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Abstract. Using a single confidence threshold will result in a dilemmatic
situation when simultaneously studying positive and negative association rule
(PNAR), i.e., the forms A=B, A=-B, "A=B and —~A=-B. A method based on
four confidence thresholds for the four forms of PNARs is proposed. The
relationships among the four confidences, which show the necessity of using
multiple confidence thresholds, are also discussed. In addition, the chi-squared
test can avoid generating misleading rules that maybe occur when
simultaneously studying the PNARs. The method of how to apply chi-squared
test in mining association rules is discussed. An algorithm PNARMC based on
the chi-squared test and the four confidence thresholds is proposed. The
experimental results demonstrate that the algorithm can not only generate
PNARs rightly, but can also control the total number of rules flexibly.

1 Introduction

Traditional association rule (AR) is the form A= B, which is used to find the relationships
of item sets in transaction database. A=B is a valid rule if its support s(A=B) and
confidence c(A=B) meet minimum support (mins) and minimum confidence (minc) [1].
As an important supplement of the form A= B, this paper will study the other three forms
A=-B, "A=B and ~A=-B, which are called negative association rules (NAR), and the
traditional form A= B positive association rules (PAR) [2].

NARs can provide much useful information for decision-making. They play an
important role in many areas, especially in competitive analysis and investment
analysis. So, the study of NAR is being attached much more attention recently. The
negative relationships between two frequent items were first mentioned in 1997 [3].
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The extended association rules and atom association rules are discussed in [4]. In [5]
the authors propose strong negative association rules. In [2] and [6] the authors
proposed a PR (Probability Ratio) model and proposed a new method to discover both
positive and negative association rules in 2002, and in 2004 they proposed an improved
efficient method that could be used to large databases with a pruning strategy and an
interestingness measure [7]. In [8] the authors propose a genetic algorithm to discover
negative association rules.

However, the above-mentioned papers do not consider the problems caused by using
a single confidence threshold when mining positive and negative association rules
(PNARs) simultaneously. Intuitively, in basket analysis, the support of almost every
item set is very low. Suppose we have two item sets A and B, their support s(A) and s(B)
are low, the confidence c(A=B) may be low or high, but c(-A=-B) must be very high.
If we use a single confidence threshold, a dilemmatic situation would occur: if we use a
lower confidence threshold, the numbers of PNARs would be so many that the user can
not easily choose the right rules; if we use a higher confidence threshold, some valued
PARs would be missing. A good solution is using four different confidence thresholds
for the four forms of rules. But the relationships among the four confidences must be
taken careful consideration when setting these confidence thresholds. Although some
articles have discussed the question using different supports and confidences to mine
association rules [9], but they are limited to the positive association rules, which is
different from this paper.

Furthermore, some self-contradictory association rules would occur when we
consider the positive and negative association rules simultaneously.

Example 1. Suppose we are interested in analyzing the transactions of apples (denoted
by A) and bananas (denoted by B) in a supermarket. In 10000 transactions, 6000
transactions contain apples, 6500 transactions contain bananas and 3600 transactions
contain both apples and bananas. Then,

s(AUB)=3600/10000=0.36 , and

¢(A=B)=3600/6000=0.60 .

Suppose mins=0.25 and minc=0.55, the rule A= B is a valid association rule, which
namely shows that increasing the transactions of apples can correspondingly increase
the transactions of bananas. But is it true? Let’s see another rule ~A=>B.

s(AUB)=s(B)-s(AuB)=0.65-0.36=0.29>mins, and

c(—A=B)=s(-AUB)/(1-5(A)) =0.725>minc .

Obviously, "A=B is also a valid association rule, which shows that reducing the
transactions of apples can correspondingly increase the transactions of bananas.
Obviously, the two valid rules are self-contradictory. In fact, the transaction of apples
and bananas is negatively correlated. Buying one will reduce the possibility of buying
another. Here the rule A=B is a misleading rule; another case that can generate
misleading rules is when two item sets are independent of each other, buying one
doesn't affect buying another.

In order to eliminate these misleading rules, many kinds of measure are proposed,
such as interestingness, chi-squared test, correlation coefficient, Laplace, Gini-index,
Piatetsky-Shapiro, Conviction and so on [10,11]. In these measures, the chi-squared
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test is one of the most interesting measures because of its mature theoretical basis. The
authors in [3,12] propose a method to test the correlation and the independence of
association rules using chi-squared test. In [13] the authors use chi-squared test to prune
non-actionable rules or rules at lower significance level. In [14] the authors also use
chi-squared independent test in rules classification. In [15] the authors propose a
method to express the chi-squared value with support, confidence and lift.

However, the purpose of using the chi-squared test in existing works is to find those
item sets whose chi-squared value shows negative correlation and then in turn avoid
these item sets generating rules, while our works are not only to find out PARSs in the
item sets with positive correlation, to avoid generating rules in independent item sets,
but also to find out NARs in the item sets with negative correlation.

The contribution of this paper lies in three aspects: 1) study the relationships of the
four confidences; 2) look for a method of how to apply chi-squared test in mining
PNARs; and 3) propose an algorithm to generate PNARs based on chi-squared test and
four confidence thresholds.

The rest of this paper is organized as follows. Section 2 discusses the relationships
among the four confidences. Section 3 discusses the method of how to use the
chi-squared test in mining PNARs. Section 4 is about algorithm design. Section 5 is
about experiment and comparisons. Section 6 is conclusion.

2 The Study of the Relationships Among the Four Confidences

Now we discuss the relationships among the four confidences in the following four
cases (A and B are two item sets).

(1) s(A) and s(B are very low (the typical case in basket analysis); (2) s(A) and s(B)

are very high;

(3) s(A) is very high, s(B) is very low; (4)s(A) is very low, s(B) is very high.

However, the concept of high or low here is not explicit. In order to discuss the
relationships easily, we give an explicit value that the high is not less than 0.9 and the
low not more than 0.1.

Based on the study in [16], we can express the confidences c(A=-B), c(~A=B) and
c(-A=-B) as the functions of s(A), s(B) and c(A=B) as follows:

c(A=-B) =3SA) - SAVB) | 4_p). (1)
s(A)
(~A=B) = s(B)- s(AUB) _ s(B)- s(A)*c(A= B) 5
1-5(A) 1-5(A) @
c(ﬂA:ﬁB):l- S(A)- s(B) + s(AVUB) _ 1- s(A)- s(B) + s(A)*c(A=> B) 3
1-5(A) 1-s(A)

Obviously, we can get: (1) c(A=B) + c(A=B) =1 and (2) c(-A=B) + c(—A=-B) =1
The range of the value c(A=B) can be shown in Theorem 1.
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Theorem 1. MAX (0, s(A)+s(B)-1 )<c(A=B) <MIN(I, s(B) )
S(A s(A)
s(B)
Proof: Because s(AUB) <MIN(s(A), s(B)), thus, c(A=B) <MIN(1, " )
N

The minimal value of s(AUB) obviously is 0 ,but when s(A)+ s(B)>1,the minimal value
of s(AUB) is s(A)+ s(B)-1, so c(A=B) >MAX(O0, (s(A)+ s(B)-1)/ s(A)) .

We can easily calculate the value ranges of c(A=-B) ,c(-A=B) and c¢(—-A=-B)
according to Theorem 1 and Equation (1) to (3). Table 1 shows the value ranges of the
four confidences with the different value of s(A) and s(B).

From Table 1 we can see that the value of confidence has an important impact on the
quantity of association rules. Take the first case(the typical basket analysis) for
example: if we set minc=0.6, there would be a large number of rules of the form
—“A=-B in the result sets, but not any rule of the form -A=B. It is obviously
unreasonable. In order to get the rules of all the four forms, multi-confidences for
different forms of rules are necessary in real application.

This paper uses minc_11, minc_10, minc_01 and minc_00 to express the four
minimum confidence sof the four forms of rules A=B, c(A=-B), c¢(-A=B) and
c(-A="B) respectively.

Table 1. The value ranges of the four confidences with different s(A) and s(B)

c(A=>B) c(A=>-B) c(-A=B) c(-A=-B)

s(A)=0.1, s(B)=0.1  [0,1] [0,1] [0,0.11] [0.89,1]
s(A)=0.9, s(B)=0.9 [0.89,1] [0,0.11] [0,1] [0,1]
s(A)=0.1, s(B)=0.9 [0,1] [0,1] [0.89,1] [0,0.11]

s(A)=0.9, s(B)=0.1 [0,0.11] [0.89,1] [0,1] [0,1]

3 The Study of Applying Chi-Squared Test to Mining PNARs

zIn statistics, chi-squared test is a widely used method to test the independence or
correlation among variables. The variables are first assumed independent, and then
their chi-squared value is calculated. If the value is more than a given value (the value is
3.84 when the significance level 0=0.05), then the independent assumption would be

[f,- 1.1

refused. The chi-squared value can be calculated by ¥°= Z , Where fo

E

denotes observing frequency, fr expected frequency. Specifically, for two random

variables (X,Y), their n samples of (X1,Y7) (X5,Y2)..., (X,,Y,) are placed in a contingency
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table. Suppose the contingency table has R rows and C columns, the frequency of a

C
sample falling into certain a cell denotes as N . Then we can get: N, = Z Ni,
j=1

R
NLj = Zl N ,and

_ [fo_fg]z_ < < ( i z]z )’
j_z S _; ; L NiiNoj . @

It obeys j’-distribution of
(R-1)(C-1) degrees ?f freedom,

where f= Ny, fy= ~ NN, Table 2. Contingency table of items A and B

Chi-squared test” could be A -A Y
used in  multi-dimensional B s(AUB)*n s(FAUB)*n s(B)*n
variables, but in association rule 2B s(Au-B)*n s(mAu-B)*n  s(-B)*n
we only need two-dimensional > s(A) *n s(—A) *n n

variables, i.e., two-dimensional
contingency table, its degree of freedom is 1. The contingency table of item sets A and
B is shown in table 2, where n denotes the total number of transactions in database. The
purpose of the data expressed in the form of support in Table 2 is to associate the
chi-squared test with the concepts of association rules easily.

According to Equation (4), we can get:

}f_[S(AUB)*n—ls(A)*n*s(B)*nf + [s(—|AuB)*n—is(—|A)*n*s(B)*n]2
= n n

17S(A)"‘n"‘s(B)"‘n ls(—.A)*Vl*s(B)”‘n
n n

[s(AU—=B)*n— ls(A) *p%g(=B)*n)’ [s(mAu—=B)*n —ls(—|A)*n*s(—|B)"‘n]2
+ n + n

ls(A)*n*s(ﬁB)*n ls(ﬂA)*n*s(ﬂB)*n
n n

_ n*[s(AU B) = s(A)s(B)I> )
s(A)s(B)1—-s(A)(1-5(B))

Here is an instance. Table 3 shows the contingency table of data in Example 1. Its
chi-squared value is:

% 2 * 2 * 2
(3600_6000 6500] (2900_4000 6500] (2400_6000 3500)
+

10000 + 10000 10000 N 10000
6000*6500 4000*6500 6000*3500 ' 4000*%3500
10000 10000 10000 10000
4.8>3.84.

Since 164.8 are more than 3.84, we reject the independence assumption at the 5%
significance level. Thus, the transactions of apples and bananas are correlated.
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But how to judge the correlation between item sets are positive or negative?

Definition 1. The correlation of item sets A and B can be defined as corr(A,B)= fo/ f¢,
where f, and f is the observing frequency and expected frequency respectively of the
cell that A and B cross. Then we can get:(1)if corr(A,B) >1, then A =B is positively
correlated, and (2) if corr(A,B) <1, then A =B is negatively correlated .

According to Definition 1 and Table 2 we can get:

(1) corr(A,B)=s(AUB)/( s(A)s(B)) ;

(2) corr(A, °B)= s(AU-B)/( s(A)s(—B)) ;

3) corr(=A, B)= s(mAUB)/((s(-A)s(B)) ; and
4) corr(-A, ~B)= s(=AU-B)/(s(-A)s(—B)) .

Now we discuss the relationships of the above four correlations.

Theorem 2. If corr(A,B)>1, then (1) corr(A, =B)<1; (2) corr(-A, B)<1;(3) corr(-A,

—B)>1 and vice versa. ) )
Table 3. Contingency table of the data in Example 1

Proof: Here we only prove (3),

(1) and (2) can be proved in the A A 2

same way. B 3600 2900 6500
(3) Since corr(A,B)>1, thus -B 2400 1100 3500

s(AUB)>s(A)s(B), SO > 6000 4000 10000

1-s(A)-s(B)+s(AUB)>1-5(A)-s(B)+s(A)s(B).
Because corr(—A, —B)>0, namely 1-s(A)-s(B)+s(A)s(B)>0, therefore,
1-5(A)-s(B)+s(AUB) _ s(-AU—B)

= >1,1.e., corr(-A, ~B)>1 .
1-5(A)-s(B)+5(A)s(B) s(—A)s(—B)

These relationships of the four correlations tell us self-contradictory rules would not
occur if we judge the correlation between item sets before generating rules. In detail,
we only mine rules of the forms ~A=B and A=-B if corr(A,B)<1 and mine rules of the
forms A=B and “~A=-B if corr(A,B)>1. In Example 1, we only mine rules of the forms
-A=B and A=-B because of corr(A,B) =0.92<1.

Now we give the definition of positive and negative association rules based on
chi-squared test.

Definition 2. Let / be a set of items, D a database, A, B C I and AnB=0. s(A), s(—A),
s(B) and s(—~B) >0, mins and minc are given by users. Let 3 express the Chi-squared
value of A, B and y,” the critical value at the significance level a. If ’<y,’, A and B are
independent, we don’t generate any rules from them. Otherwise, A and B are correlated,
and

(1) If corr(A,B)>1, s(AUB)> mins and c(A=B) >minc[then A=B is a PAR;

2) If corr(A,~B) ( corr(=A,B), corr(—-A,mB)) >1, s(AUB)>mins and c(A=-B)(
c(-A=B), c(-A=-B)) >minc, then A=-B (~A=B, “A=-B) is a NAR;

It is obvious that chi-squared test is a very effective method. But chi-squared test
also has some limitations [3]. The chi-squared test rests on the normal approximation to
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the binomial distribution. This approximation breaks down when the expected values
are small. As a rule of thumb, statistics texts recommend the use of chi-squared test
only if (1) all cells in the contingency table have expected value greater than 1; and (2)
at least 80% of the cells in the contingency table have expected value greater than 5.

4 Algorithm Design

According to Definition 2, we propose an algorithm PNARMC (Positive and Negative
Association Rules based on Multi-confidence and Chi-squared test). We suppose the
frequent item sets (those item sets whose support is great than the minimum support
threshold mins) are saved in set L.

Algorithm. PNARMC
Input: L: frequent item sets; minc_11, minc_10, minc_01, minc_00: minimum
confidence; y,’: the critical value at the significance level a;
Output: PAR: set of positive associate rule; NAR: set of negative associate rule;
(1) PAR = ; NAR =4,
(2) //mining PNARs in L.
for any item set X in L do {
for any item set AUB = X and ANB = do {
calculate ) with formula 5;
corr=s(AUB) / (s(A)s(B) )l
if ¥ >y° then ({
if corr >1 then {
(2.1)//generate rules of the forms A=B and —"A=-B.
if c(A=B) 2 minc_11 then
PAR = PAR U{A=B};
if c(mA=-B) 2 minc_00 then
NAR = NAR U{-A=-B}; }
if corr <1 then {
(2.2)//generate rules of the forms A=-B and "A=B.
if c(A="B) 2 minc_10 then
NAR = NAR U{A="B};
if c(mA=B) 2 minc_01 then
NAR = NAR U{-A=B}; }
} 1}
(3) return PAR and NAR;

Step (1) initializes PAR and NAR with empty set. Step (2) calculates chi-squared
value  and correlation flag corr and generates rules. Step (2.1) generates rules of the
forms A=B and -A=-B and step (2.2) generates rules of the forms A=-B and
-“A=B. Particularly, it is four confidence thresholds that are used to their
corresponding four forms of rules, but not a single confidence threshold. Step (3)
returns the result and finishes the whole algorithm.
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In fact, the algorithm PNARMC can also be used to generate NARs from infrequent
item sets if only we delete the sentence “if c(A=B) > minc_11 then PAR = PAR
U{A=B}” and let L save the infrequent item sets.

5 Experimental Results and Comparison

5.1 Experimental Results

The experimental dataset records areas of www.microsoft.com that each user visited in
a one-week timeframe in February 1998. Summary statistical information of the dataset
is: 32711 training instances, 5000 testing instances, 294 attributes and the mean area
visits per case is 3.0 (http://www.cse.ohio-state.edu /~yanghu /CIS788_dm_proj.htm
#datasets). The experimental results are shown in Table 4. The number of PARs
generated by traditional algorithm (without considering correlation) is also given for
comparison.

Table 4. The number of rules generated by different algorithms and in different confidences
(mins=0.014, a=0.05)

traditional algorithm PNARMC (a=0.05)

# A=B A=>B A=-B -A=>B -A=-B ## total
minc_*=0.3 167 158 30 7 339 4 538
minc_*=0.6 43 43 30 0 339 0 412
minc_*=0.85 7 7 14 0 263 0 284
minc_*=0.985 1 1 0 0 32 0 33
minc_11=0.6
minc_10=0.85
mine_01=0.3 43 14 7 32 4 100

minc_00=0.985
Note: #: minc_*denotes minc_11, minc_10, minc_01, minc_00
##: This column expresses the number of rules generated by independent item sets.

From Table 4 we can draw two conclusions as follows:

1. The Chi-squared test is effective.

From Table 4, when minc_*=0.3, there are 158 PARs generated by PNARMC,
while 167 PARs generated by traditional algorithm. This shows that there are 9
misleading PARs detected and eliminated by PNARMC. In these 9 rules, 4 rules are
generated by independent item sets, the other 5 rules are maybe generated by negative
correlated item sets. Moreover, a lot of NARs are generated by PNARMC. These data
adequately show that chi-squared test is effective.

2. Multi-confidence is effective.

First, let’s look at the changes of the rule number when using a single minimum
confidence minc_* When minc_* changes from 0.3 to 0.6, the rule number of the
forms A=B and -A=B decreases sharply while the rule number of the forms A=-B
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and "A=-B doesn’t change, the total number of the rules is still great. The only
method to decrease the total number of the rules is to increase the minimum confidence
minc_*. But the higher the minimum confidence minc_* is, the higher the percentage of
the rules of the form —A=>-B in the total is, the lower the percentage of the rules of the
other three forms in the total is. These data adequately show the shortcomings of using
a single minimum confidence.

Second, let’s look at the number of the rules when using multiple minimum
confidences. when minc_11=0.6, minc_10=0.85, minc_01=0.3 and minc_00=0.985,
the total number of rules is 100, which contain 43 rules of the form A=B, 14 rules
of the form A=-B, 7 rules of the form ~A=B, 32 rules of the form "A=-B and 4
rules generated by independent item sets. It is obvious that the algorithm PNARMC can
flexibly control the total number of rules by setting the four confidence thresholds
according to the user’s actual need. These data adequately show that using
multi-confidence is necessary and the algorithm PNARMC is very effective.

5.2 Comparisons

The superiorities of PR model have been illustrated in [6] when the PR model is
compared with some other models including interest model, exception mining model and
strong negative association model [5]. So, here we only compare the PANRMC model
with PR model and positive and negative association rules on correlation (PANRC)
model in [16]. The PR model uses a single confidence threshold to generate PARs from
frequent item sets and to generate NARs only from infrequent item sets, however, it does
not consider the NARs in frequent item sets and does not consider the problems using a
single confidence threshold we mentioned above. The PANRC model can generate PARs
and NARs form frequent item sets, but it also uses a single confidence threshold. The
PANRMC model, as we have seen, has overcome the shortcomings in these models.

6 Conclusions

How to set up the confidence threshold of association rules becomes very important
when we simultaneously study the PNARs. It has an important influence on the total
number of rules, and in turn on the efficiency for user to choose the valued rules. A
single confidence threshold can’t meet the need of actual application, while four
confidence thresholds are required for the four forms of rule. The relationships of the
four confidences are discussed. The corresponding conclusions are very important in
how to set up the four minimum confidences. In addition, chi-squared test can avoid
generating misleading rules that may occur when simultaneously studying the PNARs.
The method of how to apply chi-squared test to mining association rules is discussed.
An algorithm PNARMC is proposed to discover both positive and negative association
rules based on chi-squared test and four confidence thresholds. The algorithm can not
only generate PARs in the item sets with positive correlation, generate NARs in the
item sets with negative correlation, but can also detect and eliminate rules generated in
independent item sets. It can flexibly control the number of rules, too. The experiment
and comparisons demonstrate that the algorithm is effective.
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