots up to 7 decimal digits?
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Solution
1-

x—1

F)=—3

2—Xx
x3

F(x) =

On (0,1) F(x) > 0 then F(x) is convex so Newton converge

J3l aoud gllai ;S o F(X) 9 lpws wuoge o) TJ 0 o 058l (09 aoud sl ul oliso 0>
J3l 08, &l wlide 2 o ,uS| o8, aslizxo Ul (JUL 9 2 — X e 0,Le ludl OV OJl o

0 o
On (6,7) F " (x) <0 then F(x) is concave so Newton converge

0 oo JBI (sigd Loyls F(X) (58 7 J 6 0 aoud b lisge o) oMUl Gunss

(0,1) =[0.01,0.99]
029 s bod ulide ppd aoud U8l a5La BB Lleo o 1l 9 O JI wlide 01S Lloc L
A>lg root jue g Lo il (sJB Mol lgd g convergence Jl gg5 B el wgllho (sidgls
Wé=xio b Jgl 018 9 simple root swus sJUL
leegs daxl 508l vlade Gamma Jl B,cl (sdy ;28U
F(0.99) = 0.010203=m
F*(x) < M,F(0.01) = 1990000

_(b—a) 099 —0.01

0 2 2

= 0.49

y =477.849 »>> 1

Case 3 9 wudy Ul 028 (sJUL ,uuusSo a5 lgdl o ST il puolg Gamma JI Ls

Linear Quadratic Convergent ©
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Ex:

Workability Conditions:
1 2
F(x) = §X_§
2 5
F'(x) = —§X_§

Both F'(x)and F**(x) are not continues so this equation can't be solved using Newton
Method.

Ex:

F(x) = 4(x—2)3
F'(x) = 12(x — 2)?
Workable Function
Convergence Test:
F'(x) = 0whenx=2and 2 € [0,3]
So the function has multiple roots
Finding Gamma
F'(0)= -32 ,F(3) = 4
m = 4
F*(0) = 48,F"(3) = 12 = 0 Convex
M = 48

3-0 3
T T T2
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183 951
= — % — =
V=% "2

Then this is case 4 Linear Convergence

e

0 2.1

1 2.075

2 2.056

3 2.042

4 2.032
e

Ex:

F(x) = xe™,(—1,1)
po = 0.2
Find py, p2, P3, P4
FF(x) =e ™ —xe™X
F'(x) = xe ™ — 2e7X
F(1)=0
J= W vlide juw dbous a=> interval Jl 208 Ul s alSLawll vlade
[—0.99,0.99]
FF(x) #0Vvx €[-0.99,0.99]
So we have a simple root.
Finding Gamma
M =F"(-0.99) = 8.04679
m = F'(0.99) = 0.00372

0.99 +0.99
o= — = 0.99

y=108156 > 1
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So this is case 3:- Linear — Quadratic Convergence

0 0.2

1 0.05001
2 0.00239
3 0.0001
4 0.00000

.
5- Secant Method

o 0>lg asl> (69 walizy 5,0 Newton (s olds (sl pMSUl S s bbbl oS> asy bl
Iterating function JI s I

Ul Functions J auso 0sSs ,Sew Newton wcly, Iterating function Jl ol lga) los

Iterating lglos) 9 0> 9090l lg a2 19J18 18 algp s Lpcliy Derivative Jl s v, dsio
Derivative  Jl lgoaziuw bo ,ue oo function

oo 9 Newton S; uw 0a>lg o Two Initial Iterations o law Ul Ol > ai,bll (59 0,4l

lpuass sl Tteration Jl lga wgSud zuldl g X axis Jl asd bsw ppiw Joogs Jgs ouidasill
1015 weSw Iterative Function JI JS_w

_ F(Pn—l)(Pn—l - Pn—Z)
F(Pn—l) - F(Pn—Z)

Pn = Pn—l

Ex:
Determine if the following function could be solved using secant method

x%+23
F(x) = 2
d =4,[2.5,4]
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F'(x)>0Vx €[2.5,4]

Then the function is convex and it has global convergence.

Ex:
F(x)= x2=2x—-1

interval [0,3],py = 2.6 ,p; = 2.5

Find p,,p3 ?
Checking Workability

F'(x)=2x—-2

F(x) =2
All are continues functions on the interval [0, 3].
Checking convergence
F*(x)> 0vx €]0,3]

So it's a convex function implies Convergence ©

Finding iterations

F(p1)(p1 — po)

=l —
P2=p F(p1) — F(py)
p, = 2.41935
ps = 2.4144
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Interpolation

© oa> axl> sy WS>

wl>=Jlg physics lab JI (88 Lplosu LS Jl S5 048 asls> ay,= Josws Ul Ol Mo Luo,s8l o)

S>

9,3Vl 9 function Jl puw,i 9 guled] J=aws 9 0,0 o LS| @il Jos d=iu Wi LS o

© 50 0 salboio
D (sudg)s o el uule sy Ll

la> abbgdho g accurate s gulgdl Ul Lo u0id 9 gulgy Lleo Ll ppoll b
wolueSdl Ll s U T JI ol g voltage JI e 0,0 S g Circuit sauie Ul o) Mo Mio

o 045 lpsioww, bo Ay points JI JSow glbg
59493929 1input wds> loJ gulidl s Ul b

e o W amidl il oyle Ul Ol Loyl o) 5 b

°) ) ° Syl Jo=d Wio 1.5 input >l
b oo axill Josa o3V S|

1 2 3 4 5 pawy lsl Ol sVl Gusaige 035 bo wub

lisle Ll osll Points JI JS ao gllai 5 function JI JSoi

O & lpowy l9lle Juo> wub

e ol IS (i 035

o . ® ° Wsleo (b 05 JSuidl sl ople (s Ul cubs
el aoyd SL Job (sle lpad pogel vlide

] 2 3 4 5 apmadl Jocl bo e oo blple Ul sl ased

b o lpdS
functiondl JSCw (09 wlizes ywldl (Sow wl 98]

o (i diol Jlogl b a0 Isiy pplS 9 adlizo asy,hy haill g Jogs Sew 1>lg SS9

foulble (séy opue glhy Ul g yw 1>lg J> e

92|




waaw N Soluww Function Jl ppn wu=xd sl Llso (sl Points Jl sac sauce Ul oJ ul 1gJ8
N-1 Sgluww lpely, Order JI function lJ glbl o3V Ul

oS apai=i Function ppio cselb g pal 5 points (sSleo (s3JB alluwodl (59 lgd o sus
9 x* ax) Jogi iy asyly)l as,all o dlsleo Azl 03V Ul 01S pplS ppale Sasi (is
Oade wlizid juo WL amlJl as,ull o 3>l > ue (89 (sdud o 035

1- Lagrange Method

owogi 0,5.a)l Vlade Jlo J=id (i 9 Sl aniazwind Bguiw 9 gl (sdy VgD
HINT:
fo == 0

means that (xg, yo) == (X, fo)

Pa(0) = ) Li@fi = Lo@fo+ LGf1+ .+ L@
i=0

L;(x) — Called Lagrange Coefficient
oo (e acgoxo wisl> augw e o,le audfunction Jl ol JB lga (sidg)> a=) b
Lase sl Points Jl wclo y Jl b fo, fi, -, fr 0l LOye sl wub
Yl a9 $o> Lagrange Coefficient JI (s&y al

Josy acly uglall

S

X—X
Li(x) =
xl—x
Jj=0 & i#j

w0 Jol> suss 0> operator J

o> term Jl des sSbil iy ppss wub

S; @ B s JUl bl b b ) X waSeiy usy variable s bl (09 Ul X JI Vol
term Jl guwaSo lpacbw 1= oJ VI, | JSU 05 ugsladl (9 yogs 9 N 3= O 0 Ccounter

o>

93]




e angpd axl> Juwdo wub
Jlo w0 i 9 logoc aSes Sl Bgiw wub

(x —x0)(x — x)(x — x3) v .. Ce,xim) (0, xi41) e (6, x5)
(i, x0) (g, 1) (%5, X7) oo e Cepyxi—1) Cepy 1) e (x5, )

L(x) =

plaadl Gt l9a bl OloS asls g 1= Jl s ols sl term Jl GiwiiSio Ul ol 1gSIL (sd>
015 L Xibzid x Jl UlSe Luw bl

015 Csuinid Wio Ly (x) ! osule Ul o) b

(x—xp)(x—x3) . (x,x,)
Cxjy2) (xgy x9) e (x5, X5,)

© Uusplaxio (sihio 1B 0 glhus auda> oJ vlide ol x; a® 39>90 term sl Gwlindaxo
OUleS 0a>lg Ly b

LO(X) =

(x —x0)(x —x3) .. (x,x,)
(xjy x0) (i, x2) v (1, x,)

Ly (x) =

AU pursi 090,
oy pB8,L Jlio 45U b

Ex:
Given the points (—1,4),(0,1), (1,0) find F(x) using Lagrange method?

Shl weSu Ldsiw 3Vl (8 Function JI (bog,80dl Mol wuSa Vsl
p2(x) = Lo(x)fo + Li(0)fy + Lo (x)f;
fo=4,f=1,=0
© Ly(x) Jl o>l o3V o sén f,, =0 0l Lo o
PETRCIN FUWESRIW

(x —x)(x — x3)
(x0 — x1) (xg — x7)

Lo(x) =

MJ|§.M.\J|L3\9Q,¢>_9.>__9»LQ.®l.o-.S)'x1=0,x2=1,x0= -1 U.deuom

(x-0(x-1)  x*-x
(-1-0)(-1-1) 2

Lo(x) =
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(x — x0) (x — x3)
(21 — x9)(x1 — x3)

e+ D -1)
S O0+D0O-1)

Li(x) = Lo(x) =

—(x*-1)

function Jl (s9 sy yog=
F(x)=2x*-x)— (x*—-1)= x> = 2x+ 1= (x — 1)?

]
2- Newton Method

Casel: Equal Spaced “Forward Difference”
Mo 045 JSLidl points sauce Ul oJ susy equal spaced ayl (suss Vol

(1,2),(2,4),(3,-1),(4,0)
b lppasy sl g X JS G Sell Ol SV
Wio 1 boyls g Iyall S o> Jlodl (59
03S A=y h 50, d 0,8 05 8yl
Caul asy,b (89 19,84 vlade Lagrange 8 wilS sl alSaoll ayl b

s g (suly @owe uas 9 Mie 3 points plaziwl function JI casws o Ul ol alSiwsll
JoVI o whluwzdl JS aucl o3V Mol s> point Jaoil gl uleS Point g5l 05ule

S> alSliwll wl> (8 Newton Method G

diows> term  Judu 03g>g90 Point ol sule o) 9 1o term b= point sg5l vl o) way

01S J.8
o oc independent iy (s
lel= b5l g L function JI JSoi (8 Bguin

(x — x0) (x — x1)
2! h?

(x — x0) (x — x1) (x — x7)
3! h3

X — Xy
. Afy +

R = fo+ A%fo + A¥fo + -
S o> Afy Jl iy ayl pu @d9,20 Lid axl> JS b
o= Slil V=i 9 Newton Coefficient Lpowwl a=> o>

Afo=fi— fo
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in general Af, = fi4, — f
s lall g wusSidl g gupil) Al 9 b
o (sl Ll Ulide ad Loges wei Lo s>
8 fo=fo = (i + (3) oz = (3) fams + o+ (=D

oo bl as,b (68 VY sl (88 lpoaowid Gue Lol s uwlgsdl S e Haill pasy wub

S| azesly i wlide allwodl J=o Lol g (i Bgaiid

Ex:
Given the points (—1,4),(0,1),(1,0) find F(x) using Newton method?

function JI Wguw Vsl

P,(x) = fo +%Af0 + Sl xé)')}(; — X1)A2f0
=4+ (x + DAfy + Get 1)xA2f0

Syl Josid sds Afy , A" fiy JI e wlade
JIgoudl (59 ude>g0 Ul £, fi, - JI US wiSd Vsl
fo=4,A=1,,=0

ledd sl o 009 JS 2rbd uasig

fo=4.fi=1,/,=0
Afy = —3,Af; = —1
Lld sl o 0219 US 090, 2rbd uiss 9
fo=4.fi=1,/,=0
Afy = —3,Af, = —1
A% fy =2
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function Jl s9 s8y Logel
Po(x)=4—-3(x+1)+ (x+ 1Dx
=x?2-2x+1
© 015 Lw
I

Important Note:
In Lagrange method all the *x" coordinates of the points must be different.

Ex:
Given the points (—1,-1),(0,0), (1, 1), (2,8) find the equation?

We have 4 points so we need to find a cubic equation ©
D3y = Lo fo + Li()fi + Ly(x)fo + L3 (x) f5

(x —0)(x —1)(x — 2) _£+1 2—1x

(—1-0(-1-1D(-1-2) 6 "2 3

Lo(x) =

We don't have to calculate L, (x) because it will be multiplied by zero.

Co=x)(x—x)(x—x3)  x%—x%—2x
L =—arha-oa-2 - =2
_ (x = x0) (x — x1) (x — x3) _ x%—x
LW =T -oe-D ~ s
Pi(x) = x3

Ex:
Given the points (0,0), (1,4), (2,4) find the equation? Then find F(1.5)%

We should find the quadratic equation ©

x_
h

AMo=fi—fo=4—-0=4

(x — x0) (x — x1)

Xo
Mot =2

A% fy

Py(x) = fo +
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Ai=fh—fi=4—-4=0
Nfy=Afy — My=0—4= —4

x—-0)(x-1)

> (—1)

P,(x) = o+x%0(4)+

Py(x) = —2x* + 6x
F(1.5) = 45

Important Notes
asleo VST o3V bhadl o N a2 jou Asles wusl lide @l Jalls JgVI (58 LS Ls**
az, Al o

unique wueSy J=dl Ul ol wlade N-1
Sac (sdad S> Al (68 Juw N Sglawsy gl o S| as)s Sl o alsles wuxl 8l leub
Jol=Jl 0 silgs V sac

aslll a>,0l o olule Juu Inferpolation egloecl 0jule 9 Guidoss Laie (58 o) 008 lolixs
sac gllha Quadratic Function o pepgsw Juosl Jolsl 9 s o>l od 1B laidl sae (sde
Jol=l (o il V

1 —lsildl sae s Ul N-1T a0l o (s alsleoll o3V LS Ll 0aS wlade

interpolation Joss Ulg (suss B hall JS (89 aio (sJU (sd3| o3V Sgl ppo by (89 b ™*
&l Lsuow 3>ly Lsowl, as (sl 2 points (5o Gwliws lpwwss points JI o3V Ol logas

Wi Saie sy uedino (susy X coordinates Jl juss ppd Guindi (89 (sbu Jusdiao

. infinite solution gllh.d 015 05 9 sl (88 L @ x Jloas (1,3),(1,-1)

Juo ppdS lod bogoc g INnterpolation Jl el B bl (8L (siy Bguis © la> pudac wub
. Sol oua> W ppad
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Case: 2 Not Equal Spaced “Divided Difference”
ol s 8 sl oolxoll gVl alls> e LS, Guidls> (9 Ul s> Newton as),b (s
b WeSy X0, X1, Xg, o JI o )l O L LS s

more general Jl sa s> al=dl ke 9 ppiw <ol Giwo WeSy B el bod (siy WS> all=l
wlizo gl a>lg Yol clgaw > glu vele)y, Newton o =l (Sow (susy

1045 WeSw WS> A=l (8 function JI JSoi wub

P,(x) = fo+ (x—x0)Dfy + (x —x0)(x —x1)D?fy + (x — x0)(x — x1) (x — x,)D3fy + -+
Sslyl @ 3 05 M sty il Dfy, D2fy, ol Inclo S5 ool JS oud)le Lol b
 Joay plell Ugilall

D7lfiy =DMy
Xivj — Xi

01S o >l adyb (68 AST AST B ©os ) Ve (88 LogRs S A> Giudazio Ul e

oass liude 035 ¢ i oL Jbio i sl g Lpdginid Luu Med adsb (58 ol all 3ol
© dgoll

Dif =

Ex:
Given the data (1,5),(3,1),(4,0.5),(4.5,0.3625) interpolate the value of f(2.5)
using the Newton interpolation method?

all as,ll oo @slen ouple csin © 45 abis olS boie Lol Jso> b
0.S veilall Luss wub
P;(x) = fo+ (x —xo)Dfy + (x —x0)(x — x1)D?*fy + (x — x)(x — x1)(x — x,)D3f,
sl 58 (sJl points Jl oo lpid,le bsl (sl puidl (s Looss
P;(x)= 54+ (x—1Dfy+ (x—1)(x—3)D?fy + (x —1)(x —3)(x — 4)D3f,
© 5 D Lo sl ololdl s Wl pué sy 0adb o olov
o5 JSuidl Points Jl a baxs Jor> Josd asls Jol
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f; = 0.3625

01S Lasy W points I wuda> ol o ,aS| wdoe o Ul 0aS

ol Jos led WV Dfy, D% f,,D3f, elu ga sl column gl s (sadg)s ops Ul wubo
pposd I el aslizo

© i Sl ppu=

plao 9l e 0,le 05 Jgazdl (58 LS Sl (8 Loz Ul aoud)l s gy
o208, 2ob e ol 090, plaall g a0, 2rb e o)l bhull

¢ axl> S 69 poud)ll lad Guo Bl adg)> ppall

Job (sde (5959 sl = (5999 sl i Ul e 0, Louls o

el oo (sl 05 (xold UlSo Jgl s ople Wio Ul o) 015 Jlio wyms wub © laub uls
a>lgll lga a1 S 1S lga (sl 898 sl i (sl = b e 0,be anusll Jgaa D,
S 015 plos 5Ul lga (sl Jgb (sl (5868 (sl (svis @io 2 bl b

¢ oy plaodl Cub

i sl Gao 9 999 sl o palls pan Giue lpas) o X 2okar Louls (o iy plioll
Joa=xdl (59 row Jogl sde pau bouls Iga

Job (sde (5898 (sl iVl a5la 040 gl (58

sl a5le ais sl g (3899 (sl a3l bo Jou augis Jlseodl wwgdD? Jl sic (s 00 (sl
i sl 2oyl 9 A sl uowl 9 (5999

vadl (39 2 cud (i Ui a5y b oo asybl g Bgd sl asla D3 Ul aic o0 b

Sl Csiiond Bguis 9 05 B899 sl Jgazdl JoSi b 08 138D 9
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X1=3 x2=4' x3=45

fi=1 f, =05 f3 = 0.3625
f2—h f3—F

D = =

h PP Df, P
_05-1 ~0.3625—10.5
T 4-3 T 45-—4
= —0.5 = —0.275
D*f
_ —0.275+0.5
~ 45-3
=0.15

glbl 5 dsleall 5o Lpw uoscl g Wlple Ul sl pudll aio a5o Jgasdl lilac plos 015 wub
L) ilpdl Jseadl

P;(x)=5-2(x—1)+ 0.5(x —1)(x—3) - 0.1(x — 1)(x — 3)(x — 4)
Jgudl 58 Lpdlo sl lpallai pusule S sl aounsll sty yogsis

P;(25)=5-2(25-1)+ 05(25-1)(25-3)—-0.1(25-1)(25-3)(2.5-4)
= 1.5125

@OJ.S Ur9
e
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Ex:
Given the data point

(0,0),(2,4),(3,3),(5,1.25)

Find the polynomial function and find f(1.3)¢

x0=0 x1=2 x2—3 x3—5
fo=0 =4 f2=3 f3 =125
4_2 3—4_ " 1.25-3 Xit1, Xi
2 3—-2 5—3
= —0.875
—1 — 2 _ —0.875 + 1 Xi+2, Xi
3—0 5—2
= 0.0417
0.0471+1 Xit3, Xj
5-0
= 0.2083

P3(x) = fo+ (x —x0)Dfy + (x — x¢)(x — x1)D?fy + (x — %) (x — x1)(x — x,)D3f,
Py(x) = 0+ (x — 0)(2) + (x — 0)(x — 2)(=1) + (x — 0)(x — 2)(x — 3)(0.2083)
P;(x) = 0.2083x3 — 2.0415x2 + 5.2498x
P;(1.3) = 3.8322

3- Piecewise Method

o0 wsS dac baice o Ul alSiine =0 g (@ ilp > pad Jiso (i WS> ady,hll
Lagrange or asy,lay 7 gl 6 Jl a>,ul o asles wusl vlide leds 1 8 gl 7 Wi Points Jl

© s b> Jusg sdud pageill Hlhio Newton
¢ o al Jesiy > agy,bll 1B

(i8s)> )l pwlwl e WV 28) Las go > S Lpowwdi 9 > points JI asU Ll Jgsi,
Lagrange or Newton o ba>g) acgoxo JS welu polynomial Jl cu=i ¢uisig

Equal Spaced s Data Jl ul asl> esl

gloil 3 lpio baie 8 b
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LINEAR, QUADRATIC, CUBIC
o] A1y 0351y ppsi Lude o ,asl (sl badl sac (59 i 8,8l

Linear Piecewise
go ol JS mponid bass 6 Saie o) (WL 18 ouihaiss azlizo Ul linear alslas cusl olade Vgl
=

{2t B ¥ »B &
¢ [2.3] ol (58 b ozl ad [1, 2] ousll (88 0,0 2 Jl was Ul oJ b
lpw=a sl function Jl wely confinuity Jl ol vlade
¢ al Jo=ad Lagrange or Newton plazxiwl 0,18 JS welu alsleoll glbl bo a2y wub
q1(%), 42(x), g3 (%), 44 (%), g5 (x) Moo s el (L)l functions JI vl Lus,isl of
04S (sulgdl Function Jl JSLw (sa Ul bxs

g (x), 1<x<2
g)=<qKx), 2<x<3
qgs(x), 3<x<4

{q4(x) , 4Sx£5}
qs(x), 5<x<6

s> value Jl g value sl aue s function Jl aeud jule Ul (sJgss (s bod 0389
lpsiclu function JI (8 Logcl g Inferval (sl (59 0359>90

Quadratic Piecewise
aull a>,Jl o alsleo oule Ul OV 3asle uibsi a5 b Ul G dal pMSUl Gunss

1038 IntervalsJl axa Ul ol a8V Jlodl s Las o) wub
[1,3],[3,5], [4,6]

w9 Inferval [5,6] JI Sauie sl e vV alSliw Guo Sile Overlap  Jeel Soo (suis
vwo 6 Jl o= 4Jl Jgl o 231 ,Sow B aulll ax,0ll o s function Jl esle Ul g 53 VI
JS

lelocl g [5,6] a3l :Sow B quadratic s functions JI JS ol wellao o o) (sdy :SJ
© la> ssle linear
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Cubic Piecewise
ppsd 03>y JS wely alsleoll =l g 0,020 Intervals J Interval Jl pewsd 090,

aJUl a>,ull o dsles wusl Llide pas) go ki 4 S 3 G
.Overlap Je<l Sow 090,09

Ss dayybll J= Sl Beiw 9 Jln Wi

Ex:
Determine the Piecewise quadratic polynomial interpolating the data:

X 0 1 1 1 2 5 1
6 3 2 3 6
F 1 3 2 1 0 2 1

g Bralls Equal spaced Mses ppil (s8Ma Data Equal Spaced Jl vl 3Sks axl> Jl
1

6

3 lgad 0a>lg JS 0 a0 infervals J [0,1] Interval Jl pewsas B quadrafic ajule al Loy

o3][3:3][5-1
) 3 ) 3 ) 3 ) 3 )
> alanll (58 9 ppiclu Polynomial Jl cowsl g Jgs o interval JS cluods

oldl Jue glhis logoc Method ol s Lagrange paziowsd

© wuxy Lagrange v J= Slil uodd Wl yog, 80l UV Jgb (sle auSs sy J=JI
1
o5
(-g)(x-3) G-0(-3)
1

(0-D(-" E- =Y

g1(x) = —54x%2+21x+ 1

[1 2
3’3

=0 (s-1)

(3-9G-3)

Py(x) = g1(x) =

(1 +

3) +

(2)
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Pz(x>=gz(x)=(x_%)(x_g)@n (:-3)(x-3) <1>+("_%)("—1)
3

(-Ho-0  (=De-n (Y-
1) R T R (R T O

gz(x) = —54x% +93x — 38

Py(x) = gs(x) =

oo cslpdl U=l 035 Csis

( 2 1y
—54x“ +21x+1, 0Sx$§
1 2
G(x) ={ —6x + 4, —<x<=
3 3
2
\—54x2+93x—38, §SxS1J

9 U=l glbl g 0,420 intervals J lowwdl (Sow 1 0,uS inferval Jl ¢ vl > asy bl 0,59
da>g) Interval Js

Ex:
(—-1,1.5),(0,3),(1,6 ),(2,12),(3,24)

Interpolate value of £(1.5) using cubic piecewise?

b 4 S powsd Ul e cubic Wb @il lew 9 equal spaced (s points JI o3V Vel
leald sl o 3 Lpdosla alSiiuo juo B L3V (89 asg) adnds (sduud 015 L Lasy o
Sale s overlapping Jos oSow 059 035 Jud ppids Ul o) (su>

0.S lgaua intervals Jl
[_1I 2]: [0 ) 3]
Newton piazwiid 9 iy inferval JS (9 function JI cusid

) = f 4 ;xo Af, + (x — xg')g —xy) N, + (x — xo)(xgl—hagl)(x —X5) A,
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P;(x) = 0.25x3 + 0.75x% + 2x + 3

04(x) = £ + X —hX() Afy + (x — x;);l); - x1) Azfo n (x — XO)(XB!—hil)(x —X3) A3f0

Q;(x) = 0.5x3 + 2.5x + 3

059>90 il (sSMa lpdb lga sl value JI aice function Jl aowd (si) o (s od
CPorQ (9 uoged wub 2intervals Jl (59

J8l error auiy 9 zuall W31 J> gl (sl uo Bguil 9 sl (59 Gogel o940l
04S glb Lioge oJ 16
P;(1.5) = 8.53125

Q;(x) = 8.4375

lgd exact JI > function JI JSoaw Mol ol L8 o) 9 b
f(x) = 3x%2*

waad exact value Jdl cows| bod (b

f(1.5) = 8.4852
© x>l Accuracy welb sl s Q Jllgd (sJI soldl wayy=il Ol oliso 0> 035 9

e

4- Basis Cubic Spline:

Ol gouan uoganll @il>)s o Jpw Luw Jushb Olssoll (88 Jlgw ade (ssw o3V © 10* ppo
Al <L

1035 i Function Jl JSiiw 0aS Vgl
)= ) o Bix)
i=0

bo=iy o3V 015 uo JSob lpd > g Basis Function JI & s> B; JI
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r 1 3\

4‘_h,3(x - xi—Z)gi Xi2g <X <X;_q
1 3 3 3
B;(x) = 1 Z + an (x —x;—1) + 4_hz(x —x;_1)% — 4—}13(96 —xi-1)3, Xi1 SXSX;
1 3
R (41 — %) + 4_hz(xi+1 —x)* - 4_}13(xi+1 -x)°, x4 S X< xipq
1 3
— 4_h3(xi+2 - X) ’ Xig1 S X < Xpqo
0, Otherwise

function ¢ o,le (s 9 Jlgaudl (58 sl points JI (9 ansi JSJ o= S> B; J
oo JU LpdSii Syg , 048 B899 uauli Ll o s 4 subintervals (sle ad,=i0

diuso yolg> ol wWliwoew g > Function Jl
1 Soluwis boyls > B, (x,) Wio wau=s Ul gJ Vol

i Soluwis Lols S5 B, (X41) e Ul glg

{ OJSQDJ§|9|)95|Q>,l>J;cL5\§4L%ku>|cW9|

1

i 9 el Lol bo S 0.0 sapaid loyls
Xi—2 Xi-1 X Xit1 i+2

015 WS> ouwll
S 090, wuss al Joacl yogranll s ai,hll plazeowl alue Jol vlade (sadg)s wub
S> B899 sl € JI celiy alsleoll (9 Logel ulide «, B Jl pud B cl Ul Ol Lbog,00dl lgd

¢ Guio ppad Jg> wub

9 AuSd o Ul B pgpon o + o3>, + Jugb w0V L SJ g 048 9 Wldl (58 Ld Ul Log 00l

© Jgb sle wlesll wusa

rdosy o< JIl wgsld Vol

;= b; — (a; Xi41)
Cdos a,b Jl o 035 sde ywlisain Ll wub
S> Glsdll o ppoud B 9 9 0> 999 (sl Leilall (9 Lo Logeid pud Jg>

1
ag = —
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ai=4—ai_1' 1<i<n-1
by = fo
b; = (4f; —b;_1) *a;, 1<i<n-1
p =t b

4—a,4

o J> Bgis gy 9 5ol LS8 iy b

o Jlglu velall (8 Logcl (pas g9 a, b Jl cu=d S> asu,bll >l Jgsy ol asl> Jol

Ex:

Function JI JSead wdog UsS1 0455 9 B Jl > (i 9 lpowd wusl vlade

© popin o oS 05 JS 0l dwls 0V Jlie (s o

Determine the Cubic Spline interpolation functions

X

0

Wl N
o\ K

1
3

N =

1
6

F

1

N=6 a>,)l ;o0 asles oule (i 7 points Laie L
04S weSud lule Ul (sl alsleodl JSow

C(x) = 0(0 BO +OC1 Bl +0C2 Bz +0C3 Bg +0C4 B4, +0C5 B5 +°(6 B6

017 11 1711 17 11 27 12 57 [5 1
[?]'[3'5]'[5'5]'[5'5]'[5'3]’[3’ ]

a Jl couw=d 09b> d9|

ay =

el B

ugilall (9 359>g0 S>9
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1 1 4
a, = = = —

bVl 11a (sle JoSa 398 sl ugila)l (58 pilio LA 039

1 15
a, = = -
4 56
415
1 56
as _—
4__1% 209
1 209
%=, 56 780
209
1780
5=, 209 2911
780

ow N —1 2= suiow a Jlugld vl 1gSIL (sd>9
by=fo=1

by = (4f1 — bo) * a; = ((4*3)—1) ;L:

ol s (sl 8Ll JoSd 9 ,ilo Laugsi 090,

b (4 ) 44) 15_19
2 15/ 56 14
) (4 . 19) 56 148
= * —_—— | — = —
3 14/ 209 ~ 209

) (4 0 148) 209 37
= * —
4 209

780 195
, (4 - 37) 780 6388
= * * =
> 195) 2911 2911
6388
4fe —bs  4*1—5577
bs = t—a =, 780 = 0.4837
2011
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iy ol oo s 048 L

x¢= bg = 0.4837
o= b; — (a; ¥;11)
O sir o) i o srinoid 1 puSall suile 03 wgilall
5= bs — (as %) = 2.0648
4= by — (ay x5) = —0.743
3= b3 — (az ;) = 0.9072
;= b, — (a, o3) = 1.1141

0C1= bl - (a1 ocz) = 2.6362
1 44
0(0= b() - (ao ‘xl) =1- (Z*l_s) = 0.2667

By B, B, By B, Bs Bs B Jl cows! sis yadl

JoVl lg.cs il
01S o> Jsadl

Il (58 a0 Lo Ul B's Ul s il [0,5] s sl Lsie interval dsl osle paria b
¢ssinterval

¢ dizoudl wub B, By, By lod aoud ppd ol Ol (odMa

xo=0,x; =%.u.c o289 (suidgls Ll vy
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Job (sl Sas sl gl waie asdly Ul (sl abasid] e aoud o) (s bl B JI polg> oo o

2oty (i 04S e S) Jgb (sde (s8I ol
rSxce Ul ol OMis b Leas oJ B
By(x9) = By(0) =1

1

By(x1) = By (1> =2

6
By(x;) = By (%) =0

UlaS 395l Lo JS iy 0 Jnsid g

B1(0) =%
5 ()
(-}

()0

B, Jl 0las s8Mia [0,5] Ul L (5ib o 5 by

B (1 _ 1
:(5)=3
By, B1, B, s anud lpd sl B'sdl s> o,uall (68 sJUL 16

i aowd lpd sl B'sdl 05 [x,,, X471 ] 3uc aadlg Ul o) logoc b

Bn' Bn+1: Bn—l: Bn+2

Intervals JI JS sde sy 05 oMl gudas

11

11

111




12
[E,g] — B, B3, By, By
25
[g'g] _)Bg,B4,,B5,B6

5
[g, 1] - By, B, B

i Ao C Jl JSLw wd,e 038 Ul plos wub

[y By(x) +0¢; By (x) +0¢, By(), 0<x s% )
C(x) = { <y By(x) +; By(x) +o¢; By(x) +3 B3(x), %S x < % >
(%1 By (x) +o¢; By(x) +0¢3 Bg(x) +o¢4 B,(x), 13 <x< %)

(ocz B,(x) +%5 B3(x) +, B,(x) +xz Bs(x), % <x< ?

= o3 B3(x) +o¢, B,y(x) +xs Bs(x) +¢¢ By (x), g <x< g }

(o4 BuG0) o5 By () ¢ B0, ey

e S> Function Jl aswd wuss Gunle o paw ol oud oud)le Lol yog,eadl wub
Cayl Jo=d €(0.31) Wio

function Jl (a9 yogel ulade pad 059>90 Sxvalue JI sl Interval Jl sa>l o3V Vol
lpolad sl

Sy interval Jl (s Ll s8Ma

N =
IA
e
w
—
IA
W =

9 poged oy readl (b
C(x) =y By(x) +o¢; B;(x) +, B, +o<3 By
035 i)l Weit g o Ul pud 9 X Ul douis Lo wub
€(0.31) = 0.2667 By(0.31) + 2.6362 B;(0.31) + 1.1141 B,(0.31) + 0.9072B5(0.31)
S o> abhazs o3V Lls o JgVl (8 olidd (sl B Ul JSitr sy oS b
ledS > Bl pud gl vlade & alde yau 29,
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By(0.31) aoud ¢uule Vol

>|S"'”-_S\9ub 8

(1 3
4—h3(x - Xi_z)g, Xi_og <X < X4
_J1 3 3 , \
Bl(x) - <Z+4_h(x Xi— 1)+4h2 (x—xi_l) 4h3 (x i—l) , Xi_1 Sxle ;
1 3 3
\z" 1 (i1 —x) + 4_}12(xi+1 —x)? - 4_}13(xi+1 -x)°, x4 S X< xipq
1 3
_ 4—hg(xi+2 —x)3, X1 <X < Xppg
0, Otherwise
30(0.31)
(
4h3 (O 31— x0_2)3, Xog—2 <031 X0—1
1
=<Z+4—h(o 31— x0_1)+4h2 (031 —xg_1)% — 4h3 — (031 —x9-1)%,  xp-1 <031<xp¢
1 3 3
K4, 4h (x0+1 0. 31) +— 412 (XO+1 - 031)2 - W(X(H_l - 031)3, Xy <031< X0+1 )
1 3
— W(xo_l_z — 031) , X0+1 <031< X0+2
0, Otherwise

el 5d Ul sy [53] Ul el interval Ul e oallas Usl ol pu 198,881 b

[x1'x2]

oy G yogeid B O ll, Jl s gaid sl @il Ol oly leuds 16

1
— (%942 — 0.31)°

Bo(0.31) = 1

1 1 3
= (— — 0.31) = 6.86 % 10~*

11,3 \3
4+ (g)
© 8Ll (susy JoSa Ul 1B GulwVl 1is (sle JoSi (sds yograol]
JWl el a3l By JI
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1 3
31(031) Z + E(xz 0. 31) +—

o[ E-031) e — (b-0s1) - (2-0a1)’
—1__ . 2__ . - 3__ .
5 v (5) v (5)

6 6 6

woldl wy,eill 3t B, Jl g

(x, — 0.31)2 — — (x, - 0.31)3

4h2 4h3

I

1 3
B(031) = 7+ (031 - x1)+ 7 (031 = )% = 75 (031 = x)°

4h3
JoVl oy =il 3L ByJlg

B;(0.31) = —(0.31 — x;)3

4h3
15> 999 Wlinw sl alslenll (89 (o9 w9 pudll Bguiss 9 (s Lo g

€(0.31) = 0.2667 By(0.31) + 2.6362 B;(0.31) + 1.1141 B,(0.31) + 0.9072B5(0.31)

s> Value Jl ac function JI aesud gllig

By(0.31) = 6.86x107*
B1(0.31) = 0.367642

B,(0.31) = 0.972658
B3(0.31) = 0.159014

€(0.31) = 2.19726

Ex:
Fit B-Spline to the data

(_3 ) _27)I (_21 _8)1 (_11 _1)1 (0,0), (1: 1): (2: 8): (3 127)
Use the result to approximate the value at x = 1.52

# points = 7 — degree of equation = 6

6

)= ) o Bx)

i=0

C(X) = OCO BO +0C1 Bl +0C2 Bz +0C3 Bg +0C4_ B4, +°C5 B5 +°<6 B6
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*Find the values of (a)

*Find the values of (b)

;= b; — (a; K;41)

1
Cl():Z

b 4‘ﬁl_bn—1
n 4‘_an—1
1
a():Z
1 4
A =——F=7¢
4_% 15
1 15
a; = 4 " 56
4-15
1 56
as =509
15 209
4-55
_ 1 _209
a4—4_ 56 780
209
~ 1 B 780
a5_4_@_2911
780
by = =27

4
bl_(4*—8+27)*ﬁ_ -

b_22
277

4
3
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*Find the values of ()

*Find the value of (B)

9
285
bs = 8.2284
be = 26.7337
«g= 26.7337
«s= 1.0651
o«c,= 1.0104
o= —1.1128
oc,= 3.04409
o, = —16.6509
«o= —22.8373

[xi, %111 = Bi—1, Bi, Bit1, Biya
[-3,—2] - By, By, B,
[—2,—1] - By, By, By, B3
[—1,0] - B4, By, B3, B,
[0,1] = By, B3, By, Bs
[1,2] - B3, By, Bs, Be

[2 I3] - B4-I BS: B6
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Xy By(x) +o¢; By(x) +o¢; By(x),

—3<x< -2
C(x) ={ %y By(x) +; By (x) +; Bp(x) +x3 B3(x), —-2<x<-1
g By(x) +; By(x) +¢3 B3(x) +¢4 By(x), —-1<x<0
&y By (x) +o¢3 B3(x) +0¢ By(x) +5 Bs(x), 0<x<1
= { %3 B3(x) +¢ By(x) +x5 Bs(x) +x6 Bg(x), 1<x<2
4 By(x) +5 Bs(x) +g Bg(x), 2<x<3

And substitute with the values of («)

*Find the value of C(1.5)

ol dsleoll (59 Loged (JUL g 1 <x <2 s sl interval juols (89 asdlg > 1.5 JI

s ool Lpolsd
C(x) = &3 B3(x) +o¢4 By(x) +xX5 Bs(x) +o¢g Bg(x)

C(x) = —1.1128 B3(x) + 1.0104 B, (x) + 1.0651 Bs(x) + 26.7337 B(x)

B Jl pud gl wlide Basis function JI Bguiw (sbs z9,0

(1 )
ah3 (x — x;-2)%, Xi—p S x < X1
1 3 , 3 ;
Bi(x) = <Z+E(x—xi_1)+4h2 (x—xi_l) —W(x—xi_l) ) Xi—1 SXSXL' ;
1 3 3
R (41 — %) + W(xiﬂ —x)* = m(le -x)%, xS xS
1 3
— (m(xwz - x)°, Xit1 S X = Xigp
0, Otherwise
i =3 gue o> JSuadl (59 yoged (sdwy B3(x) wuxl ople asl> Jol
(1 )
m(x —Xi-2)%, X3-2 S X = X3
1 3 3 , 3 ;
B3 (x) = 1 Z+E(x - X;_1) +m(x —X;_1) _W(x - x-1)°, X314 Sx<x3¢
1 3 3
W + Ih (X471 —x) + m(le —x)? — W(xiﬂ -x)3, X3 SX S X341 )
1 3
— m(xwz —x)°, X341 S X = X342
0,

Otherwise




X4 <x<x5 od sl i1 <x<2 s sl Interval sde dles Ll Vol ub
&l lga ul (SMa > inferval JI (s g8l (sl oy =il (uo Bgiud Csvge o Ay (sdu
QS Uo9eRd (i A>lg

1
B3(x) = 4_}13(xi+2 - x)?, X341 S X = X349
1 3
B3(x)=4—h3(xi+2—x), 1<x<2
1
B3(1.5) 4—}13(x5 —1.5)3, 1<x<2

= %(2 —1.5)% = 0.0313
e b aslis By(x) Jl
B,(1.5) = %+ %(2 —15)+ %(2 —1.5)? —%(2—x)3
B,(1.5) = 0.7188
bl wa,eidl aslis Bs(x) Jlg
Bs5(1.5) = %+%(1.5 -1) +%(1.5 —1)% — %(1.5 -1)3
Bs(1.5) = 0.7188
e Jgl aslid Bg(x) JI
B¢(1.5) = %(1.5 —1)% =0.0313

Substitute in C(x)
C(x) = —1.1128 B3(x) + 1.0104 B,(x) + 1.0651 Bs(x) + 26.7337 Bg(x)
C(1.5) = —1.1128 (0.0313) + 1.0104 (0.7188) + 1.0651 (0.7188) + 26.7337 (0.0313)

C(1.5) = 2.2938
I
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Curve Fitting
oo b Ul Data points Jl ul Jgaiw LS Interpolation Jl (89 edSiss US Lo 048 |8
Baxi S> alslandl o3V UlS eslesdl uw LS lod (JUWL 9 Accurate Data s daiuee ay,=5
Laie I Points JI S sde Sasw lpelu curve JI UgSy (sussPoints  JI JS

Juwo Data points JI La ol B el s Curve Fitting Jl (09 Juaxd o MSIl s
JI anusll ai UgSiy 9 Exact e Approximated aoud (e o,lie (su=s Accurate
.2 or 3 decimal digits Lu,s5 58 Exact

alslecdl JSiw ayl ad,)le UeSy alsleoll glbl Lo Jud Ul ul Curve Fitting JI (59 UloS asl>
035 ol linear equation Wio (susy lplogl 05l U

: Wio 015 S axl> Points Jl ;o N sace Lase vl Wio Lo 8l o
(e, 1), (X2, ¥2), o, (s Yv)
o 045 Jole graph Jl sde > sl JSow ulS

Sass by o bbb 5 85 bl o by Line ¢! Bgin bisl ol dlogs cuile (sl

Ao JSl glloy juiss (sl bzl cu=wd Ll B Accurate Data e Mol oV opdS ppade
S> hsidl o Error

1 Linear, Quadratic, and so on  ¢lg.w function Jl Jsoiw (sdsa=n Ul lgd Jlgudl
lpcgis coefficient Jl W2 ,adL L function JI JSow u8)le LS Ll Ul (el

05 JSeadl (sle (sd sl audasdl @ Vsleoll (sd Laie GuwlwVl Log,éell Ll

f(x) = Ax+B

o sl Power Functions Jl gl auwVl wVsleodl 98 g0, dlgais (sJI (ol JSadl o
0> Jsuadl e

f(x) = Ax™
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oVslaall J> aissh Lol ¢pas 3 apbas alsleo) lplssis il JSiir 1 ale aslao sl
JI JS_il (sde 0loS Jgaia ¢ @ alll sl ol S opolnll (58 lpude Joaia (sl auasll

lpdo= Sl5l 9 Lpdo= ,:Sow sl Functions
o wleo 3 ad g Error acuws (9 Ul olieo 0> Approximated Mol points Jl ul ey leub
Maximum Error

E,(f) = 1n;iagfv{lf(xi) —yil}

Minimum Error
N
1
Ei(f) =1 ) 1/ () =i
i=1

Root Mean Square Error (RMS)

Oy uid 9 A9 ogeu 9 03S buww e ad 0> g ade lud> g oo, pdl ade <JB HgiSl (I
04S 9 pavgeill sle aliol 090,

1< :
E, = <N2|f(xi) - Yi|2>
i=1

Jl anusll s y; Jl 9 Exact Jl aows)l s f(x;) Jl g Points Jl sae s N Jl La
Approximated

gzl WVsleoll J=i Sl iy Bgin wub

1- Least Square Method “Fitting in Linear Line”
f(x)= Ax+B

A, Jl b Laie adgp=oll Ol (sudg)s [ adazdl alsleol) pledl JSiidl 04S 0> Lissil bo S;
Lase sl points JI (sde Sasy Ul Linedl JsSow @y vlide a8l sl Jgs> lod 9 B
ppd>l Guidsleo Luaud 0aS alSiw budas g 05 Y99 (sl RMS Jl gy wgilall (88 Log Lo 1B
oSow B 0S5 prove ; axl> Wl wasa Ul B Line JI JSow gllus 18 alluwsdl cows (sl
© Escape lglosi

To find the best Linear approximation of the linear equation that goes near (not
always through) the points:
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1
1% z
E, = —EA. B — v |?
2 <N__1| xl+ yll)

N
E,(A B) = ZIAx,- +B—y,?
i=1

By partial differentiation to find the minimum error

N
OE,
a—A=ZZ|Axl+B yllxl—O
i=1
N
oE,

ZIAxi +B—yilx;=0
i=1
N
Zle’ +B—y;|=0
i=1
N N N
Z:Axi2 + Ble XY
i=1 i=1 i=1
N N
ZAxi + NB = ZYL
i=1 i=1

J=l 59 ppad poseiy sl sy o> Lodg
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Ex:
Find the least square line for the data

Xi Yi
-1 10
0 9
1 /
2 5
3 4
4 3
5 0
6 -1

Error awws J3l s line sl cows| sunle 9 lpde (JB Al Data points Jl 0aS o>
de> bod sl ppiasllas avud sl ogiladl (68 Loges Log andl sl 16

N N N
Z:Axi2 - Ble- = iny,-
i=1 i=1 i=1

N N

ZAxl- + NB = Z y,

i=1 i=1

peclo Summation Jl cowss 9 Jgasdl (e s> Columns Jl sg55 zgud 16

X
|
0 9 0 0
1 7 1 7
2 5 4 10
3 4 9 12
4 3 16 12
5 0 25 0
6 -1 36 -6
Sum =20 Sum = 37 Sum =92 Sum =25

98l 059=>90 iy axl> JS wVsleoll (89 (s pog=ie

92A+ 20B =25
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20A+ 8B =37

Owly lgad b s plx > 3519 JS b yuw Cramer asy,lay Jgs uidsleodl J=id 9

25 20

_137 gl _
A—|92 D=-16

20 8

92 25
_ 120 371 _
B = |92 201 = 8.6
20 8

f(x) = —1.6x+8.6

05 lgd sl wgilall (88 Logeid (siy Error Jl anud wowss wlinde

1w :
E, = <N2|f(xl’) - J’i|2>
i=1

F o (Jl oy B9d sJJl Table JI (sde Columns aygw 59558 sJLdlg

© 033 L 9 Ul (9 o9 g > pusll i 9
I

Power Fitting
9 Mio M Llgely, Power Jl g power function wgss function JI JSow ol wdb oJ say La
98 S> wWibleol) pledl JSLidl 08 power jle Jlgudl (58 Jgs.d lgd

f(x) = AxM

9 pogeid , Sol Jpw el paugeidl 9 g A Jl Lladl 018 (siy M is given ul loug
090,y RMS Jl ugild

1 :
E, = (NZV(JQ) - Yi|2>
i=1

N
Ey(4) = ) |axt v’
i=1

123]




avgeill (s wlade U3 Jgas Jos alluwe Jmo lod 9 aud Logen (sl wugilall 035 o> lga o
Jewl

01S S a>l>

03S Jlo k.99.~UJ

Ex:
Obtain the coefficients for a second degree power fit of the following data

y

0.2 0.1960
0.4 0.7850
0.6 1.7665
0.8 3.1405

1 4.9075

0a8L Ul Values Jl cowss 9 wasdl Joasdl hxis asls Js

2 4

XY X;
0.2 0.1960 0.0078 0.0016
0.4 0.7850 0.12560 0.0256
0.6 1.7665 0.635%94 0.1296
0.8 3.1406 2.00992 0.4096
1 4.9075 4.90750 1.0000
Sum =7.68680 Sum = 1.5664
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Velall (8O (i o9 9

N M

4= Di=1% Vi

~— NN .2M
i=1%i

B 7.68680

= 15664 — 49073

f(x) = 49073 x?

Transformation from other forms to linear form
JS Jo= sSll Wguid g Fitting lplosw bl S (sl JISCOVI (08U g iid sy Lid
© s ble,c Lol Ul asy, bl Ll vlide Linear J saxlg

Exponential Form
04S L pladl JSeidl s sl Exponential JI Jlgadl u9,le LIS leib

y=Ce?*

lpd>lg Linear lpdg>l JoVI o3V 018 Jole LISt ol a3,le Ul g alslen J>I (i wlade
ol o> JSeid) lpe>)l (ssul (wasig Linear

Linearization lgowwl asl> lplosa Linear lpdg>l wlideg
bl In a5 Vel
Iny=InC + Ax

FOE Uo9RDdY
Y=Iny
B=InC
X=x
0> JSuadl sde linear alsleo (sbuud guldl 1B
Y=AX+B

VoVl JSeidl =l 9 pogel il s 9 iy bVl s sle Ll 9

osle auma Error Jl caie wlb of ;aloVl dsleoll £ XY pud wuxl 5 udscl Lo s lab
©X.,Y pwlul e Guo ppwluwl
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Skl aniwle Wl ppes vlide sy Jbo Bgiw

Ex:
Use the linearization method and find the exponential fit y = € e4* for the data

points

‘ Xi Yi ‘
0 1.5
1 2.5
2 3.5
3 5
4 7.5

04S J8 Lsail bo s;
X, Y;) == (x;,Iny;)

B pad Logeid sl Linear JI ¢wlgd leub o

N N N
Z:Axi2 - Bin = inyi
i=1 i=1 i=1

oy Lzl Joazl Joss

0 : 0 0
1 2.5 ] 0.916291 ] 0.91629
2 3.5 2 1.2527 4 2.5055
3 5 3 1.609 9 4.8283
4 7.5 4 2.01490 16 8.0596
Sum =10 Sum = Sum =30 Sum =
6.198 16.3097

304+ 10B = 16.3097

10A + 5B = 6.198

owledll (58 Logsig

126 |




Cramer v J=ig

163 10

6.1 5
A=—"F5r—r— |30 10 = 0.3192

30 16.3

10 6.19

B==30"101 |30 10

= 0.4573

Mol aiple bl (ol absleoll JSi 08 iy pog= 8
=InC
C=ef > (C=e"73 =157991

y = 1.57991¢03192x

©oaS Lang
e —

Wl oo Jegwl @V Linear Jl asyhn, J=i g Linear J JSew Sl oo Jo= Juasi Ll b
leade LB (sl function JI JSew g e al=s

9 A2 lowd g i S sl functions Jl JISLwl aud 04S gl> Joa> (sudgls sy Vg inid
Linear JJ pgio 0a>lg JS Juo=i asy,b
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Function y = f(x)

Linearization Form

Change of Variables and

Y=AX+B Constants
1
-Z+B —A-+B X==,Y=
y x+ Y x+ x’ y
_ D y(x+C)=D X =xy
Y= x+cC yx+yC=D Y=y
1 +D A= 1B_D
Y= TeTe ~Tc°T¢C
— L Ax+B X=x,¥ ="
Y= ax+B y - -0 rEy
X 1_A+Bx 1
y A+ Bx ;_ X X_;
1—A1+B V=
y x y
y=Alnx+B y=Alnx+ B X=Inx,Y=y
y = Ce?* Iny =Ax+1InC X=x,Y=Iny ,B=InC
y=Cx4 Iny =Alnx+1InC X=Inx,Y=Iny,B=InC
_ 2 1 1
y = (Ax + B) yZ=Ax+B X=x,Y=y72
— D
y = Cxe ™ Y _ ge D= X=x;Y=ln(X)
x x
ln(z)= —Dx +1InC G SN L= =
x
__ L 1 (L 1)—A +InC X=x,¥=1 (L 1)
Y =1+ Cet~ "y =Ax +1n =x, ¥V =In{Z

B=InC

Ex:
Find the least square line y = Ax + B for the data and find E,(f(x)) 2

-2 |

0 3
2 6
4 8
) 13

Do lpsd pogeid sl puleall
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N N N
ZAxi2 + Ble- = le-yi
i=1 i=1 i=1
N N
ZAxl- + NB = Zyi
i=1 i=1

Joa=dl (sde columns >g3d 0SS A, B Jl aoud B e ulide lpl= wVsles gl vlade

13 36 78
Sum=10 Sum =31 Sum = 60 120

604+ 10B =120

104+ 5B =31
Using Cramer
|120 10
|60 10 =14
|60 120
|60 Tor =33
y=14x+33
To find RMS
; x5 iYVi |(xi)_yi|2
-2 1 4 -2 0.4 0.36
0 3 0 0 3.3 0.09
2 6 4 12 6.2 0.04
4 8 16 32 9.1 1.21
6 13 36 78 13 ]
Sum=10 Sum = 31 Sum =60 120 Sum =27
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1
2

=

1
B, = (N £ G - yl-|2)

i

Il
[

2.
5

~

= 0.7348

@O.\Su.u._!

Ex:

Find the power fit y = Ax , M = 1, E,(f(x))?

i If (x;) — y;l? ‘
1 1.6 1 1.6 1.58 0.0004
2 2.8 4 5.6 3.16 0.1296
3 4.7 9 14.1 4.74 0.0016
4 6.4 16 25.6 6.32 0.0064
5 8 25 40 7.9 0.01
Sum=15 Sum =55 Sum =86.9 Sum =0.148
0.148
E(f(x) = ——=0172
A= 86.9 — 158
- 55
y =158«
Exponential Fit
y = Ce®*
Y=Iny
B=InC
Y=AX+B
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Ex:
Use the linearization method to find the exponential fit y = Ce4*

1 0.6 -0.5108 1 -0.5108

2 1.9 0.6419 4 1.2838

3 4.3 1.4586 9 43758

4 7.6 2.0281 16 8.1124
5 12.6 2.5337 25 12.6685
Sum=15 Sum = Sum =55 Sum =
6.1515 25.9297

554 + 15 B = 25.9297
15A+ 5B = 6.1515
A =0.7475
B = —1.0123
C =ef =e™1012 = 03634
y = 0.3634 ¢07475x

Ex:

-1 6.62 0.1511 1 -0.1511

0 3.94 0.2538 0 0
1 2.17 0.4608 1 0.4608
2 1.35 0.7407 4 1.4814
3 0.89 1.1236 9 3.3708
Sum=5 Sum=2.73 Sum=15 Sum =
5.1619




15A+ 5B =5.1619

5A+5B =273

A =0.2432
B =0.3028
1

Y = 02432x + 03028

2- Weighted Least Square Polynomial Approximation

errors awuw pad (saww data points Jl ba ol (sJoVl asy bl 9 > aay bl ¢ B0l
e

waprlicie 3 decimal digits (a8 exact Jl (w9 ppiws ouwibass 8Vl Sow (susy

bhsill S wely accuracy Jl s Mio 5 decimal digits (89 oupslinio odus s 3 g

oVl aa, bl ol Gusaine 0aS wlade 1 lpely Jl g 0axly US lpiams S5 o
vuwo b SJ error acuws J8l gl cuxw sl SO s0u o3 ol cuzin (sJoVl ag,, bl UV

Ul wsadaiodl o JWL 1B accuracy Jl as)s uss ol weight Jl juss Led points JI JS

wadwd sl o> vlade adle Lucly accuracy JI (Il kel )81 (s curve Jl ojule Ul
curve Jl 9 error acuws Jsl

: N data points Laie ul Mo Luo,usl o
(e, 1), (X2, ¥2), oo, Cn, Yv)

Leeclu weight Jl lpd pegiopoint JS o
Wi, Wy, ..., Wy

Polynomial Jl ul el ulide leds 9, ppu oi Polynomial owsl wuxl 05le Ulg
> D sl s "N Jl ledb g n < N Ul cuy Ordern o séwi o3V unique  (sbud
JIgoudl (88 lpde Lgsin sl s 59553l Polynomial Jl

Polynomials JJ el Js_idl

P,(x) = ap+ a;x + a;x®>+ ..+ a,x"

0> ugilall (88 Logeid L error JI cowsw vlide
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JI wely, coefficients Jl (8 function e o,le error Jl (sbuwd yog bo asug
Polynomial

N

2
_ E 2
E(ay, a4, ..., a,) = |a0 + ayx; +axi + ...+ a,x — yi| w;
i=1

JI JSJ awddU o> Error Jl gy partial differentiationdl wuzid error 8l o wliidceg
»all augluus g coefficients

0E _  OE OF

a—ao = ,a—al =v,.. ,a
OVsleodl o system Lasie UgSud

N
OF 2 n 1
dag E 2wilag + arx; + ax? + o+ apxl = yi| (1) =0
0 4
i=1

Mo guess asy,b sb i d glhaa (Jl system Jl g coefficients JI JSJ (o8 13889

© 035 o3ule Yo iy HeiS I u

S B 9 Sy WVsleoll L J= vliade numerically Jpwl asy,b (88 Log, 90l 18
Lo augllno

rosd Lol ouple (sl dsleodl Vsl

19 ayl (imy J9> o axl> IS (s B
V sl 6aS Vol
N Jl axJ a0l Jgl (0 powerd acgd o oIS X Jl Lpwd Sy Matrix e o,lie Sxg

asleo Lglho g 5 Ssluw Points Jl sac (suss N =5,n =3 Saie Ul ol Luoyisl o (sis
1005 sdwd V JI JSii ,aldl as,all oo

1 x; xfx3
V=1|1 x, x2 x5
1 x5 x%x3
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1 oxy xf X3
= 2 .3
1 x5 x& x&

adais column JS us V Jl wel transpose matrix JI sa V franspose Jl e o
1V Jl o> L ,row s

o8 e o lie Lelu diagonal JI (8 Ul S diagonal matrix e o,)le sy Ssw J
© ,lanl A4Sl Matrix Jl (88U g Jlguudl (8 Lode Jgay (Ml weights J

w; 0 00 o0
0 0 W30 0
=[0 0 0w, 0]
0 0 00 ws

Lpo» Sdg

>0 (s Jud o) L= unle Ml coefficientsdl auwd =iy vector (ss 0> a Jl
)90,
Qo
-l
a
a
- [ai]

Qo> 059

alluodl (58 lpde g sl y Jl oud e aylc 05 5 Y Jl sd sdl asls 5

1
2
V3

y:

-1

P> 50 0D
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si, i 0> System 3| J= 9 Vector with size (N+1)*1 LuisUdl (09 gllaud 015 05 9
OUl VI (89 Az Luw welho Gius juw a>

OSow 0,uilo asy oy ade Jidgiaao Sow weight Jl ul Curve fitting Jl (88 asl> 5l
root mean square error Jl gl relative error Jl (sJgs,

Sweight Jl pgio wuxl Slsl wub

1Sy wlgsll (88 Loged

©oaS U
Maftrices Jl wuSid g 30 System J=id o UlsioVl (89 > asy,bll (68 leub

Numerical Integration
© JolSil (s sl oa> a=l> (e iy plSius

o e ausle asy) b SL lpely JolSill cuso yiu,yasin g 035 functions Wgiw LS Ulo;

fexz dx ,feSinxdx

il go adyb lpd > Wl
JolSs aloss 9 lpcliu Taylor Expansion  Jl cu= 9 Sas ul bl

B Jocl g Interpolation llec! ¢ zulgdl a3l o adnss oo ,:SU function Jl (sd Losss ol
Joladl Lpsicly Polynomial

1S Mo a>l>
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1- Newton - Cots Quadrature Rules

Rectangular Rule
sl wss asbuell e 0)le lgad JolSil Ul (ud)le bsl bo S5 (o900l

p—/ 015 S5 Aoyl Lio,idl o)
e .

( N
al o)
a>Luodl cuzxiv g adl @ Ul Guw 0a>lg adnds Sg>9 Lo uain Sy asy,lall
R(f) = (b—a)f(a)
Ex:

1

fexz dx

0
flx) = exz,a=0,b=1
R)=1-0f0)=e’=1

Midpoint Rule
lpiz asluwoll cuxy g Inferval Jl waaiioe (09 Ul adasidl oz Ld

\#_/ Josu wgslall
T 7 71 1 a+b

. : M(f) = (b - a)f ()
S

oL
<
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Trapezoidal Rule
Jlgbl ggoxo (59 oacla)l wai 1 @ Ul aisluw cuzg B =l asn JSiw a5l Lag
oitslgiedl uiaclall

PRy T(f) == [f(a) + f(b)]

Simpson’s Rule
EsdlSo ghd alslen od sl ppw ow sl parabola Jl cuso g bis 3 a3l i Ls
aslll as,0l o alsles susy

s =22 1@ + 47 (25 %) + )|

Important Note
B 9 lpde JB Lo o puw function dI JSow (sde (sJB lga oJ valid LS > wilgsll
Qo e

¢Sy wlgsll jus aubl ged Ja Data points
requal spaced lsidl acgoxo Laic o Mo (susy , Raiud 9
(0, ¥0), (%1, Y1), e, (X, Yn)
015 Jole (s oulgdll JSiw ol (sdVMid
R(f) = (b —a)f(xo)
=0b-afy

b+a>

M) = b - a)f (2
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b — h
T(F) = 5o+ ) =5 (o + 1)

h : difference between 2 points

S(f) =

h
g[fo + 4f1 + f2]

Ex:
Let

f(x) = 14+ e *sindx
Overinterval [0, 1], apply various quadratic formula

e Rectangular Rule
a=0
R()=1-0)f(0)=11+e%sin0) =1
e Midpoint Rule
a+b 1

2 2
M = -0 (3)

=1(1+e % sin2)
= 1.55152

e Trapezoidal Rule

T =~ [F©) + )]

1
=3 [1+0.72159] = 0.86079

e Simpson’s Rule
s == [r@ + 4 (3)+ £

1
= g[1 + 4(1.55152) + 0.72159]

= 1.32128
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2- Composite Rules

9 020 subintervals J Lpouwsid BB o,.uS Interval Jdl o juw owilgsdl juuss dueud (sdy Ld
da>g) subinterval JS &o Jolwil

data equal spaced Jl ugSs p;Vg subinterval sl (59 Ueld Sl paxiwl Sow

rules JlI JSoiw ugSud 039

Composite Rectangular Rule
n—1
Icg=nh Z f(x)
i=0

Composite Midpoint Rule

n—1 n
xX; + Xx;
ICM:hZf( l 2 l+1>
i=0

Important Note
Intervals Jl puwsis points JI (sde JB ¢ function dl JSoaw JB o @l an,y ddls (o
vlide oa>lg Interval (9 Lasy go lgsn 3 points S Ul cu= s> points JI s (sle

JI ol 05ule 9 puw Guidnss wias o) UV midpoint Jl (s 0a>lg ppsd Saice (s
JSoi Jiwiso Mol Ul g s> Point JI aue function Jl aowd wuxl glixd pepiclo midpoint
Sc Adg,20 a>> 231 o3V JWL B function JI

Composite Trapezoidal Rule

n—1

h
Ior =5 () + G + b ) f,
i=1

Composite Simpson’s Rule

h
ICS:§[f0+4f1+2f2+4f3+2f4+"'+4'fn—1 + [l
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Ex:
Consider

f(x) = 2+sin2vx
On [1, 6]
Divide [1, 6] into
[1,2],[2,3],[3,4],[4,5],[5,6]
Composite Rectangular:
Icp = 1%(2.909297 + 2.30807 + 1.683052 + 1.243 + 1.0287]
Composite Midpoint:
QG GG ()
2 2 2 2 2
=2.6384+ 197+ 143+ 1.108+ 1.00024

Composite Trapezoidal:

ler =5 1£O) + (O] + 1+ [f@) + (D) + f@) + /(5]

Composite Simpson’s:

Ies = %[f(l) 4 4f (;) +2F(2) + 4f (;) +2F(3) + 4f (g) +2F(4) + 4f @) +2£(5)
+w)+re

Ies = 31f Q)+ F©)] + 5 [F@) + £(3) + f(&) + F(5)
3@+ @)+ Q)+ )

1
[2.909 + 1.01735] + 3 [2.3080 + 1.683 + 1.243 + 1.028722]

2
+ 3 [2.63+1.97 + 1.43 + 1.183177 + 1.00024140]

N

= 0.654445 + 2.08768 + 5.44089 = 8.1830

140 |




Ex:

Integrate the following function using Quadrature formula
1
f 1+ e cos4x dx
0

Ip = (1- O)f(O)

=1+e%cos0=2
1
I =0-0r(3)
1
=14e 2cos2=0.7476

[2+ (1 +e'cos4)]

N| =

IT=

0.5[2 + 0.7595] = 1.3798

[2 +4£(0.5) + 0.7595]

1_1
576

= 0.9583
e

Ex:
Compute using composite formula:

2
fo cosx dx h=0.5
0

We have to divide the interval [0, 2] into subintervals that has a difference =0.5

0 0.5 1 1.5 2

Since we have the function, then ‘n’ is the number of intervals, son = 4

3
Icp = 0.5 Zf(xi)
i=0
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=0.5[0+0.876 + 1.0806 + 0.2122]

= 1.0852

3
X; + X;
Ioy = O.SZ/‘(—Z “)
i—0

~ 05 [f G) 4+ £(0.75) + f(1.25) + f(1.75)]

= 0.5[0.4845+ 1.0975 + 0.7883 — 0.6239]

= 0.8732

3
0.5
ler =2 [fO) + F +05 ) f(x)
i=1

= 0.6691

5
O?[f(o) + 4£(0.5) + 2f(1) + 4f(1.5) + f(2)]

Ies =
= (0.8093
.

Ex:
Calculate the integration of:

F(x) 3.5 5 -10 2 5 3 20

If we have data points then ‘n’ is the number of points, so here we have n =7

6
Iep = ZZf(xi)
i=0

=2[35+5—-10+2+5+3] =57

3
X; + X;
ICM :4‘Zf( i 2 l+1)
i=0

=4[fi+fs +f]1= 4[5+2+3]= 40
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6
Iop = 2(3.5 +20) + ZZf(xi)
i=1

=235+2[5—-10+2+5+ 3]
= 33.5
4
I¢s =§[f0+4f1+2f2+4f3+2f4+4f5 + fol

= 35.6667
e

Ex:
Solve using composite

= 1.59345

7
X; + x;
la =05 ) £ (=)
i=0

= 0.25 [£(0.25) + £(0.75) + £(1.25) + f(1.75) + f(2.25) + f(2.75) + £(3.25) + f(3.75)]

= 1.506

7
ler = 025[£(0) + f(#)] + 05 ) f(x)
i=1

= 1.5202

143 |




0.5
Ies = ?[fo +Afi +2f, +A4f5 + 2f4 + Afs + 2fc +4f7 + fi]

= 1.5256

Ex:

Ier = 0.5[f(—1) + f(—0.5) + £(0) + £(0.5)]
= 6.6
Iew = 0.5[f(—0.75) + f(—0.25) + £(0.25) + £(0.75)]
= 1.5812
Ier = 0.25 [f(—=1) + (D] + 05 [f(—0.5) + £(0) + £(0.5)]
= 1.55

5
les = S [F(-1) 4 4£(=0.5) +2f(0) + 4£(0.5) + f(V)]

=94

Errors Calculation in Newton - Cots Method
§ ady,b il Jlixd uso integration >l sl o (sudgls

Ll Gy 9 ppad 0a>lg JS (59 Error JI aus Bgil 9 Brb g,VL J= o3V Ul assxdl (9
Error awuws J8l lpd sl as,, bl

19 Error JI o= g Loue asy b JSJ
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Error of Rectangular Rule
(b — a)?
= 2 M1

Eg

M, = max(f (), f (b))

Error of Midpoint Rule
_(b—-a)’
=22 M

M, = max(f"(a), (b))

Ey

Error of Trapezoidal Rule

(b —a)?
Er = T M,
Error of Simpson’s Rule
(b — a)®
Eg = M
ST 2880 *

M, = max(f(a),f(b))
e

Errors Calculation in Composite Method

Error of Rectangular Rule

M
Ecp = 71(3 —A)h

Error of Midpoint Rule
_ M, _ 2

Error of Trapezoidal Rule

M,
Ecr = — (B — A)h?
CT 12( )

Error of Simpson’s Rule

M, 4
Ecs = W(B - A)

145 |




Summary of All Rules ©

Exact Error
Let A be the Exact Solution and A~ be the Approximated Solution then

The Exact Error = A — A~

Absolute Error

|E| = |A—A"|
Relative Error
Lo_la-a]
BT Al
Percentage Error
_la-A7] « 100 %
- 0
F |A|
Infinite Geometric Series
,r<1
1-r r

Number of significant decimal digits
lp—pl
p

<0.5x104

Fixed Point lteration

Workability conditions:
1- f(x) on set
2- f(x) everywhere defined
3- f(x) is a continues function

Convergence test:
fx)|<k<1

Rate of convergence:
(log <gmex + d)

log%
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Interating function
Pn = f(pn—l)
Bisection Method

Workability Conditions:
1- Continues Function
2- Sign F(b) != Sign F(a)
3- [a, b] must contain single root

Rate of Convergence
log|b — a| —10g(0.5 = 107¢)
> -1
log 2

Interating function
_a+b

€=

False Position Method

lterating function
F(bn)(bn - an)
F(bn) - F(an)

Ch=b, — [
Simple root

F(x) #0Vx €[ab]

Convex and Concave Set
if F'(x) = 0V x € [a, b] Then the Functioris Convex

else if F'(x) < 0 Then the Function is Concave
Newton Method

Workability Conditions
F(x) € C2),

Iterating function
P, =p _ F(pn—l)
" n-1 F (pn—l)

147 |




Case 1:
1) FF(x) #0V x € [a,b] Simple root

2) Initial approximation is sufficiently close to the root

if y <1 thenits close
elseif y > 1 then its not close
M = Max (|F"(a), F"(b)])

m = Min (|F(a),F (b)|)

6_b—a
)
1 logUu—1+ logzﬁm
N = ——llog —
log2 logy1
U=0.5x10"1

Case 2:
1) Multiple Root (Condition # 1 Failed)

2) y<1
Linear convergence

Case 3:
1) Simple Root
2) y>1

3) F(x) is Convex of Concave
Linear-Quadratic convergence
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Case 4:

1) Multiple Root
2) y>1

3) F(x) is Convex of Concave
Linear convergence

Secant Method

lterating functionP, = P,_; — [F(P“‘l)(P“‘l_P“‘Z)

F(Pn—l)_ F(Pn—Z)

Lagrange Method

P, (x) = Z L (Of; = Lo(Ofy + Li()fy + o+ Ly (0,
i=0

n

xX—xp)Ex—x)E—X%3) ....... (X, Xi—1) (X, Xj4q) - (X, %)

LiGo) = (X1, X0) (X1, X1) (X, X2) ... ... (X, Xi—1) (X, Xig1) - - (X, Xp)

Newton Method Casel: Equal Spaced “Forward Difference”

X—X x—x0)(xX—x%4) x—x0)E—x)E—x,)
Pn(X) = f0+—h 0Af0+ ;lhz 1 0 3!h31 2

Azfo + A3f0 + A
Newton Method Case: 2 Not Equal Spaced “Divided Difference”
P,(x) = fog+ (x—x¢)Dfy + (x —Xo)(x — x1)D?*fy + (x —Xo)(x — x1) (X — x,)D3fy + ---

lel =
Xi+j — Xi

Basis Cubic Spline Method

n

€0 = ) o Bi(®

i=0
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r 1

m(x - Xi—2)3;
Bl 3 ) ;
i(X) =1 Z+E(X_Xi_1) +W(X—Xi—1) —W(X—Xi—ﬂ ,
3 3 , 3 ;
LZ"‘E(XHl - X) +m(xi+1 - X) _m(le_x) )
_ m(xnz -x)3,
0,
“n= bn
o= b; — (a; Kj41)
1
do 1
= 1 1<i< 1
d; 14— a_; ) 1=n

b; = (4f; — b;_4) * a;,

1<i<n-1

n—1

_4f,—b

" 4-a,

~ 209

209
A+ =780

780

-1

A5 = 5911

Xi—2 <x< Xi—1

Xji—1 SX=X;

xinSle)

Xit1 = X = X2

Otherwise
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Root Mean Square Error (RMS)

1% :
E, = (EZM(xi) —yi|2>

i=1

Least Square Method “Fitting in Linear Line”
f(x) = Ax+B

Power Fitting
f(x) = AxM

N M

A= 2i=1Xj Vi
T 3N 2M
i=1 Xj

Exponential Form
y=Ce?*

Iny=InC+ Ax
Y=Iny

B=InC
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Functiony = f(x)

Linearization Form

Change of Variables and

Y=AX+B Constants
1
- +B —A-+B X=2,Y=
y X+ y X+ X y
_ D yx+C) =D X = xy
y_X+C yx+yC=D Y=y
_ 1 +D A~ lB_D
Y= "¢V T¢ “ ¢
1 1 Ax+ B X Y 1
= Sl _X’ = —
y Ax + B y X
X 1 A+Bx 1
Y= a+Bx e =
1 1 1
—=A-+B Y=—
y X y
y=Alnx+B y=Alnx+B X=Inx,Y=y
y = CeAx Iny =Ax+InC X=x,Y=Iny,B=InC
y = CxA? Iny =Alnx+InC X=Inx,Y=Iny,B=1InC
— -2 1 1
y = (Ax +B) y2=Ax+B X=x,Y=y2
y = Cxe X X=Ce‘DX X=x,Y=In (X)
X X
ln(X)= —Dx +1InC B=InC,A=-D
X
L 1(L1)A+1c X Yl(Ll)
= —_— = =x,Y=In|——
Y= 1+ cerx "y x+mn y

B=InC

Weighted Least Square Polynomial Approximation

VtwVa = Vtwy

V(tn+1)*NWN*NVN*(n+1)a(n+1)*1 = V(tn+1)*NWN*NYN*1
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V1]
y=|¥2
Y3
Val
V5]
B 1
= R,

w

1
W= (RMS)?

Newton - Cots Quadrature Formula Case 1: we have the function

Rectangular Rule:
R(f) = (b — a)f(a)

Midpoint Rule:

a+b)

M(f) = (b — a)f( -

Trapezoidal Rule:

b-—
T(D) =~ [f(@) + ()]

Simpson’s Rule:
b—a b+a
S(F) =——— [f(a) + 4f (T) + f(b)]
Quadrature Formula Case 2: we have data points “Equal Spaced”

Rectangular Rule:
R(f) = (b — a)f,

Midpoint Rule:

Xn + Xo)

M) = (xa = x0)f (7
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Trapezoidal Rule:

T(O) = 216 + £,]

Simpson’s Rule:

h
S(f) = [f0 + 4f; +f,]

Errors Calculation in Newton - Cots Quadrature Method

Error of Rectangular Rule
(b —a)?

Eo =
R 2

M,

M, = max(f‘(a),f‘(b))

Error of Midpoint Rule
(b—a)?

Enu =
M 24

M,

M, = max(f“(a), f“(b))

Error of Trapezoidal Rule

(b —a)?
Error of Simpson’s Rule
(b —a)®
Es = 2gg0 M

M4 — max(f\\\\(a)’ f\\\\(b))
Composite Formula

Rectangular Rule:

n-1
Icr =h Z f(x;)
i=0
Midpoint Rule:

i T X
ICM—hZ =)
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Trapezoidal Rule:
n-1
h
ler =5 [£(x) + £x)] + B )
i=1

Simpson’s Rule:

h
ICS = §[f0 + 4-f1 + Zfz + 4f3 + 2f4 + -4+ 4fn—1 + fn]

Errors Calculation in Composite Method

Error of Rectangular Rule

M
Ecr = 71(3 —A)h

Error of Midpoint Rule
M, 2
Ecm = 24 (B—A)h

Error of Trapezoidal Rule

M,
=—(B—A)h?
Ecr 12( )

Error of Simpson’s Rule

ad] suxl> aue (Jl 03,9 whhas log copd o dlesgiwl (ol pplll

Downe
with All MYy BEST Wishes

Lol o220
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