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AbstractThese notes summarize a course given at the Technion, in Spring semester, 1992, and againin Winter semester, 1993. The course focused on randomness in algorithms. It is comprisedof three parts. The �rst one introduces the probabilistic method as a powerful tool forproving the existence of combinatorial objects. The techniques introduced are importantfor the rest of the course. The second part discusses several randomized algorithms invarious settings. The third part completes the cycle and deals with methods for removingrandomness from algorithms so as to make them deterministic. Homework exercises areattached. The book of Alon and Spencer, \The Probabilistic Method" [AS1], and theforthcoming book of Motwani and Raghavan, \Randomized Algorithms" [MR], were veryhelpful.The material covered in the course is far from being inclusive. There are many areasin computer science where randomness is indispensable that were not discussed. A non-exhaustive list is: Cryptography, Number Theoretic algorithms, data structures, routingand parallel architectures, and weak sources of randomness. However, I believe that thetechniques investigated here are essential for understanding the role of randomness.The notes are the product of the students attending the course. The editing of the noteswas completed while visiting the International Computer Science Institute at Berkeley andthe Computer Science Department at Stanford University. Many thanks to: Yishay Ben-Aroya, Amir Ben-Dor, Alon Efrat, Roy Friedman, Shay Halevi, Yehuda Hershkovits, YonaHoll�ander, Michael Krivelevich, Sleiman Matar, Yael Petruschka, Asaf Shirazi, and BoazTamir. i
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Part IThe Probabilistic Method

1



Chapter 1Basics of Probability Theory1.1 Basic de�nitionsDe�nition 1.1.1 A probability space is a triple (
; F;P) where� 
 is a set.� F is a family of subsets of 
 { The collections of events in the probability space.� P is the probability measure, where p(
) = 1.In this course we deal mainly with discrete spaces.De�nition 1.1.2 We say that two events A;B are independent ifPr[A ^B] = Pr[A] � Pr[B].De�nition 1.1.3 We say that two events A;B are disjoint if A \B = �:Claim 1.1.1 If A \ B = � then A and B are not independent.2



CHAPTER 1. BASICS OF PROBABILITY THEORY 3Proof: Pr[A \ B] = 0 while Pr[A] � Pr[B] is not necessarily 0:De�nition 1.1.4 A random variable X is a function X : 
 �! R (from the elements ofthe space to the real numbers.) Let p(x) denote Pr[X = x].De�nition 1.1.5 The expectation of a random variable X , E [X ], is de�ned as E [X ] =Px xp(x):The following is known as linearity of expectation.Fact 1.1.1 The expectation of the sum of two random variables X; Y is:E [X + Y ] = E [X ] +E [Y ] :This can be extended to any �nite number of random variables X1; : : : ; Xn:E " nXi=1Xi# = nXi=1E[Xi]This can be further extended to any countable set of random variables X1; X2; : : :If P1i=1E [jXij] <1, then P1i=1 jXij <1 almost surely, and:E " 1Xi=1Xi# = 1Xi=1E[Xi]De�nition 1.1.6 The variance of a random variable X is VAR [X ] = E �(X � E [X ])2�.Fact 1.1.2 VAR [X ] = E �X2� � (E [X ])2.Proof: VAR [X ] = E[(X �E [X ])2]= E[X2� 2XE [X ] + (E [X ])2]= E[X2]� 2(E [X ])2 + (E [X ])2= E[X2]� (E [X ])2We denote the variance by �2 in the sequel, and call � (the square root of the variance)the standard deviation.De�nition 1.1.7 The kth moment of a random variable X is de�ned to be E hXki :Please refer to [Pf, pp. 326-330] for more properties of expectations and higher moments.



CHAPTER 1. BASICS OF PROBABILITY THEORY 41.2 The expectation and variance of the sum of randomvariablesConsider the random variables X1; X2; : : : ; Xn, whereXi = 8<: 0 with probability p1 with probability (1� p) = qLet Sn be their sum: Sn =Pni=1Xi. According to De�nition 1.1.5E [Xi] = 0 � p+ 1 � (1� p) = 1� p = qand E hX2i i = 02 � p+ 12 � q = qUsing Fact 1.1.1 we get thatE [Sn] = E " nXi=1Xi# = nXi=1E [Xi] = nqE �S2n� = E �(PXi)2� = E hPX2i +Pi6=j Xi �Xji :Again, from Fact 1.1.1 we get,E hS2ni = nXi=1E hX2i i+Xi6=j E [Xi �Xj ]:If Xi; Xj are pairwise independent, as in this case, E [Xi �Xj ] = E [Xi] �E [Xj ]. Hence,E hS2ni = nq + 2 �  n2! � q2= nq + n(n� 1)q2= nq(1� q) + n2q2= n2q2 + npqNow we can use Fact 1.1.2 to derive that VAR [Sn] = npq + n2q2 � (nq)2 = npq.1.3 Large deviation inequalities1.3.1 Moment inequalitiesLet X be a random variable and � > 0.Theorem 1.3.1 The kth moment inequality is: Pr[jX j> �] � E[jXjk]�k .



CHAPTER 1. BASICS OF PROBABILITY THEORY 5Proof: E hjX jki = X (jxjk � p(x))= Xjxj�� (jxjk � p(x)) + Xjxj>� (jxjk � p(x))� Xjxj>� (jxjk � p(x))� �k Xjxj>� p(x)= �k Pr[jX j > �]:In other words, Pr(jX j > �) � E hjX jki�kSome special cases:1. For k = 1; if we replace � for � �E [X ] ; we get Markov's Inequality:Pr[jX j � �E [X ]] � 1�:2. For k = 2, if we replace X�E [X ] for X and � �� for �; we get Chebyshev's Inequality:Pr[jX �E [X ] j � � � �] � E �(X � E [X ])2�(��)2 = VAR [X ]�2VAR [X ] = 1�2 :Remark 1.3.1 The proof of the kth moment inequality holds for every non-decreasing func-tion g(x) on [0;1): Pr[jX j � �] � E [g(jX j)]g(�) :1.3.2 Cherno�-type inequalitiesCherno�-type inequalities are derived by substituting the function etx as g(x) in Remark1.3.1. Hence, we get, Pr[jX j > �] � E hetXiet�where t is chosen so as to minimize the right hand side.For example, for 1 � i � n; let the random variable Xi be



CHAPTER 1. BASICS OF PROBABILITY THEORY 6Xi = 8<: 1 with probability 12�1 with probability 12We de�ne Sn =Pni=1Xi:Claim 1.3.1 Pr[jSnj > �] � e��22n :Proof: E hetXii = 12(et + e�t):12(et + e�t) = 12(1 + t+ t22 + t36 + : : :) + 12(1� t + t22 � t36 + : : :)� 1 + t22 + ( t22 )22! + ( t22 )33! + : : :� e t22 :Therefore, E hetSni = E hetPXii = (E hetXii)n � ent22and, Pr[jSnj � �] � E hetSniet� � ent22et� :Choosing t to be �n , (the optimal choice), the above implies that Pr[jSnj � �] � e��22n :Another example is the random variable Xi;Xi = 8<: �p with probability 1� p1� p with probability pAgain, we de�ne Sn =Pni=1Xi:Claim 1.3.2 Pr[jSnj � �] � e� 2�2n :



CHAPTER 1. BASICS OF PROBABILITY THEORY 7Proof: E hetXii = (1� p)e�tp + pet(1�p)Spencer & Alon ([AS1], p. 235) prove that (1� p)e�tp + pet(1�p) � e t28 :Using this we get that, Pr[jSnj � �] � E hetSniet� � ent28et� :Now, choosing t to be 4�n (the optimal choice), we getPr[jSnj � �] � e� 2�2n1.4 The Inclusion-Exclusion PrincipleLet A1; A2; : : : ; An be events that are not necessarily disjoint. The Inclusion-Exclusionprinciple states thatPr" n[i=1Ai# =Xi Pr[Ai] � Xi<j Pr[Ai \Aj ] + Xi<j<k Pr[Ai \Aj \Ak] � : : : +(�1)k+1 Xi1<i2<:::<ik Pr24 k\j=1Aij35 + : : :Bonferroni's inequalities:For every odd k; Pr"[i Ai# � kXj=1(�1)j+1 Xi1<:::<ij Pr24 j\l=1Ail35For every even k; Pr"[i Ai# � kXj=1(�1)j+1 Xi1<:::<ij Pr24 j\l=1Ail35Special cases of these inequalities are :1. \Markov"-type inequality: Pr[SiAi] �Pi Pr[Ai]:2. \Chebyshev"-type inequality: Pr[SiAi] �PiPr[Ai]�Pi<j Pr[Ai \Aj ]:



CHAPTER 1. BASICS OF PROBABILITY THEORY 81.5 Wald's EquationConsider the following problem, which comes up in many applications. Let Z1; Z2; : : : be asequence of random variables, and suppose that we wish to compute E hPTi=1 Zii, where Tis a random variable. Wald's Equation provides us with su�cient conditions under whichthis expectation can be evaluated. We �rst need to de�ne a stopping rule.De�nition 1.5.1 Suppose Z1; Z2; : : : is a sequence of independent random variables, andlet T be a random variable attaining integral values. The variable T is called a stoppingrule relative to the sequence fZig, if the event T = i is independent of Zi+1; Zi+2; : : :The idea is that the variables Zi are observed one at a time: �rst Z1, then Z2, and so on.The variable T represents the number of variables observed when we stop. Obviously, theevent T = i must be independent of Zi+1; Zi+2; : : : Notice that if the sequence fZig is notindependent, then the event T = i may depend on some variable Zj , where j > i.Theorem 1.5.1 (Wald's Equation) Let Z1; Z2; : : : be a sequence of independent randomvariables with �nite expectation �, and suppose a random variable T with �nite expectationis a stopping rule relative to fZig. Then,E " TXi=1Zi# = �E[T ]Proof: We de�ne the following indicator variables Ii, for i � 1, as follows:Ii = 8<: 1 if i � T0 otherwiseClearly, TXi=1Zi = 1Xi=1Zi � Iiand hence, E " TXi=1Zi# = E " 1Xi=1 Zi � Ii# = 1Xi=1E[Zi � Ii]Where the last equality follows from countable additivity for expectations, since E[T ] <1implies Pr[T = 1] = 0, and thus P1i=1E [Zi � Ii] < 1 (see Fact 1.1.1). Since Ii = 1, ifand only if i � T , it follows that the value of Ii is completely determined by observing the



CHAPTER 1. BASICS OF PROBABILITY THEORY 9variables Z1; : : : ; Zi�1. Since Zi is independent of Z1; : : : ; Zi�1, it follows that Ii and Zi areindependent. Hence, E " TXi=1Zi# = 1Xi=1E[Zi] �E[Ii] = � 1Xi=1E[Ii]Notice that T =P1i=1 Ii, and thus, by countable additivity for expectations (Fact 1.1.1),E[T ] = E " 1Xi=1 Ii# = 1Xi=1E[Ii]This yields that, E " TXi=1Zi# = �E[T ]1.6 The Coupon Collector ProblemSuppose we have a box with n di�erent balls, or coupons, labeled 1 : : :n. In each iterationwe draw a ball, uniformly at random, from the box and then return it. Let T be the randomvariable that counts the number of draws until we see all n balls. We study the distributionof the random variable T .We �rst compute the expected value and variance of T . Let the random variable Yiindicate the number of balls that we have to draw in order to see a new ball, assuming iballs have already been seen. Clearly T = Y0 + Y1 + : : :+ Yn�1: By linearity of expectationE [T ] = E "n�1Xi=0 Yi# = n�1Xi=0 E [Yi]A non-negative random variable X is said to be geometrically distributed with parameterp if Pr[X = k] = pk�1 � q; for all k � 0: We claim that Yi is geometrically distributed withparameter n�in . This follows from the fact that if Yi = k, then in the �rst k � 1 draws wedid not see a new ball. E [Yi] = 1Xk=1 kpqk�1 = p(1� q)2 = 1p = nn� iE [T ] = n�1Xi=0 nn � i = n nXj=1 1j = nHn � n logn



CHAPTER 1. BASICS OF PROBABILITY THEORY 10Hence, we expect to make about n logn draws to see all the balls.The variance of T : if X is geometrically distributed then,E hX2i = E [X (X � 1)] + E [X ]E [X ] = 1pE [X (X � 1)] = 1Xx=1x(x� 1)pqx�1 = pq 1Xx=2 x(x� 1)qx�2= pq 1Xx=2 (qx)00p = pq 1Xx=2 qx!00p= pq q2p !00p = 2qp2Therefore E �X2� = 2qp2 + 1p = 2�pp2 and,VAR [X ] = E hX2i�E [X ]2 = 2� pp2 � �1p�2 = qp2 :Notice that the random variables Yi are independent. Therefore,VAR [T ] = VAR "Xi Yi# =XVAR [Yi]= n�1Xi=0 in n2(n� i)2 = n�1Xi=0 ni(n� i)2= n n�1Xi=0 i(n� i)2 = n nXj=1 n� jj2= n2 nXj=1 1j2 � n nXj=1 1j � n2 � �26 � n logn:This means that the standard deviation of T is bn for some small constant b > 1. To estimatethe probability of deviating from the mean, we substitute in Chebyshev's Inequality,Pr[jT � nHnj � �bn] � 1�2 :Which implies that the probability of being more than O(logn) standard deviations awayfrom the mean is polylogarithmically small.We are now ready to calculate the probability distribution of the number of independentdraws until all coupons are recorded. We de�ne p(t) def= Pr[T � t]. Let the event Ai be



CHAPTER 1. BASICS OF PROBABILITY THEORY 11de�ned as follows: coupon i was not recorded in the �rst t draws. Then,Pr[Ai] = �1� 1n�tClearly, p(t) is the probability that none of these event occurs. We can use the Inclusion-Exclusion principle to calculate p(t):p(t) = Pr[ n\i=1Ai] = 1� Pr[ n[i=1Ai]Pr[ n[i=1Ai] =Xi Pr [Ai] � Xi<j Pr [Ai \Aj ] + Xi<j<k Pr [Ai \ Aj \ Ak] � : : : +(�1)k+1 Xi1<i2<:::<ik Pr24 k\j=1Aij35 + : : :It is easy to see that the value of Pr[Tmj=1Aij ] for all m is equal to (n�mn )k. However,calculating a closed formula for p(t) is quite cumbersome. Instead, we approximate p(t) byusing the \Poisson approximation method".De�nition 1.6.1 A random variable X has Poisson distribution with parameter � ifPr[X = k] = �ke��k!for k = 0; 1; 2; :::Fact 1.6.1 (The Poisson approximation to the Binomial distribution). For N ! 1 andN �p \not too large", the binomial distribution with parameters N and p can be approximatedby the Poisson distribution with parameter � = N � p.Recall that event Ai happens if coupon i did not show up in the �rst t draws. Hence,approximating the probability of the event Ai by the Poisson distribution is the same asapproximating the event of \all failures" in the binomial distribution with parametersN = tand p = 1n . We get: Pr[Ai] =  N0 !� 1n�0 �1� 1n�t = �1� 1n�t � e� tnThe advantage of using the Poisson approximation is that it allows us to regard the eventsAi as independent when n ! 1. (Although they are not even pairwise independent!)Formally, we claim:Claim 1.6.1 limn!1Pr[Aj jAi1 ; : : : ; Aik ] = Pr[Aj ]



CHAPTER 1. BASICS OF PROBABILITY THEORY 12Proof:Pr[Aj jAi1 ; : : : ; Aik ] = Pr[Aj \Ai1 \ : : : \Aik ]Pr[Ai1 \Ai2 \ : : :\ Aik ] = (1� k+1n )t(1� kn )t � e��t(k+1)ne� tkn = e� tn = Pr[Aj ]The probability function we get for T is:Pr[T � t] = Pr[None of the events Ai occurred] = (1� e� tn )n � e�ne� tnThis probability can be rewritten as the probability of being c standard deviations awayfrom the expectation. We get:Pr[T � n logn+ cn] � e�ne� n log n+ncn = e�e�c



Chapter 2Linearity of ExpectationThe probabilistic method is a useful tool for proving the existence of combinatorial objectshaving certain properties. This is done by de�ning a probability space in which the proba-bility that an object sampled at random has the desired property is strictly positive. Theexistence proofs in this chapter are based on a simple principle, linearity of expectation. Theexpected value of the sum of random variables is equal to the sum of the expected valuesof the random variables.2.1 Ramsey numberDe�nition 2.1.1 Let Kn denote a clique of size n. De�ne the Ramsey number R(k; l) tobe the smallest n such that every 2-coloring of the edges of Kn with blue and red containseither a red Kk or a blue Kl.Ramsey proved that R(k; l) is �nite. Here we develop a lower bound for R(k; k). Notethat for all k < l R(k; k) � R(l; k) = R(k; l) � R(l; l).Theorem 2.1.1 R(k; k) � 2k=2Proof: We use the probabilistic method for the lower bound as follows: we show that ifthe graph is small enough, then if we choose a random coloring, the probability of havingneither a red Kk nor a blue Kl is positive. Thus, we conclude that for small enough graphs,such a coloring exists, and therefore the Ramsey number cannot be very small.13



CHAPTER 2. LINEARITY OF EXPECTATION 14Let us choose a coloring for the edges of Kn uniformly at random: Pr[Edge e is red] =Pr[Edge e is blue] = 12 . For a set of vertices S, such that jSj = k, we say that the event ASoccurs if this set is monochromatic. De�ne an indicator random variableXS = 8<: 1 If AS occurs0 OtherwiseFor any S we have Pr[AS ] = Pr[XS = 1] = 2(12)(k2) = 21�(k2)The probability that none of the sets S is monochromatic is Pr[TS AS ] by de�nition. Forall n < R(k; k), the following must hold:Pr[ S\AS ] = 1� Pr[[S AS ] > 0which implies that Pr[[S AS ] < 1We approximate SS AS by the sum of the events AS .Pr[[AS ] �XS Pr[AS ] =  nk!21�(k2) < 1We want to choose the maximal n satisfying nk! < 2 k(k�1)2Approximating �nk� � nk and 2 k(k�1)2 � �12�k2 we getnk < 2k2=2n < 2k=2Thus, R(k; k) � 2 k22.2 Property BAn n-uniform hypergraph has property B if there is a 2-coloring of the vertices such thatnone of the edges is monochromatic. Letm(n) be the least number of edges of an n-uniformhypergraph that does not possess property B.



CHAPTER 2. LINEARITY OF EXPECTATION 15Theorem 2.2.1 m(n) � 2n�1Suppose to the contrary thatm(n) < 2n�1. Then there is a hypergraph with less than 2n�1edges that does not have property B. Color the vertices randomly and independently by 2colors with equal probability. Let Ae be the event that edge e is monochromatic. Then,Pr[Ae] = 2 �12�n = 21�n. Therefore,Pr[there exists a monochromatic edge] = Pr[[e Ae] �Xe Pr[Ae] = jEj21�n < 1The last inequality is due to the assumption that jEj < 2n�1. Therefore, there exists acoloring such that no edge is monochromatic, meaning that the hypergraph has propertyB, in contradiction to the assumption.2.3 Hamiltonian paths in a tournamentThe following observation is immediate.Fact 2.3.1 Let X be a positive random variable with more than one value in its supportset. There must exist values x1 and x2 such that Pr[x1] > 0, Pr[x2] > 0 and x1 � E[X ],x2 � E[X ]De�nition 2.3.1 A complete directed graph is called a tournament.De�nition 2.3.2 A Hamiltonian path in a graph G(V;E) is a path that visits each vertexof V exactly once.Proposition 2.3.1 Every tournament has a Hamiltonian path.Proof sketch: By induction on the number of vertices in the tournament. Suppose thatin every tournament of size n or less, there is a Hamiltonian path. Given a tournamentT (V;E) with n+ 1 vertices, select a vertex v and de�ne two sets: A def= fu : (v ! u) 2 Egand B def= fu : (u ! v) 2 Eg. The subgraphs induced by these sets are two distincttournaments. By the induction hypothesis each of these graphs contains a Hamiltonianpath. Connecting the two paths through v we get a Hamiltonian path in T .Theorem 2.3.1 There exists a tournament of size n with n! � 2n�1 Hamiltonian paths.



CHAPTER 2. LINEARITY OF EXPECTATION 16Proof: Generate a random tournament T by randomly choosing a direction for the edgesof Kn. Let � be a permutation of the vertices V . De�ne a random variable X� as follows:X� = 8<: 1 � de�nes a path on G0 otherwiseFor all �, Pr[X� = 1] = �12�n�1. Let X be a random variable counting the number ofHamiltonian paths in T. X = X�2Sym(n)X�We now calculate the expectation of X , and use Fact 2.3.1 to derive the theorem.E[X ] = E[XX�] =X� E[X�] = n!�12�n�12.4 Existence of large cutsLet G = (V;E) be a graph. A cut in a graph is de�ned to be the set of edges connecting anytwo subsets of the vertices. We show that for every graph G, there exists a cut containingat least half of the edges. Color the vertices of G with two colors and remove the edgesconnecting vertices of the same color. Call the resulting bipartite graph G0 = (V;E 0).Claim 2.4.1 There exists a coloring such that jE 0j � jEj2 .Proof: Randomly and independently color the vertices with equal probability. For e 2 Ede�ne Xe = 8<: 0 e 62 E 01 e 2 E 0Let X =Pe2E Xe. Clearly X = jE0j. Using Fact 2.3.1 it su�ces to prove that E[X ] = jEj2 .E[X ] = E "Xe2EXe# =Xe E[Xe] = Xe2E 12 = jEj2Notice that for this proof, choosing a coloring which is only pairwise independent su�ces.This fact will be useful in Chapter 11 for �nding a cut with the above properties.



CHAPTER 2. LINEARITY OF EXPECTATION 172.5 Short sum of vectorsDe�nition 2.5.1 Given a vector ~V = (v1; : : : ; vn) the length of ~V is de�ned ask ~V k= vuut nXi=1 vi = q~V �~VConsider the following problem: we are given n vectors, ~V1; : : : ~Vn. Each contains n entries,which might be 1 or �1 (so the length of each of them is pn). We have to add them, butwe may replace each ~Vi with its negation, �~Vi. The following theorem asserts that we canalways make these decisions in a way that the sum of these vectors will be relatively short.Notice that if the vectors are mutually orthogonal, (~Vi � ~Vj = 0), then this length is theshortest possible.Theorem 2.5.1 Given any n vectors ~V1; : : : ~Vn in f1; �1gn, there are scalars, �1; : : : �n 2f�1; 1g such that kP �i~Vi k� nProof: The proof will be based on a standard probabilistic argument. We will evaluatethe expected length of the sum, while making the decision between ~Vi and �~Vi at random.It will be shown that the expected square of the length is less than n2.Let us choose the �i-s independently at random to be �1 or 1 with probability 1=2. Weevaluate the expected length of P �i~Vi by computing the square of that quantity. We usethe fact that �i and �j are independent and therefore E [�i�j ] = E [�i] E [�j ] = 0.E h kX �i~Vi k2 i = E 24 nXi=1 nXj=1 �i�j ~Vi � ~Vj 35= nXi=1E h�2i ~Vi �~Vii+E 2664 nXi=1 nXj=1j 6=i �i�j ~Vi �~Vj3775 = nXi=1E h~Vi �~Vii+ nXi=1 nXj=1j 6=i ~Vi �~VjE [�i�j ]= nXi=1 n + nXi=1 nXj=1j 6=i ~Vi �~Vj � 0 = n2



Chapter 3The Deletion MethodSuppose we want to prove that a certain combinatorial object F exists via the deletionmethod. The proof is conceptually built of two stages: we �rst show that an object F 0which is very \close" (in a certain sense) to F exists. Then, we change F 0 to obtain F andprove that the probability of existence (after the change) remains positive. This method isuseful in cases where applying a direct probabilistic proof seems di�cult.3.1 The \min-max triangle" ProblemConsider the following problem: Let S = fp1; : : :png be a set of n points located in a unitsquare in the plane. Consider all the triangles whose vertices are points of S (there are �n3�such triangles). Let T (S) be the area of the triangle(s) with minimum area. The followingtheorem asserts that for any n there is a set S of n points such that T (S) is not too small.Theorem 3.1.18n 9S = fp1; : : :png; S is contained in the unit square; s:t: T (S) � 1100n2 :Proof: We prove the theorem by choosing 2n points at random in the unit square, testingall the triangles they de�ne, and eliminating the triangles that are \too small" by droppingone vertex from each of them. The core of the proof is the fact that we are left with enough(namely n) points.Choose 2n points in the unit square with uniform distribution. Let p; q; r denote threeof them. De�ne �(p; q; r) to be the area of the triangle that p; q and r de�ne. Recall thatthe area of a triangle is half the length of the base, multiplied by the height of the triangle.18



CHAPTER 3. THE DELETION METHOD 19
Figure 3.1: 6 points determine 20 trianglesLet k p� q k denote the Euclidean distance between p and q.For any real numbers b and �b for which 0 � b; �b � 1 we havePr[b �k q � p k� b+ �b] � �(b+�b)2 � �b2 = 2�b�b+ (�b)2The inequality follows from the fact that once you �x p, q should fall into a ring de�ned bytwo cycles of radii b and b+ �b centered at p (see Figure 3.2). Notice that the ring mightnot be completely contained in the square, and therefore an inequality holds.Let (p; q) be the base of the triangle (p; q; r), and let k p � q k = b. We would like toestimate the probability Pr[�(p; q; r) � �] for some �. This event happens when the heightof the triangle h satis�es h � �2b , and so r must not be farther than �2b from the line passingthrough p and q. The probability that this happens is less then 2p2�b , since r must fall in astrip of width �b and length less than p2.Therefore,Pr[�(p; q; r)� �] = Z p2b=0 Pr[b �k p� q k� b+ db] � Pr[triangle0s height � �=2b] =Z p2b=0 (2�b)4p2�b db = 16��Let us now compute the expected number of triangles that have area � � = 1n2 . Let S0be a set of 2n points uniformly distributed in the unit square. For each triple pi; pj; pk 2 S,let Xpi;pj;pk , be a random variable assuming the value 1 if the area of the triangle de�nedby (pi; pj; pk) is less than � = 1n2 , and zero otherwise. The probability that the area of somespeci�c triangle is less than 1100n2 is less then 0:6=n2. This is also the expected value of



CHAPTER 3. THE DELETION METHOD 20b b+Dbp qp
The ring in which q should lie The strip in which r should lieFigure 3.2: where points should lieXpi;pj;pk . Letting X be the number of triangles with area less then 1100n2 we haveE[X ] = Xp;q;r 2S0E[Xp;q;r] �  2n3 !0:6n�2 � nNow, by throwing away an arbitrary vertex from each of these "small area" triangles, weare left with a new set S 00 of expected size no less than n, in which no \small area" triangleexists. Therefore, there exists a set S 00 of size n for which T (S00) � 1100n23.2 Turan's TheoremDe�nition 3.2.1 An independent set in a graph G = (V;E) is a subset of vertices of Vsuch that no two vertices in the set are adjacent. We denote by �(G) the size of the largestindependent set in G.The following theorem relates the cardinality of the largest independent set in a graph andthe number of edges it contains.Theorem 3.2.1 (Turan) If j V j= n and j E j= nk=2 then �(G) � nk+1 .We prove a weaker result.Theorem 3.2.2 If j V j= n and j E j= nk=2 then �(G) � n2k .



CHAPTER 3. THE DELETION METHOD 21Proof: The use of probabilistic arguments to prove that a graph contains a large indepen-dent set seems a bit bizarre, since everything is �xed, so where can randomness come from?The trick is to choose at random a subset of the vertices that would be a candidate inde-pendent set. Using probabilistic arguments, we show that there is a subset that has manymore vertices than edges. Then, dropping one vertex from each of these edges, will surelyleave us with an independent set. The delicate part is how to �nd the exact probability fora vertex to be in the subset.Let us choose a random sample S � V , where each vertex is chosen independently withprobability p (to be speci�ed later). We haveE[ jS j] = npConsider the subgraph G0 induced by S. For S to be an independent set, G0 cannot containany edges. For every e 2 E, de�ne Ye to be 1 if e 2 E(G0) and 0 otherwise. Then, E[Ye] = p2since an edge belongs to E(G0) i� both of its two endpoints are in S which happens withprobability p2. Let Y =jE(G0) j. Let us evaluate E(Y ) (The expected number of edges inthis \hopefully" independent subset).E[ Y ] = E "Xe2E Ye# = Xe2EE[Ye] = nk2 p2If we drop all edges from G0 (by dropping a vertex from each of them) we are left with anindependent set S� of expected size E[jS� j] = E[jS j �Y ], andE[ jS j �Y ] = E[ jS j]�E[Y] = np� nk2 p2We would like to maximize this expression as a function of p. This is a parabola, whichattains its maximum at p = 1=k and thenE[jS� j] = E[ jS j �Y ] = n=2k3.3 Erd�os's TheoremDe�nition 3.3.1 The chromatic number of a graph G = (V;E) is the minimum numberof colors needed to color the vertices of G such that adjacent vertices have di�erent colors.We denote the chromatic number of G by �(G).



CHAPTER 3. THE DELETION METHOD 22De�nition 3.3.2 The girth of a graph G, girth(G), is the length of the shortest cycle.The next theorem relates the chromatic number of a graph and its girth. Since coloringa tree requires only two colors, it seem reasonable to assume that a graph with large girthhas a small chromatic number, since intuitively, this graph is \locally" a tree.Erd�os's Theorem asserts that for any value of the chromatic number, there are graphswith arbitrarily large girth. Actually, all you have to do in order to �nd them, is to choosea random graph that is big enough.Remark 3.3.1 Notice that given a coloring of the graph, any color class (a set of verticesthat has the same color) must be an independent set. A counting argument shows that�(G) � �(G) � nTheorem 3.3.1 (Erd�os) For any naturals l; k there exists a graph G, s.t. �(G) � k andgirth(G) � l.Proof: Choose a random graph Gnp.� The delicate point is the choice of p. If p is toosmall, the chromatic number would be small, since the largest independent set would bevery big. If p is too big, the girth is too small. We �rst study how the expectation of thesequantities is related to p, and then show that deleting not too many vertices, gives us thedesired girth without decreasing the chromatic number.Let � be a parameter, (to be speci�ed later), � < 1=l and let p = n��1. We choose arandom graph G(V,E) from Gnp.Let (b1; : : : ; bc) be an (ordered) sequence of vertices of G. The probability that there isa cycle b1� b2� : : :�bc in G is pc. Choose some subset fb1; : : : ; bcg � V ; there are (c� 1)!ways to form cyclic ordered sequences from these vertices. Using arguments similar to thosein the previous result, it is easy to show that the expected number of cycles of length c inthe graph will be �nc� (c�1)!2 pc, and the expected number X of cycles of length no greaterthen l isE[X ] = lXi=3 ni!(i� 1)!2 pi = lXi=3 n!(n� i) !2ipi � lXi=3 ni 12i(n��1)i � lXi=3 n�i2i � lXi=3(n�)iand if we choose � < 1l � 1m lnn E[X ]� C1n�a graph with n vertices where each edge is independently chosen with probability p.



CHAPTER 3. THE DELETION METHOD 23for some constant C1 that can be made as small as we wish by settingm and n large enough.Therefore, using Markov's Inequality,Pr[x � 
] � E[x]
we have Pr �X � n2 � � C1nn=2 = C2Recall that �(G) � n�(G). So let us evaluate the probability that �(G) � t (i.e. thereexists an independent set of size at least t )The probability that a set v1; : : : ; vc of vertices is independent is (1� p)(c2). Recall thatfor any two events, A andB Pr[A _B] � Pr[A] + Pr[B]. Hence,Pr [�(G) � t] �  nt!(1� p)(t2) < nte�p(t�1)2Since 8t � 0; (1� p)t < e�pt. Set t = 3 lnnp . We havente�p(t�12 � n 3 ln np (e�3 ln n2 ) 3 ln np = 1pne 3lnnp � C3pnfor some constant C3 and n big enough.We can now take n to be large enough so that both events:� �(G) � t.� The number of cycles of length less than l is less than n=2.will have probability greater than 1=2.If two events, A and B, both occur with probability larger than 1/2, then they intersect.Therefore there exists a graph G for which �(G) � t and there are at most n=2 cycles oflength less than l. Now, by throwing away at most n=2 vertices from G we destroy each ofthese cycles and hence create a new graph G� that does not contain cycles shorter then l.Deleting a vertex does not increase �(G). Putting it all together:�(G�) � j V (G�) j�(G�) � j V (G) j =2�(G) � n=23n1�� lnn = n�6 lnnBy taking n to be large enough, we can force �(G) to be greater than k.



Chapter 4The Second Moment MethodThe second moment method is a useful tool for determining the threshold function of anevent, i.e., a threshold such that below it, the probability of the event tends to 0, and aboveit, it tends to 1.De�nition 4.0.3 The family of random graphs Gnp is de�ned as the family of all graphswhere each edge is independently chosen with probability p.It turns out that many interesting graph properties have threshold functions in thefamily of graphs Gnp. That is, there exists a value p� such that if p < p�, the probabilitythat a graph sampled from Gnp has the property tends to 0, and if p > p�, the probabilitytends to 1.Let X be a non negative random variable with E [X ] = � and VAR [X ] = �2. ByChebyshev's Inequality: Pr[jX � �j � ��] � 1�2If we set � = �� , we getPr[X = 0] � Pr[(X = 0)[ (X � 2�)] = Pr[jX � �j � �] � �2�2Thus, if VAR [X ] = o(E[X ]2), we get Pr[X = 0] �! 0.Let A1; : : : ; An be events where Pr[Ai] = p, and let X1; : : : ; Xn be their indicator vari-ables (i.e., Xi = 1 if Ai happens and 0 otherwise). Then, 8i : Pr[Xi = 1] = p.We are about to �nd su�cient conditions that ensure that the probability that one of theevents Ai occurs tends to 0. 24



CHAPTER 4. THE SECOND MOMENT METHOD 25We de�ne X = Pni=1Xn, and denote by i � j if events Ai and Aj are dependent andi 6= j.By de�nition, VAR [X ] = nXi=1VAR [Xi] +Xi6=j Cov(Xi; Xj)where, Cov(Xi; Xj) = E[XiXj]� E[Xi]E[Xj] � E[XiXj ] = Pr[Ai \ Aj ]For a Bernoulli random variable Xi,VAR [Xi] = p(1� p) � p = E[Xi]=) VAR [X ] � nXi=1E[Xi] +Xi�j Pr[Ai \Aj ]setting � =Pi�j Pr[Ai \ Aj ]Pr[X = 0] � VAR [X ]E2[X ] � �E2[X ] + 1E [X ]=) If E [X ] �! 1 and � = o(E[X ]2); then Pr[X = 0] �! 0We now assume that events A1; : : : ; An are symmetric. (Events A1; : : : ; An are called sym-metric if for every i 6= j there exists an automorphism of the underlying probability spacethat sends event Ai to Aj). Then� =Xi�j Pr[Ai \ Aj ] =Xi�j Pr[Ai]Pr[Aj jAi] =Xi Pr[Ai]Xj�i Pr[Aj jAi]setting �� =Pj�i Pr[Aj jAi],Pr[X = 0] � �� �E [X ]E[X ]2 + 1E [X ] = ��E [X ] + 1E [X ]=) If E [X ] �! 1 and �� = o(E [X ]); then Pr[X = 0] �! 04.1 The threshold function for cliqueLet G be a graph and let W(G) be the largest clique in G.Theorem 4.1.1 The event W (G) � 4 has a threshold function p� = n� 23 .



CHAPTER 4. THE SECOND MOMENT METHOD 26Proof: For every subset of four vertices S let AS be the event that S induces a clique.Let XS be the indicator variable of AS . Clearly, for every S, Pr[AS ] = p6.We de�ne X =PS XS . Then, E [X ] = �n4� � p6 � n4�p624 . By Markov's Inequality:Pr[X � 1] � E [X ]1 �! 0=) If p� n� 23 E [X ] = o(1): Thus the probability that W (G) � 4 �! 0.We must show now that for p� n� 23 ; Pr[W (G) � 4] �! 1.First note that for p� n� 23 ; E [X ] �! 1.Next, we note that two cliques are dependent if only if they intersect in at least two vertices.Let S and T be any two subsets of four vertices.1. If jS \T j = 2 then Pr[AT jAS ] = p5. Note that for any �xed subset S, there are O(n2)such subsets T.2. If jS \ T j = 3 then Pr[AT jAS ] = p3. Note that for any �xed subset S, there are O(n)such subsets T.=) �� =PT�S Pr[AT jAS ] � np3 + n2p5.=) If p� n� 23 ; E [X ] �! 1; �� = o(E [X ]), and therefore Pr[W (G) � 4] �! 1.We conclude that p� = n� 23 is the threshold function of the event W (G) � 4.



Chapter 5Monotone Formulae for MajorityWe consider here monotone formulae, i.e., with AND and OR gates. In a formula, eachgate has fan-out one.Let X = fx1; : : : ; xng be a set of n = 2m Boolean variables.De�nition 5.0.1 The majority function is de�ned as follows:MAJ(X) = 8<: 1 P2mi=1 xi � m0 otherwiseValiant [Va2] considered monotone formulae for computing majority.Theorem 5.0.2 (Valiant) There is a monotone formula of size O(n5:3) and of depthO(logn) that calculates MAJ(X).Proof: We recursively de�ne a sequence A0; A1; : : : ; Ai; : : : of probability distributionsof monotone boolean formulae over the variable set X. The formulae in Ai will all havenonzero probability and size � 22i.We show that for an appropriate i, for every input X , the probability that a randomlychosen formula fromAi will not computeMAJ(X) is less than 2�n. Therefore, with positiveprobability, there exists a formula in Ai that computes the majority function.The distribution Ai is de�ned by the following recursive probabilistic construction of aformula F2 Ai:1. If i = 0 thenF = 8<: xj (1 � j � n) with probability 2�2m�10 with probability 1� 2�n2m�1 (otherwise)27



CHAPTER 5. MONOTONE FORMULAE FOR MAJORITY 28Where � = 3�p52 � 0:382. If i > 0 choose G1; G2; G3; G4 from Ai�1 independently and letF = (G1 + G2)(G3 + G4)We de�ne� X0 - An assignment to X for which MAJ(X) = 0.� X1 - An assignment to X for which MAJ(X) = 1.� fi - The probability that F (X0) = 1, where F2 Ai.� hi - The probability that F (X1) = 0, where F2 Ai.Note that fi and hi represent the probability of the event that the formula F disagrees withthe majority function.Clearly, f0 � (m� 1)2�2m� 1 = �(2m� 1)� �2m� 1 = �� 
(1n)h0 � 2m�2m� 1 + 1� 2n�2m� 1 = 1� � � 
(1n)To compute fi we notice that Pr[F (X0) = 1] is the probability that at least one offG1; G2g and one of fG3; G4g equals 1. This leads us to the recursive formulafi = f4i�1 + 4f3i�1(1� fi�1) + 4f2i�1(1� fi�1)2 = f4i�1 � 4f3i�1 + 4f2i�1:In a similar way we get hi = �h4i�1 + 2h2i�1:To �nish the proof we need to show that the probability of error decreases rapidly whenincreasing the depth of the formulae chosen. When the error is smaller than 2�n we aredone since there are only 2n possible assignments. This will happen when i = O(logn) andtherefore, there exists a formula of depth O(logn) for computing majority.



CHAPTER 5. MONOTONE FORMULAE FOR MAJORITY 29The only �xed points of these recurrence relations in the range (0,1) are fi = � and hi =1� �. Also, the derivative at � of fi with respect to fi�1 and of hi with respect to hi�1 is4� in both cases.We now show that we can reduce fi to any constant in O(logn) steps. Assuming fi is aconstant, we note that fi < 8f2i�1 and hi < 2h2i�1. Hence, if fj = x; then fj+k < (8x)2k=8.Substituting x = 2�5, a further log2 n iterations will reduce fi to 2�n�1. Note that the sizeof the resulting formula is O(n2(1+log
 2)) = O(n5:3).We notice that if fi�1 = �� � then fi = �� �f 0i (�) + �2f 00i (�)� �3f 000i (�) + �4f 0000i (�).Setting �(�) = �f 00i (�)� �2f 000i (�) + �3f 0000i (�); fi = �� �(4���(�)). Note that �(0) = 0.We now choose 
 < 4�; then fi = �� �
 � �(4�� 
 ��(�)):Finally we notice that f 00i (�) = 12�2� 24�+8 � 0:5836; f 000i (�) = 24�� 24 � �14:833 andf 0000i (�) = 24; hence �(�) is a monotone increasing function for � > 0.We conclude that there exists an �0 such that for all � < �0: fi�1 = �� � =) fi < �� 
�.Under the same hypotheses: hi�1 = 1� �� � =) hi < 1� �� 
�.From the two above equations, we conclude that for some i for which 1n � 
i � �0,fi < �� �0 and hi < 1� � � �0(I.e., i = (log2 n + log2 �0)= log2 
).In some further O(1) steps, both fi and hi can be reduced to any constant we wish, suchas 2�5.It follows from the above discussion that if F is chosen at random from the distribution Ai(for an appropriate i),Pr "[X (F (X) 6=MAJ(X))# �XX Pr[F (X) 6=MAJ(X)] � 12Open research problem: Construct deterministically a depth O(logn) monotone formulafor computing the majority function. Notice that such a construction exists { the sortingnetwork of Ajtai, Komlos and Szemeredi. However, its size is a polynomial of very highdegree.



Chapter 6The Lov�asz Local Lemma6.1 The LemmaLet A1; : : : ; An be events in a probability space. A graph G = (V;E) is called a dependencygraph of A1; : : : ; An if� jV j = n� 8i; j1; : : : ; jk 2 V , vertex i is not adjacent to j1; : : : ; jk, if event Ai is independent of(any combination of) the events Aj1 ; : : : ; Ajk .Notice that the dependency graph of a given set of events is not necessarily unique(since the independency of a set of events is a su�cient, but not necessary condition for thecorresponding set of vertices to be independent). The following theorem is known as theLov�asz Local Lemma.Theorem 6.1.1 Let A1; : : : ; An be events in a given probability space, and let G = (V;E)be their dependency graph. Assume that there exist some �xed numbers p and d such that,� 8i 2 V , the degree of i is at most d.� 8i 2 V , Pr [Ai] � p.� 4pd < 1 (or, alternatively, ep(d+ 1) < 1).Then Pr" n\i=1Ai# > 030



CHAPTER 6. THE LOV�ASZ LOCAL LEMMA 31Remark 6.1.1 The Lov�asz Local Lemma is a useful tool for proving the existence of acombinatorial object having certain properties. The proof usually proceeds by de�ning anappropriate probability space, and a set of \bad" events A1; : : : ; An that violate the desiredproperties (of the combinatorial object). Then, it is necessary to show that the conditionsof the Local Lemma are satis�ed in order to prove that with positive probability, none of the\bad" events occurs.Proof: Let S be a subset of f1; : : : ; ng. We prove, by induction on the size of S, that8i 2 V; Pr24Ai ������ \j2S;j 6=iAj 35 � 2p (6.1)The induction basis is the empty set for which the claim obviously holds. Suppose thatfor any set S � f1; : : : ; ng of size strictly less then s, the claim holds. Assume that i = n,S = f1; : : : ; sg and the neighbors of n in G are 1; : : : ; d, where d � s. This can be achievedby adding all the \missing" neighbors to S and renaming the vertices in V accordingly. �Using Bayes' Rule we getPr hAn ���A1; : : : ; As i = Pr hAn \A1 \ : : : \Ad ���Ad+1; : : : ; As iPr hA1 \ : : : \Ad ���Ad+1; : : : ; As iNow, we get the following upper bound on the numerator:Pr hAn \A1 \ : : :\Ad ���Ad+1; : : :As i � Pr hAn ���Ad+1; : : : ; As i= Pr [An]� pAnd, using De Morgan's Rule, the induction hypothesis, and the third assumption of theLocal Lemma, we get the following lower bound on the denominator:Pr hA1 \ : : :\ Ad ���Ad+1; : : : ; As i = 1� Pr" d[i=1(Ai ���Ad+1; : : : ; As)#� 1� dXi=1Pr hAi ���Ad+1; : : : ; As i� 1� 2dp> 1=2�Note that adding vertices to S does not decrease the value of the above expressions.



CHAPTER 6. THE LOV�ASZ LOCAL LEMMA 32Therefore Pr hAn ���A1; : : : ; As i � p1=2 = 2pThis completes the proof of Inequality (6.1).Finally, using Bayes' Rule and Inequality (6.1) we getPr" n\i=1Ai# = nYi=1Pr hAi ���A1 : : :Ai�1 i � (1� 2p)n > 06.2 ExamplesWe now provide two examples for the use of the Lov�asz Local Lemma.6.2.1 Property BRecall that a given hypergraph has property B if there exists a 2-coloring of the verticessuch that none of the edges is monochromatic.Claim 6.2.1 Let H be a hypergraph such that each edge contains at least k vertices andintersects with at most d other edges. Suppose also that 4d � 2k�1. Then, H has propertyB.Proof: Color the vertices uniformly at random by 2 colors. Let Af be the event that edgef is monochromatic. Then, Pr [Af ] = 2 (1=2)jf j � (1=2)k�1Denote p = (1=2)k�1. Thus, it follows that Pr [Af ] � p. By assumption it also follows that4pd < 1.Let G be a dependency graph of the events Af . Clearly, events that correspond to edgesthat do not intersect are independent. Hence, the degree of each vertex in G is at most d.Since the three conditions of the Lov�asz Local Lemma are met, we getPr24\f Af35 > 0Hence, H has property B.



CHAPTER 6. THE LOV�ASZ LOCAL LEMMA 33Claim 6.2.2 Let H be a k-uniform hypergraph (i.e., each edge contains exactly k vertices)and k-regular (i.e., each vertex participates in exactly k edges). Then, 8k � 9, H hasproperty B.Proof: Color the vertices uniformly at random by 2 colors. Let Af be the event that edgef is monochromatic. Since H is k-uniform, we getPr [Af ] = 2 (1=2)jf j = (1=2)k�1Denote p = (1=2)k�1. It follows that Pr [Af ] � p.Since H is k-regular, each edge intersects at most k(k � 1) other edges. Denote d =k(k � 1). Thus, 8k � 9; ep(d+ 1) = e (1=2)k�1 (k(k� 1) + 1) < 1.Let G be a dependency graph of the events Af . Clearly, events that correspond to edgesthat do not intersect are independent. Hence, the degree of each vertex in G is at most d.Since the three conditions of the Lov�asz Local Lemma are met, we getPr24\f Af35 > 0Hence, H has property. B6.2.2 Ramsey numberLet Kn denote a clique of size n. Recall that R(k; k) is the smallest n such that every2-coloring of the edges of Kn induces a monochromatic clique Kk.In a previous section we used the basic probabilistic method to prove that R(k; k) � 2 k2 .In this section, we show how to use the Lov�asz Local Lemma to obtain a similar result.Let us choose a uniform random 2-coloring of the edges of Kn. 8S � V , jSj = k, de�neAS to be the event that the k-clique induced by S is monochromatic. Then Pr [AS ] =2 � (1=2)(k2). Denote p = 2 � (1=2)(k2).Let G be a dependency graph of the events AS . The event AS depends only on eventsAS0 for which S and S 0 contain at least one common edge. Hence, the degree of each vertexin G is at most d �  k2! � n � 2k � 2!



CHAPTER 6. THE LOV�ASZ LOCAL LEMMA 34By the Lov�asz Local Lemma, if 4pd < 1, then there is a positive probability that nosubclique of size k is monochromatic in the coloring. Therefore, to get a lower bound onRamsey number R(k; k), we need the maximal n satisfying4pd = 4 � k2! �  n� 2k � 2! � 2 � (1=2)(k2) < 1Thus, we gety R(k; k) > n � kep2 2k=2(1 +O(1))6.3 Beck's Algorithm for Property BProbabilistic proofs that use the Lov�asz Local Lemma also imply a randomized algorithm forconstructing the combinatorial object whose existence is proved. However, the probability ofsuccess of such an algorithm might be exponentially small, and for many years, an intriguingopen problem was to construct a randomized algorithm which has a high probability ofsuccess. This problem was solved in the a�rmative in 1991 by J. Beck [Bec], (see also [Al2]),who gave a randomized algorithm that �nds a coloring of a hypergraph with property B,where the probability of success is polynomially small. We note that this algorithm can bemade deterministic using the techniques described in Part III of these lecture notes.6.3.1 The algorithmLet H be a hypergraph containing N edges e1; : : : ; eN such that 8i, edge ei intersects atmost d other edges and jeij = n. DenoteD = d(d�1)3. Choose a partition n = n1 + n2 + n3such that� 16D(d+ 1) < 2n1� 16D(d+ 1) < 2n2� 2e(d+ 1) < 2n3(For example, when d < 2n=11 the partition n1 = n2 � 5n=11; n3 � n=11 satis�es theabove conditions). The following algorithm colors the vertices of H such that no edge ismonochromatic (i.e., H has property B). Its expected running time is O(N(lnN)C):yThis requires some work.



CHAPTER 6. THE LOV�ASZ LOCAL LEMMA 35Phase 1 Insert the vertices of H into a queue in some arbitrary order.1. Repeat until the queue is empty:(a) Let v is the head of the queue.(b) Color v by red or blue with equal probability.(c) If 9i such that edge ei contains n1 vertices of the same color and n � n1vertices which have not yet been colored:� Mark edge ei as \dangerous".� Remove from the queue all the vertices of ei that have not yet beencolored.2. Delete all edges that contain at least one red vertex and one blue vertex.Phase 2 Execute Phase 1 with parameter n2 for each connected component in the resultinghypergraph (i.e., the hypergraph that contains only the vertices that were not yetcolored and the edges that were not yet deleted).Phase 3 Try all possible colorings for the remaining hypergraph. Stop whenever a coloringwith property B is found.6.3.2 AnalysisFor all 1 � i � N , let Ai be the event that edge ei is monochromatic. Let G be a dependencygraph of the events Ai. Denote by S1 and S2 the sets of edges in H that \survive" the �rstand second phase, respectively. Let GjS1 ; GjS2 be the dependency graphs of the \survivingevents" from S1 and S2, respectively.Lemma 6.3.1 The size of each connected component of GjS1 is O(lnN) with probabilitytending to 1.Proof: Let T be a subset of vertices from the dependency graph G. T is called a 4-tree if:� 8i; j 2 T , the distance in G between i and j is at least 4. (In particular, T is anindependent set of vertices from G.)� Let ET be the following set of edges: (i; j) 2 ET if i; j 2 T and the distance in Gbetween i and j is exactly 4. Then, GT = (T;ET) is a connected graph.



CHAPTER 6. THE LOV�ASZ LOCAL LEMMA 36The probability that an edge ei of H becomes dangerous in the �rst phase is 21�n1 . Theprobability that an edge ei of H survives the �rst phase is bounded by the probability thatei, or at least one of its neighboring edges, becomes dangerous. Let T be a 4-tree of G, thenPr [T survives the �rst phase] =Pr [Ti2T ei survives the �rst phase] �Pr [Ti2T ei or one of its neighboring edges becomes dangerous] =Qi2T Pr [ei or one of its neighboring edges becmes dangerous] ��(d+ 1)(21�n1)�jT jThe last equality is due to the fact that T is a 4-tree. Hence, 8i; j 2 T , the edges ei and ejdo not have a common neighboring edge. Thus we getPr [T survives the �rst phase] � �(d+ 1)(21�n1)�jT j (6.2)By the de�nition of a 4-tree, the graph GT = (T;ET) is connected, and thus it mustcontain a spanning tree. By Cayley's Theorem, there can be at most jT jjT j�2jT j! < 4jT j possiblespanning trees on jT j vertices, which are not isomorphic. Also, for a speci�c spanning treeon jT j vertices, the number of 4-trees containing this tree is bounded byN �d(d� 1)3�jT j�1 = N �DjT j�1 < N �DjT jHence, The number of possible 4-trees on jT j vertices < N(4D)jT j (6.3)Therefore, from (6.2) and (6.3) it follows that the expected number of 4-trees thatsurvive the �rst phase is N �8D(d+ 1)2�n1�jT j � N(1=2)jT jFor jT j � C1 lnN we get that the expected number of 4-trees of size jT j that survivethe �rst phase is o(1) (i.e., tending to 0). Hence, the size of the maximal 4-tree containedin a speci�c connected component of GjS1 is at most C1 lnN with probability tending to 1.This yields that the size of the component itself is at most d3C1 lnN = C2 lnN = O(lnN)with probability tending to 1.Lemma 6.3.2 The size of each connected component of GjS2 is O(ln lnN) with probabilityconverging to 1.



CHAPTER 6. THE LOV�ASZ LOCAL LEMMA 37Proof: The proof is essentially the same as the proof of Lemma 6.3.1.Lemma 6.3.3 The expected running time of the algorithm is O(N(lnN)C).Proof: In phases 1 and 2 the vertices are considered one by one and the time required foreach vertex is bounded by a constant. Hence, phases 1 and 2 take O(N) time. In phase 3all possible coloring of each connected component are considered. By Lemma 6.3.2, theexpected number of possibilities to color a certain connected component is2n ln lnN = (lnN)n = O((lnN)C)and since there can be at most N connected components, the expected running time of thethird phase is O(N(lnN)C).Lemma 6.3.4 The algorithm succeeds in producing a coloring with property B with proba-bility tending to 1.Proof: The probability of success of phases 1 and 2 can be made to be tending to 1.Hence, it is enough to show that in the third phase there always exists a coloring in whichno edge is monochromatic. After executing phases 1 and 2, each of the \surviving" edgesof H contains at least n3 = n� n1 � n2 vertices that have not yet been colored. Therefore,the probability of the events represented by the vertices of GjS2 is at most 21�n3 . Denotep = 21�n3 . The degree of vertices in GjS2 is still bounded by d. Recall that the partitionn = n1 + n2 + n3 was chosen such that 2e(d + 1) < 2n3 . Thus ep(d + 1) < 1. Hence, theclaim follows from the Lov�asz Local Lemma.



Chapter 7Martingales7.1 De�nitionsWe begin by recalling the notion of conditional expectation.De�nition 7.1.1 Given random variablesX and Y , their conditional expectation, E [X jY ],is de�ned to be E [X jY = yi ]4=Xj xj � Pr [X = xj jY = yi ]Notice that E [X jY ] is a random variable. For any two random variables, X and Y , theproperties listed below follow directly from the de�nition of conditional expectation:� E [E [X jY ]] = E [X ]� E [X jX = xi ] = xi� E [X + Y jZ ] = E [X jZ ] +E [Y jZ ]� E [Y �E [X jY ]] = E [X � Y ]� E [f(Y ) �E [f(X) jY ]] = E [f(X) � f(Y )]De�nition 7.1.2 A sequence of random variables X0; X1; : : : ; Xm is called a martingale iffor all 0 � i � m� 1 E [Xi+1 jXi ] = Xi38



CHAPTER 7. MARTINGALES 39Example: Consider a casino gambler having 1-credit. Let X0 be the gambler's initialcapital and let Xi be his capital after i bets. Assume that all games are fair (i.e., theexpected gain in a bet is 0). Clearly, E [Xi+1 jXi ] = Xi. Hence the sequence X0; X1; : : : ; Xmis a martingale.7.2 Azuma's InequalityAzuma's Inequality states that under certain assumptions, a martingale has a small prob-ability of drastically changing.Theorem 7.2.1 (Azuma's Inequality) Let X0; X1; : : : ; Xm be a martingale such that� X0 = 0� jXi+1 �Xij � 1 0 � i � m� 1Then 8 � > 0 Pr �Xm > �pm� < e��2=2Proof: First we prove the following technical claim that for Y 2 [�1; 1]e�Y � e� + e��2 + e� � e��2 YConsider the following functions of Y :� f(Y ) = e�Y� g(Y ) = e�+e��2 + e��e��2 YNotice that g(Y ) is the straight line that passes through the points (�1; e��) and (1; e�)and that f(Y ) is the exponential function that passes through the same points (�1; e��)and (1; e�). Since f is a convex function, it follows that f(Y ) � g(Y ) for Y 2 [�1; 1].Now, for all 1 � i � m let us de�ne Yi = Xi�Xi�1. By de�nition it follows that jYij � 1and E [Yi jXi�1 ] = 0. Hence, using these facts and the above claim we getE he�Yi jXi�1 i � E " e� + e��2 + e� � e��2 Yi�����Xi�1#= e� + e��2� e�2=2 (7.1)



CHAPTER 7. MARTINGALES 40Notice that Xm =Pmi=1 Yi and Xm�1 =Pm�1i=1 Yi. Hence, using (7.1) we getE he�Xmi = E " mYi=1 e�Yi#= E " m�1Yi=1 e�Yi! e�Ym#= E he�Xm�1e�Ymi= E he�Xm�1E he�Ym jXm�1 ii� E he�Xm�1i e�2=2By similarly repeating for m times, we getE he�Xmi � e�2m=2 (7.2)Hence, by Markov Inequality and (7.2),Pr �Xm > �pm� = Pr he�Xm > e��pmi � E he�Xmie��pm � e�2m=2e��pmChoosing � = �=pm > 0, we getPr �Xm > �pm� � e��2=2The following theorem is a generalization of Azuma's Inequality:Theorem 7.2.2 Let X0; X1; : : : ; Xm be a martingale such that� X0 > 0.� jXi+1 �Xij < Ci 0 � i � m� 1Then, 8 � > 0 Pr [jXm �X0j � �] � e� ��2=2Pm�1i=0 C2i �The proof of this theorem is omitted.



CHAPTER 7. MARTINGALES 417.3 Examples7.3.1 The chromatic number of random graphsRecall the following ensemble of distributions of random graphs, denoted by Gnp. For �xedn and p, the distribution Gnp includes graphs over n vertices for which each edge is chosenwith probability p. In this section we use martingales to bound the variance of the chromaticnumber of G, �(G), where G is drawn from Gnp.For a graph H , denote by Hi the induced subgraph of H on the �rst i vertices. Let Gbe a random graph that agrees with Hi on the �rst i vertices, and where the rest of theedges are chosen with probability p. De�ne the following sequence of functions with respectto a graph H . �i = E h�(G) ���G[i] = H[i]iIn other words, �i is the expectation of the chromatic number of the graphs in Gnp, forwhich the induced subgraph over the �rst i vertices is �xed.Theorem 7.3.1 The sequence �1; : : : ; �n forms a martingale.Proof: We have to show that E [�i+1 j�i ] = �i. Consider the following n-stage processthat unravels graph H : at stage i+1, the i+1st vertex and all potential edges connecting itto the �rst i vertices are exposed. Notice that the induced subgraph H[i] is already knownat the beginning of stage i+ 1 (in which H[i+1] is exposed).For ease of exposition, we consider stage i+1 of the graph-exposure process as a collectionof i \subprocesses" in which the corresponding i candidate edges are exposed. Now let usconsider the �rst candidate edge that is exposed in stage i + 1. Denote this edge by e.Notice that the probability space of the random variable �i contains all possible graphsover i vertices. Let a0 be the expectation of the chromatic number of graphs in Gnp when:(i) H[i] is known; (ii) e exists. Let a00 be the expectation of the chromatic number of graphsin Gnp when: (i) H[i] is known; (ii) e does not exist. Then,�i = a0 � Pr [e 2 H ] + a00 �Pr [e 62 H ] = a0p+ a00(1� p)But, this is exactly the expectation of the chromatic number of graphs in Gnp where Hi ande are known. (An example is shown in Fig 7.1.) Using the same argument for all i candidateedges of stage i+ 1, we get that the expectation of the chromatic number of graphs in Gnpat the end of this stage is also �i. Therefore, we get E [�i+1 j�i ] = �i
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X X X X1 2 30Figure 7.1: The edge exposure process with n = 3 where the edges are exposed in the order \bot-tom,left,right". The values �i(H) are given by tracing from the central node to the leaf labeled H.The following is due to Shamir and Spencer [SS].Theorem 7.3.2 Given H, a random graph in Gnp, de�ne C 4= E [�(G) : G 2 Gnp]. ThenPr �j�(H)� Cj > �pn� < e��2=2Proof: By de�nition �1 = E [�(G)]. By Theorem 7.3.1, the sequence �1; : : : ; �n is amartingale. Also, it is easy to see that j�i+1 � �ij � 1 since the addition of a single vertexto Hi increases the chromatic number by at most 1. Hence, using Azuma's Inequality(Theorem 7.2.1), the result follows.Corollary 7.3.1 If � is chosen to be a function !(n) n!1�! 1, then the chromatic numberof a graph in Gnp is within an interval of size 2pn � !(n) around its expectation, withprobability tending to 1.7.3.2 Dropping ballsAssume we have m balls and n boxes. At each step we take a ball and drop it uniformlyat random to one of the boxes. Our aim is to show that a random variable Z, that countsthe number of empty boxes, (after all balls are dropped), is highly concentrated around itsexpectation. The proof presented here follows [MR].



CHAPTER 7. MARTINGALES 43De�ne a martingale Z0; Z1; : : : ; Zm. Let Z0 = E[Z], and for every 1 � t � m, let therandom variable Zt be the expectation of the number of empty boxes, assuming that: (i)we know where the �rst t balls fell; (ii) dropping the remaining (m� t) boxes uniformly atrandom. Obviously, Zm = Z.Claim 7.3.1 The sequence Z0; Z1; : : : ; Zm is a martingale.Proof: Similar to the proof of Theorem 7.3.1.Let us compute E[Z]. For every box, the probability of being empty after m steps, is(1� 1=n)m. Due to linearity of expectation:E[Z] = n�1� 1n�m = Z0 :Denote � = n(1� 1=n)m.Theorem 7.3.3 For every � � 0 it holds:Pr[jZ � �j � �] < 2e ��2nn2��2 ;where Z and � are as de�ned above.Proof: We prove this using the generalized Azuma Inequality. To do so, we have toestimate jZt+1 � Ztj, for every 0 � t � m � 1. Denote by Z(Y; t) the expectation of Zconditioned on the fact that there are Y empty boxes after t steps. Then, obviously,Z(Y; t) = Yt�1 �1� 1n�m�t+1De�ne a random variable Yt; 0 � t � m, counting the number of empty boxes after tsteps. Then Zt�1 = Z(Yt�1; t� 1) = Yt�1 �1� 1n�m�t+1Suppose we have performed (t � 1) steps. There are two possibilities.Case 1: At step t the ball falls into a non-empty box with probability 1� Yt�1=n. In thiscase, Yt = Yt�1 ;Zt = Yt�1 �1� 1n�m�t :



CHAPTER 7. MARTINGALES 44Case 2: At step t the ball falls into an empty box with probability Yt�1=n. In this case,Zt = (Yt�1 � 1)�1� 1n�m�tDe�ne �t = Zt � Zt�1. Then in Case 1:�t = Yt�1 �1� 1n�m�t � Yt�1�1� 1n�m�t+1 = Yt�1n �1� 1n�m�twhereas in Case 2:�t = (Yt�1 � 1)�1� 1n�m�t � Yt�1 �1� 1n�m�t+1= ��1� Yt�1n ��1� 1n�m�tSince 0 � Yt�1 � n for every t, we have:��1� 1n�m�t � �t � �1� 1n�m�t(The lower bound is obtained by taking Yt�1 = 0; the upper bound is obtained by takingYt�1 = n).Denote ct = (1� 1=n)m�t, then jZt � Zt�1j � ct for every 1 � t � m. Now,mXt=1 c2t = 1� �1� 1n�2m1� �1� 1n�2 = n2 � �22n+ 1 < n2 � �22n ;And so the generalized Azuma Inequality yields:Pr[jZ � �j � �] < 2e�2�2=Pmt=1 c2t < 2e ��2nn2��2



Chapter 8ExpandersExpanders are graphs that have the property that every subset (which is not too large) isadjacent to many vertices. This property is called the expansion property. Such graphshave found numerous applications, in virtually every area of theoretical computer science.The challenge is to generate expanders that contain only a linear number of edges. (Thecomplete graph is clearly an expander). Using the probabilistic method, it is quite easyto show that an expander containing a linear number of edges indeed exists. The �rstexplicit construction of an expander was given by Gaber and Galil [GG], and the bestconstruction to date is by Lubotzky, Phillips and Sarnak [LPS], and [Ma]. We note that allknown constructions of expanders use a characterization of the expansion property via theseparation between the �rst and second eigenvalues of the adjacency matrix of the graph.All known constructions of expanders are not hard to describe; however, the proofs thatthese constructions indeed yield the expansion property, is far beyond the scope of thiscourse, in particular the proof of [LPS]. It is an outstanding open question to �nd anexpander construction that has a \simple" proof.Notes prepared by Ron Roth were very helpful for the material presented in this chapter.8.1 Background from Linear AlgebraThis section summarizes material from Linear Algebra that will be used in subsequentsections. For more details the reader is referred to any standard textbook on Linear Algebra,and to the book by Biggs [Bi].Let ~a be a vector in <n (we let < denote the real numbers, and an arrow over a variable45



CHAPTER 8. EXPANDERS 46to denote it is is a vector). The ith coordinate of ~a is denoted by ai. The sum Pni=1 jaij isdenoted by j~aj, and k~ak denotes qa21 + � � �+ a2n.Also, we refer to k~ak as the norm of ~a. Multiplication of vectors, matrices, a matrix bya vector (or vice versa), is denoted by juxtaposing the variables denoting the multiplicands.We denote the inner product of ~a and ~b by h~a;~bi.Let G = (V;E) be an undirected �-regular graph on n vertices (a �-regular graph is agraph in which the degree of each vertex is �). Let A be the adjacency matrix of G. Thatis Aij = 8<: 1 (i; j) 2 E0 otherwise.Obviously, A is symmetric, i.e., A = AT , where AT denotes the transpose of A. A realnumber � is called an eigenvalue of A, if there exists a non-zero vector ~x for which A~x = �~x.The vector ~x is called an eigenvector corresponding to �. The eigenvalues of A are thesolutions of the characteristic equation (�I � A)~x = 0, i.e., all the �-s for which det(�I �A) 6= 0. The algebraic multiplicity of an eigenvalue is its multiplicity in the solution of thecharacteristic equation. The geometric multiplicity of an eigenvalue is the dimension of thespace of eigenvectors corresponding to it. The geometric multiplicity of an eigenvalue isalways smaller than or equal to its algebraic multiplicity.Theorem 8.1.1 The following holds for every symmetric matrix A over <.1. All the eigenvalues of A are real.2. The eigenvectors corresponding to di�erent eigenvalues are independent.Proof: Suppose A may also contain entries that are complex numbers. The hermitian ofa matrix A, denoted by AH , satis�es AHij = Aji (where Aji denotes the conjugate complexof Aji). We prove the �rst part of the theorem for every hermitian matrix A, i.e., for whichA = AH . Obviously, a symmetric matrix (over the real numbers) is hermitian. We needthe following claim.Claim: If A = AH , then for any vector ~x (over the complex numbers), ~xHA~x is real.Proof: Consider the following equalities.(~xHA~x)H = ~xHAH~xHH = ~xHAH~x = ~xHA~x:



CHAPTER 8. EXPANDERS 47The �rst equality follows from the fact that (XY )H = Y HXH , for any matrices X andY . The last equality follows from the fact that A = AH . We get that a number c (wherec = ~xHA~x) satis�es c = cH . Therefore c must be real.(Proof of Theorem 8.1.1, continued:) Suppose now that � is an eigenvalue of A, thatis A~x = �~x, for some vector ~x. We have the following equalities.~xHA~x = ~xH�~x = �~xH~x = �k~xk2:The �rst equality follows from the fact that � is an eigenvalue of A. The last equality followsfrom the de�nition of a norm of a vector over the complex numbers. The norm of a vectoris a real number, so in the above equalities, we have a real number at the left handside,and on the right handside we have � multiplied by a real number. We conclude that � isa real number. Now suppose that A~x = �1~x and A~y = �2~y, where �1 6= �2. There are thefollowing equalities:�1~xT~y = (�1~x)T~y = (A~x)T~y = ~xTA~y = ~xT (�2~y) = �2~xT~y:Since �1 6= �2, we must have that ~xT~y = 0. We conclude that ~x and y are orthogonal andtherefore independent.Remark 8.1.1 A symmetric matrix A can be diagonalized by �nding a basis of orthogonaleigenvectors. Suppose that these eigenvectors induce the columns of matrix S. Then, S�1ASis a diagonal matrix, where all the eigenvalues appear on the diagonal. In general, a matrixcan be diagonalized if and only if the algebraic multiplicity of each eigenvalue is equal to itsgeometric multiplicity. Hence, for a symmetric matrix A, the algebraic multiplicity of eacheigenvalue is equal to its geometric multiplicity.Theorem 8.1.2 Let A be the adjacency matrix of a �-regular graph G.(i): � is an eigenvalue of A, it has algebraic multiplicity 1, and each eigenvector corre-sponding to � is of the form c � ~1 for any scalar c.(ii): For every eigenvalue � of A, j�j � �.



CHAPTER 8. EXPANDERS 48Proof: Since A is the adjacency matrix of a �-regular graph, the number of 1's in everyrow of A is �, hence cA~1 = c�~1, for any scalar c, and � is an eigenvalue of A. This implies,by Remark 8.1.1, that the geometric multiplicity of � is non-zero, and hence, there existsa non-zero eigenvector x that corresponds to � (that is, A~x = �~x). Let xj be the largestcoordinate in ~x. Let Aj denote the jth row of A. We know that Ajx = �xj . However, inAj there are 1's only in the � positions that correspond to the neighbors of j. Let N(j)denote the set of neighbors of j in the graph. Therefore:Xi2N(j)xi = �xj :Since xj is maximal, we conclude that xi = xj for every i that is a neighbor of j. Weinductively continue with each xi (i is a neighbor of j) to get that all coordinates of ~x areequal. Therefore, ~x = c~1 for some c, and this proves that the geometric multiplicity of � is1. Let � be an eigenvalue of A, ~x an eigenvector corresponding to �, and xj the largestcoordinate in ~x. Since A~x = �~x, we getXi2N(j)xi = �xj :Taking the absolute value of both sides of the last equality, and using a generalization ofthe triangle inequality, we obtain:j�jjxjj = ������ Xi2N(j)xi������ � Xi2N(j) jxij � �jxj j:(Recall that the number of neighbors of j is �, and that xj is maximal among all entriesin x.) This yields that j�j � �.8.2 Eigenvalues and expandersLet G be a �-regular graph, and let A be its adjacency matrix. We know that A = AT ,and that we can �nd an orthonormal basis ~e1; : : : ; ~en of eigenvectors of A. Let �1; : : : ; �n beeigenvalues of A, where ~ei corresponds to �i, for every i. We assume that �1 � � � � � �n, andthat � = �1 (we already know that � is an eigenvalue of A), and we �x the corresponding~e1 to be 1pn~1.



CHAPTER 8. EXPANDERS 49Given a set of vertices S of size bn, (0 < b < 1), de�ne the vector ~z to be:zu = 8<: 1� b if u 2 S;�b otherwisefor every u 2 V . Note thatXu2V zu = bn(1� b) + (1� b)n(�b) = 0:Therefore, the inner product of ~z and ~e1, h~z;~e1i, is 0, implying that ~z and ~e1 are orthogonal.Since the ~ei's form a basis, we can represent ~z as:~z = nXi=1 �i~ei;for some real numbers �1; : : : ; �n. Clearly, �1 = 0. Consider now the vector A~z. We have,A~z = A nXi=2 �i~ei = nXi=2 �iA~ei = nXi=2 �i�i~ei;and: kA~zk2 = hA~z; A~zi= nXi=2 �2i�2i k~eik2 = nXi=2 �2i�2i (8.1)� nXi=2 �2i�22 = �22k~zk2= �22((1� b)2bn+ (1� b)nb2) = �22(1� b)bn:Equality (8.1) follows from the fact that k~ei~ejk = 0, for i 6= j, and k~ei~eik = 1. On the otherhand: kA~zk2 = Xu2V ((NS(u)(1� b) + (��NS(u))(�b))2 = Xu2V (NS(u)� b�)2:Thus, the following theorem is immediate.Theorem 8.2.1 For any set S � V of vertices of cardinality bn, it holds:1n Xu2V (NS(u)� b�)2 � �22(1� b)b:



CHAPTER 8. EXPANDERS 50Remark 8.2.1 Notice that in a random �-regular graph, (where each vertex v has b�neighbors in S on the average), �22(1 � b)b is an upper bound on the variance of NS(v),when viewed as a random variable of v. This bound depends only on jSj and not on thesubset S. Note also that �22(1� b)b � �22=4.We are now ready to �nd our �rst bound on the expansion of S, that is the number ofvertices not in S that have a neighbor in S, divided by the cardinality of S. Let t be thenumber of vertices not in S, that do not have a neighbor in S. For each vertex u of these tvertices, we have NS(u) = 0. Therefore,1n Xu2V (NS(u)� b�)2 � tb2�2n :Combining the latter bound with Theorem (8.2.1), we obtain a bound on t, as follows.Corollary 8.2.1 tn � ��2��2 � 1� bbThe above bound relates the expansion of S with the ratio between the �rst and secondeigenvalues of A. If �2=� is small, then S has many neighbors in V � S. Another bound isgiven by the following theorem, due to Tanner [Ta].Theorem 8.2.2 Let S be a set of vertices, and let �(S) be the set of vertices that are eitherin S or have a neighbor in S. Thenj�(S)j � �2 jSj(�2 � �22) jSjn + �22 :Let ~x be the characteristic vector of S. Observe that ~x = ~z + b~1 and�(S) = fu 2 V j(A~x)u > 0g:In order to prove the theorem, we prove the following lemma. The proof of Theorem 8.2.2follows immediately from the combination of the two bounds stated in the lemma.Lemma 8.2.1 The following bounds hold:j�(S)j � �2 jSj2kA~xk2 :kA~xk2 � (�2 � �22) j(jS)2n + �22 jSj :



CHAPTER 8. EXPANDERS 51Proof: By de�nition of a norm of a vector, we have:kA~xk2 = Xu2V (A~x)2u:We now use Jensen's Inequality that states that for positive numbers a1; : : : ; ak, and aconvex function f , 1k kXi=1 f(ai) � f  Pki=1 aik !Thus, we have: Xv2V (A~x)2u = j�(S)jXu2V (A~x)2uj�(S)j� j�(S)j Xu2�(S) (A~x)2uj�(S)j (8.2)� j�(S)j Pu2�(S)(A~x)uj�(S)j !2 (8.3)Observe that since A is the adjacency matrix of a �-regular graph, and since ~x is thecharacteristic vector of S, for every u 2 S, (A~x)u = �. In addition, for every u =2 S,(A~x)u = 0 (hence, we can write \=" in Inequality (8.2)). Using these two facts in thesummation of Inequality (8.3), we get:j�(S)j Pu2�(S)(A~x)uj�(S)j !2 = �2 jSj2j�(S)jThis proves the �rst bound of the lemma.Consider the representation of ~x as a linear combination over the basis ~e1; : : : ; ~en. Letthis representation be: ~x = nXi=1 �i~ei:On the other hand, we know that ~x = ~z + b~1. We remind the reader that ~e1 = 1pn~1.Therefore, we get: ~z + b~1 = nXi=1 �i~ei = �1pn~1 + nXi=2 �i~ei:However, since ~z and ~1 are orthogonal, we obtain �1 = bpn, and �i = �i, for i = 2; : : : ; n.Consider, again, the norm of A~x.kA~xk2 = 
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CHAPTER 8. EXPANDERS 52= nXi=1 �2i�2i = �2b2n+ nXi=2 �2i�2i� �2b2n+ �22 nXi=2 �2i= �2b2n� �22b2n+ �22 nXi=1 �2i= (�2 � �22)b2n+ �22 jSj (8.4)= (�2 � �22) jSj2 =n+ �22 jSjEquality (8.4) follows from the fact thatjSj = ~xT~x = nXi=1 �2i k~eik2 = nXi=1 �2iThis proves the second bound of the lemma.A graph G = (V;E); jV j = n, is called an expander , with an expansion parameter c > 0,if for every set S of vertices of size at most n=2:j�(S)j � (1 + c(1� jSj=n)) jSj;where �(S) is the set of vertices that are either in S, or have a neighbor in S. Note thatthe expansion, (that is j�(S)� Sj = jSj), is at least c=2.We now �nd the expansion parameter given by Tanner's bound. Let � = j�2j=�. Byusing Tanner's theorem and the de�nition of an expander, we get:jSj(1� �2)jSj=n+ �2 = (1 + c(1� jSj=n))jSj:Substituting b = jSj=n gives us: c = 1� �2(1� �2)b+ �2 :For b = 1=2, we get c = 1� �21 + �2 :Corollary 8.2.2 Any �-regular graph is an expander with expansion parameter c satisfyingc � 1� �21 + �2 :



CHAPTER 8. EXPANDERS 538.3 An explicit constructionWe now give an explicit construction of an expander. The analysis of the constructionis rather complicated and is beyond the scope of the course. The construction is due toLubotzky, Phillips, and Sarnak [LPS], and Margulis [Ma].Let n be some parameter, and let p and q be two distinct prime numbers, such thatp = 1 (mod n); and q = 1 (mod n):In addition, p must be a quadratic residue in the �eld GF[q], that is, there exists y suchthat y2 = p (mod q):The vertices V of the graph G correspond to the set of all 2 � 2 matrices in the �eldGF[q] whose determinant is 1. The matrices A and �A correspond to the same vertex.There is an edge (A;B), if AB�1 is of the form� 1pp 0@ a0 + ia1 a2 + ia3�a2 + ia3 a0 � ia1 1A ;where i2 = 1 (mod p), a0 is odd, a1; a2, and a3 are even, anda20 + a21 + a22 + a23 = p:Jacobi proved that there are p + 1 sets of ai's that match the above requirements, so thedegree of the LPS graph is p+ 1. An analysis shows that,� The number of vertices is q(q2 � 1)=2,� � = p+ 1, and� �2 � 2pp � 2p�.Using Corollary 8.2.2 we obtain that the LPS graph has an expansion parameter thatis at least 1� (�2=�)21 + (�2=�)2 � �� 4� + 4 = p� 3p+ 5 :An interesting property of the LPS expander is that it is \locally" explicit. This, and relatednotions, are discussed in detail in Section 18.4. We just mention here that this means thatthere exists an algorithm for testing whether two vertices in the expander are adjacent,and whose running time is bounded by a polynomial in the logarithm of V , the number ofvertices. This property is important in some applications, e.g., Section 10.4.1.



Chapter 9Random Walks9.1 Basics of Markov chainsLet I denote a state space. A discrete parameter Markov chain with stationary transi-tion probabilities is a sequence of discrete random variables fXk : k � 0g, possessing thefollowing property: for every k � 1, and every i0; : : : ; ik in the state space I , we havePr[Xk = ikjXk�1 = ik�1; Xk�2 = ik�2; : : : ; X0 = i0] =Pr[Xk = ikjXk�1 = ik�1] = pik�1ik : (9.1)For every pair (i; j) 2 I2, the probability pij is called the (one-step) transition probabilityfrom i to j. The matrix P = (pij)i;j2I is called the transition matrix. We assume in thesequel that the state space I is �nite.Let us now introduce the k-step transition probabilities p(k)ij . We de�nep(k)ij = Pr[Xm+k = jjXm = i](due to (9.1)), this quantity is the same for every m � 0). The Chapman-KolmogorovEquation states that p(k+1)ij =Xl2I p(k)il plj ;Introducing the matrix P (k) = (p(k)ij ), we can writeP (k+m) = P (k)P (m) = P kPm :The matrix P (k) can be viewed as the k-step transition matrix.54



CHAPTER 9. RANDOM WALKS 55A state i is called accessible from a state j if there exists a state k > 0 such that p(k)ij > 0.If i is accessible from j and j is accessible from i then we say that i and j communicate. It ispossible to partition the set of states into equivalence classes such that two states belong tothe same class if and only if they communicate. If there is only one class in such a partition,the Markov chain is called irreducible.Let fii; i 2 I , be the probability that the chain will return to state i at least once, givenit starts from i. If fii = 1, then state i is recurrent, otherwise it is transient. Obviously, iffii = 1, the chain will return to i in�nitely often. If fii < 1, then each time the chain is instate i, with probability (1� fii), it will never return to i. The number of visits to state iis distributed geometrically with parameter fii, that is,Pr[The number of visits to i is equal to k] = fkii(1� fii) :Thus, the expectation of the number of visits to i, while starting from i, is1Xk=1Pr[Xk = ijX0 = i] = 1Xk=1 p(k)ii :If P1k=1 p(k)ij <1, then i is transient, otherwise it is recurrent. It is easy to prove that if aMarkov chain is irreducible, then all states are recurrent.Denote by Hij the expected number of steps needed to visit state j for the �rst time,when starting from state i. If Hii < 1, then i is called non-null recurrent, otherwise it iscalled null recurrent.Claim 9.1.1 All states in an irreducible Markov chain are non-null recurrent.If state i communicates with itself, then the greatest common divisor of the set of positivek-s, such that p(k)ij > 0, is called the period of i and is denoted by di. If di = 1, then i isaperiodic.A �nite Markov chain where all states are non-null recurrent is called ergodic.In what follows, we consider only ergodic Markov chains.Theorem 9.1.1 (The Ergodic Theorem) Suppose fXk : k � 0g is an ergodic Markovchain with the set of states I = f1; ; : : : ; ng. Then,



CHAPTER 9. RANDOM WALKS 56� There exists a vector � = (�1; : : : ; �n) such that for every j 2 I there holds�j = limk!1 p(k)ij(The limit value does not depend on i);� The vector � is the only non-negative solution of the system of linear inequalities�j = nXi=1 �ipijnXj=1 �j = 1 ;� For every i; 1 � i � n, it holds that fii = 1 and Hii = 1=�i ;� Denote by N(i; t) the number of visits to state i within the t �rst steps. Thenlimt!1 N(i; t)t = �i :9.1.1 Random walks on graphsLet G = (V;E) be a �nite, undirected, connected, and non-bipartite graph, where jV j = n.De�ne a random walk on G to be a Markov chain where the set of states is V , and thetransition matrix is, pij = 8<: 1=d(i); (i; j) 2 E(G)0; (i; j) 62 E(G) ;where d(i) is the degree of vertex i.Theorem 9.1.2 Consider the above de�ned Markov chain. Then, for every 1 � i � n, itholds: �i = d(i)2m ;where m = jE(G)j.



CHAPTER 9. RANDOM WALKS 57Proof: It su�ces to verify that the vector � de�ned above satis�es the matrix equation�P = �. Indeed, nXi=1 �ipij = X(i;j)2E(G) d(i)2m � 1d(i) = d(j)2m = �jCorollary 9.1.1 For every 1 � i � n, it holds:Hii = 1�i = 2md(i)9.2 Electrical networks and random walks9.2.1 PreliminariesSuppose we are given a �nite, connected graph G = (V;E). Let each edge e 2 E contain aresistor with resistance Re. We denote by iv the current which enters (and exits) the vertexv 2 V . We would like to compute the potentials at each vertex v 2 V , and the currents oneach edge e 2 E.By Kirchho�'s Laws, the current 
owing into v must be equal to the current 
owing outof v. By Ohm's Law, if vertices u and v are connected by an edge e = (u; v), with resistanceRe, then the current iuv that 
ows from u to v is equal toiuv = �(u)� �(v)Re ;where �(�) denotes the potential of a vertex.In order to compute the potentials and currents in G, we write down the system of linearequations with variables iuv, for all (u; v) 2 E, according to the following rules:1. By Kirchho�'s Laws, for every vertex v 2 V , the sum of all currents, plus the externalcurrent (if it exists), is equal to zero. (There are n such equations);2. The potential of every cycle in G is equal to zero.It is well known that the set of cycles of G forms a vector space C with respect tosymmetric di�erence. This vector space is of dimension (m�n+1), since for every spanningtree T of G, the set of fundamental cycles, (those obtained by adding an edge e 2 E(G) nE(T ) to T ), forms a basis of C. Clearly, it su�ces to verify that Requirement (2) only holds



CHAPTER 9. RANDOM WALKS 58for each cycle in the basis, and this gives us m � n + 1 additional equations. Altogether,the two above requirements result in (m+ 1) equations with m variables. This system canbe proved to have a non-trivial solution.9.2.2 The cover timeFor every pair of vertices u 6= v, de�ne the commute time from u to v, Cuv, to be theexpected number of steps to go from vertex u to vertex v, and back to vertex u, i.e.,Cuv = Huv +Hvu. Denote by Cu; u 2 V (G), the expected number of steps required to visitall the vertices of G, starting from u. We de�ne the cover time of G to beCG = maxu2V (G)CuSuppose that every edge e 2 E has resistance Re = 1. Suppose further that a currentof unit magnitude is injected at each vertex u 2 V , and a current of unit magnitude leaveseach vertex v 2 V . Denote by Ruv the e�ective resistance between u and v. Note that Ruvis equal to the potential di�erence �(u)� �(v).Theorem 9.2.1 Cuv = 2mRuv.Proof: Let the set of neighbors of each vertex v 2 V be denoted by �(v) = fu 2 V :(u; v) 2 Eg, d(v) = j�(v)j. De�ne �vu to be the potential of u when d(x) units of currententer each vertex x 2 V , and 2m units of current exit v. We need the following claim.Claim: Huv = �vu.Proof: For every edge (u; w) 2 E, by Ohm's Law:�vu � �vw = iuwRuw = iuwKirchho�'s Law implies that for every u 2 V � v:d(u) = Xw2�(u)�vu � �vw (9.2)On the other hand, it is quite obvious from the de�nition of Huv ; (u; v) 2 E(G), that forevery u 2 V � v : Huv = Xw2�(u) 1d(u)(1 +Hwv) (9.3)



CHAPTER 9. RANDOM WALKS 59It is easy to see that systems (9.2) and (9.3) are in fact the same system of linear equalities,and hence they have the same solution, that is, Huv = �vu for every u; v 2 V .We continue with the proof of the theorem. Consider the following network: a currentof magnitude 2m enters u and a current of magnitude d(x) exits every vertex x 2 V (G). Ifthe potential of u in this network is assumed to be equal to zero, then the potential of v isequal to �Huv . Perform now a superposition of this network with the network consideredin the above claim. In the resulting network, all external currents cancel, except for thosein vertices u (where the current of magnitude 2m enters) and v (where the current ofmagnitude 2m exits). The di�erence of potentials between u and v will be Huv � (�Hvu) =Huv +Hvu = Cuv . Hence, Cuv = 2mRuvProposition 9.2.1 For every pair of vertices u and v, the e�ective resistance Ruv is notmore than distG(u; v).Corollary 9.2.1 (1) If (u; v) 2 E(G), then Cuv � 2m;(2) For every pair u; v 2 V (G): Cuv � 2m(n� 1) :We can now obtain the following upper bound on the cover time of a graph.Theorem 9.2.2 CG � 4m(n� 1).Proof: Let T be a spanning tree of G rooted at u. Any search algorithm on T , (DFS forexample), can easily be converted to a directed path, having 2(n� 1) edges, starting fromu, visiting all vertices of G and returning to u. For every edge (u; v) of this directed path,we have Cuv � 2m, so Cu � 2m � 2(n� 1) = 4m(n� 1). Hence,CG = maxu2V Cu � 4m(n� 1)



CHAPTER 9. RANDOM WALKS 609.2.2.1 Special cases of graphsA complete graph Kn:Here, the problem of calculating the cover time, is essentially the Coupon Collector problem.Therefore, CKn = n logn+ cn :A star Sn:Again, the problem of calculating the cover time, is essentially the Coupon Collector prob-lem. Therefore, CSn = 2n logn+ cn :A line Ln:Let u1; un be the endpoints of Ln. Then, since Ru1;un = n� 1, we obtainCu1;un = 2jE(Ln)j �Ru1;un = 2(n� 1)(n� 1) = 2(n� 1)2By symmetry, Hu1;un = (n� 1)2Then CLn = Cu1 = Hu1 ;un = (n� 1)2A lollipop graph:Suppose n is even. The n-lollipop graph is a complete graph on n=2 vertices, one of which,call it u, is attached to a line on n=2 vertices. Suppose that a random walk starts at u.How can we estimate Cu?The probability of going from u to the attached line is O(1=n). If we go from u to thecomplete graph, the expected number of steps needed to return to u is O(n). (This caneasily be obtained by computing the stationary probabilities of a complete graph). Theexpected time to exit from u to the attached line is therefore O(n)=O(1=n) = O(n2).Consider a random walk on a line of length n=2, with endpoints u1 and un=2. (To makethe random walk ergodic, we add a loop at u1 and un=2). As explained above,Cu1;un=2 = 2�n2 � 1�2And by symmetry, Hu1 ;un=2 = O(n2)



CHAPTER 9. RANDOM WALKS 61Let us estimate the expected number of times the random walk returns to u1 beforereaching un=2. First, we give an intuitive explanation, which will be justi�ed a bit later bya rigorous argument. Since the stationary probability of u1 in the random walk on the lineis O(1=n), we obtain Hu1 ;u1 = O(n). The expected number of returns to u1 before reachingun=2 can be estimated to be Hu1;un=2=Hu1;u1 = O(n). Then, in the random walk on thelollipop graph, Hu;un=2 = O(n3) :But, we have proven that Cu;un=2 = 2mRu;un=2 � cn3. ThereforeCu = �(n3) :Let us justify our estimate of the expected number of returns to u1 before reaching un=2.To this end, de�ne a random variable Zi to be the number of steps between the (i� 1)stand the ith return to u1. Then, � = E[Zi] = O(n), for all i. Let the random variable Tcount the number of returns to u1 before reaching un=2. It is immediate thatE " TXi=1Zi# = Hu1 ;un=2 = O(n2)It follows from De�nition 1.5.1 that T is a stopping rule with respect to the sequence fZig,since the event T = i depends only on Z1; Z2; : : : ; Zi�1. Hence, Wald's Equation, (seeTheorem 1.5.1), can be used in this case, implying thatE " TXi=1Zi# = �E[T ]Hence, E[T ] = O(n).9.2.2.2 The e�ective resistance of a graphThe e�ective resistance R(G), (also denoted by R), of a graph G is de�ned asR(G) = max(u;v)2V (G)RuvTheorem 9.2.3 CG � m �R(G).Theorem 9.2.4 Suppose that R(G) = Ruv for some pair of vertices u; v 2 V . ThenCG � max(Huv; Hvu) � Cuv2 = 2m �R(G)2 = m �R(G)



CHAPTER 9. RANDOM WALKS 62Theorem 9.2.5 CG � 5mR log2 n.Proof: Consider the �rst 5mR log2 n steps of a random walk on G, and partition theminto log2 n intervals, each of length 5mR. Fix a vertex v 2 V . For every other vertex x 2 V ,Hxv � 2mR. Therefore, due to Markov's Inequality, the probability that v is not visitedwithin an interval of length 5mR, is at most 2=5 < 1=2. This yields that the probability thatv is never visited within 5mR log2 n steps is strictly less than (1=2)log2 n = 1=n. Therefore,the probability that some vertex of G is not visited within 5mR log2 n steps is less than 1,and we conclude that there exists a random walk of length 5mR log2 n, visiting all veticesof G.For every subset A � V , the expected number of vertices of A that are visited within5mR steps is more than jAj=2. De�ne Ai; i = 0; 1; 2; : : :, to be the set of vertices that werenot yet visited after �nishing the ith interval. Obviously,jA0j = n ;E[jAij] � jAi�1j2 :We need to show that the expected number of intervals of length 5mR needed to exhaustthe vertex set V is at most log n. To this end, de�ne a random variable,T (n) = minfk : all n vertices were visited within the �rst k intervals of length 5mRgDe�ne also n0 to be a random variable counting the number of vertices that were not visitedafter the �rst interval. Then T (n) � 1 + T (n0) ;E[n0] � n2 ;T (1) = 1 ;T (0) = 0 :Claim: E[T (n)] � 1 + log2 n.Proof: De�ne a continuous concave function�(x) = 8<: 1 + log2 x; x > 1x; 0 � x � 1



CHAPTER 9. RANDOM WALKS 63We prove by induction on n that: E[T (n)] � �(n) :Let pi = Pr[n0 = i]. Then E[n0] = nXi=0 ipi :By the induction hypothesis and by Jensen's inequality,E[T (n)] � 1 +E[T (n)] = 1 + nXi=0 piT (i) � 1 + nXi=0 pi�(i)� 1 + � nXi=0 ipi! = 1 + �(E[n0]) = 1 + ��n2�= 1 + �1 + log2 n2� = 1 + log2 n = �(n)9.2.2.3 Rayleigh's monotonicity lawRayleigh's monotonicity law states that the e�ective resistance of a graph is non-increased(resp., non-decreased), whenever the resistance of any edge of the graph is decreased (resp.,increased). In particular, the e�ective resistance can only decrease when we add more edgesto the original graph.Claim 9.2.1 The e�ective resistance of a graph is not more than its diameter, denoted bydiam(G).Proof: The whole graph can be generated by adding edges to the subgraph that corre-sponds to the diameter.Let G be a k-regular graph on n vertices.Theorem 9.2.6 CG � O(n2 logn).(Remark: [KLNS] proved a tighter bound, i. e., CG � O(n2).)



CHAPTER 9. RANDOM WALKS 64Proof: Let us �rst prove that diam(G) � 3nk :Consider the shortest path L(u; v) between vertices u and v, corresponding to the di-ameter. Clearly, any two vertices x; y 2 V (L), for which distL(x; y) = 3, are not adjacent.Hence, n � k � jV (L)j3 = k � diam(G)3 :By Theorem 9.2.3 CG � O(mR logn) ;That is, CG � O�nk2 � 3nk � log n�



Chapter 10Convergence of Random WalksConsider the following problem: how many steps are needed for a random walk that startsat some designated vertex, to converge to the stationary distribution?In the following sections we present three basic techniques for analyzing how rapidly arandom walk approaches the stationary distribution. The �rst technique calculates the rateof convergence directly by de�ning a stopping rule. The second technique is called coupling.It reduces the problem of �nding the rate of convergence to that of calculating the numberof steps needed to meet another, imaginary random walk, that starts at the stationary dis-tribution. The third technique uses methods from Linear Algebra, in particular eigenvalues,to bound the rate of convergence. This method is useful for giving a tight upper bound onthe rate of convergence of a random walk in an important class of graphs called expanders.For more details on the �rst two techniques, the reader is referred to [Di, Li].10.1 PreliminariesRecall that the variation distance between two probability distributions, P and Q, on a setI of states is: kP � Qk = maxI 0�I jP (I 0)�Q(I 0)j:Lemma 10.1.1 Let P and Q be two probability distributions over a set I of states. ThenkP �Qk = 12Xi2I jP (i)� Q(i)j: (10.1)65



CHAPTER 10. CONVERGENCE OF RANDOM WALKS 66Proof: By the de�nition of kP �Qk, there exists a set M � I , for whichjP (M)�Q(M)j � jP (I 0)�Q(I 0)j;for all I 0 � I . Without loss of generality, assume that P (M) � Q(M). We claim that forevery i 2 M , P (i) � Q(i). Otherwise, jP (M � fig) � Q(M � fig)j > jP (M) � Q(M)j.Similarly, for every i 2 I �M , P (i) � Q(i). Having these two facts in mind, we have onthe right hand side of (10.1):12Xi2I jP (i)� Q(i)j = 12 0@Xi2M jP (i)� Q(i)j+ Xi2I�M jP (i)�Q(i)j1A= 12 0@Xi2M P (i)� Q(i) + Xi2I�M Q(i)� P (i)1A= 12 (P (M)�Q(M) +Q(I �M)� P (I �M))= 12 (P (M)�Q(M) + 1�Q(M)� 1 + P (M))= P (M)�Q(M):Which proves the claim.10.2 Strong uniform timeRecall the de�nition of a stopping rule (De�nition 1.5.1): given random variables Z1; Z2; : : :,a random variable T , whose domain is the natural numbers, is a stopping rule, if, for everyi, the event T = i is independent of the random variables Zj , for all j > i. For a given �niteergodic Markov chain, a strong uniform time T , is a stopping rule which satis�es:Pr[Xk = i j T = k] = �i;where Xk is the state at the kth step in the Markov chain, and �i is the probability, underthe stationary distribution, of being at state i.The following theorem relates strong uniform time with the rate of convergence of arandom walk.Theorem 10.2.1 Let � be the stationary probability distribution of a random walk, and letQ(t) be the probability distribution after t steps. In addition, let T be a strong uniform time.Then kQ(t) � �k � Pr[T > t]:



CHAPTER 10. CONVERGENCE OF RANDOM WALKS 67Proof: Let Xt be a random variable that denotes the state visited by the random walkat step t. We have the following equalities.8I 0 � I; Q(t)(I 0) = Pr[Xt 2 I 0] (10.2)= 0@Xj�t Pr[(Xt 2 I 0) \ (T = j)]1A +Pr[(Xt 2 I 0) \ (T > t)]= 0@Xj�t Pr[Xt 2 I 0jT = j] Pr[T = j]1A +Pr[Xt 2 I 0jT > t] Pr[T > t]= 0@Xj�t �(I 0) Pr[T = j]1A +Pr[Xt 2 I 0jT > t] Pr[T > t] (10.3)= �(I 0)(1� Pr[T > t]) +Pr[Xt 2 I 0jT > t] Pr[T > t] (10.4)= �(I 0) + Pr[T > t](Pr[Xt 2 I 0jT > t]� �(I 0)): (10.5)Equality (10.2) follows from the de�nition of Q(I 0). Equality (10.3) follows since T isa strong uniform time, and from the fact that once a random walk is in the stationarydistribution, it stays there forever. Equality (10.4) follows from the fact thatXj�tPr[T = j] = Pr[T � t] = 1� Pr[T > t]:Since both Pr[Xt 2 I 0jT > t] and �(I 0) are at most 1, Equality (10.5) implies8I 0 � I; jQ(t)(I 0)� �(I 0)j � Pr[T > t]:We now demonstrate how Theorem 10.2.1 can be used to calculate the rate of conver-gence of random walks.10.2.1 The hypercubeIn this example we calculate how fast a random walk on the hypercube converges to thestationary distribution. We remind the reader that a hypercube of dimension n is a graphin which:



CHAPTER 10. CONVERGENCE OF RANDOM WALKS 68� The set of vertices corresponds to the set of 2n binary vectors of length n.� (u; v) is an edge, if vertices u and v di�er in exactly one coordinate (in other words,the Hamming distance between u and v is 1).Consider the following random walk on an n-dimensional hypercube:1. Choose a vertex uniformly among the neighbors of the currently-visited vertex.2. With probability 12 , move to the chosen vertex. With probability 12 , stay still.The Markov chain that results from the above random walk is ergodic. Note that if wealways move to the chosen vertex (of Step 1), then the resulting Markov chain would notbe ergodic: If we visit vertex v at step i, we will never visit v in step j, where j � i is odd,i.e., every state would have a period of 2.De�ne the stopping rule T to be the number of coordinates chosen so far (even if notall choices of coordinates yielded a move). Note that the random variable T is a stronguniform time stopping rule. Informally, this happens since we have an equal probability ofbeing at any vertex of the hypercube. after all the coordinates are chosen.In order to be able to use Theorem 10.2.1, we need to �nd Pr[T > t]. However, thisproblem is exactly the coupon collector problem (see Section 1.6), since we may think ofthe coordinates as being coupons that need to be collected.For the coupon collector problem, the expected number of trials, (i.e. random choices ofcoupons), needed to see all n coupons is O(n logn).This means that the expected numberof steps until we \choose" all coordinates is O(n logn). Using Markov's Inequality, we get:Pr[T > t] � E[T ]t2 = O�n lognt2 � :10.2.2 Card shu�ingOur next example deals with shu�ing cards. Suppose we want to shu�e a pack of n cards,numbered 1; 2; : : : ; n, according to the following policy: Move the top card to a randomlocation in the pack. The question is, how long will it take us to reach the stationarydistribution, i.e., have all cards in the pack in random order?This problem may be viewed as a random walk in a graph with n! vertices correspondingto all possible permutations of the cards. The edges of the graph are determined by theshu�ing policy, i.e., there is an edge between u and v if and only if the state that corresponds



CHAPTER 10. CONVERGENCE OF RANDOM WALKS 69to v may be reached from the state that corresponds to u, (according to the shu�ing policy).Let the stopping rule T in this case be the number (or name) of the card moved from thetop. For ease of notation, we denote by BOTTOM the card that was originally at thebottom of the pack (before starting to shu�e).We claim that T is a strong uniform time. This happens since once we move BOTTOMfrom the top (to a random place in the pack), we are already in the stationary distribution.This can be established by showing (by induction on the number of cards below BOTTOM)that the cards below BOTTOM are in random order.We now consider the distribution by which T behaves.Lemma 10.2.1 The stopping rule T behaves as a coupon collector.Proof: De�ne Ti to be the number of steps until there are i cards below BOTTOM. SinceT = Tn, it is true thatT = T1 + (T2 � T1) + (T3 � T2) + � � �+ (Tn � Tn�1):In addition, Ti+1 � Ti has a geometric distribution with parameter i+1n .In coupon collection we have a similar situation. Let the random variable Vi denote thenumber of steps until we see i coupons, and let V be the number of steps until we see allcoupons (so V = Vn). The similarity between V and T stems from the fact thatV = V1 + (V2 � V1) + (V3 � V2) + � � �+ (Vn � Vn�1);and that Vi+1 � Vi has a geometric distribution.Therefore, Pr[T > t] � E[T ]t2 = O�n lognt2 � :10.3 CouplingConsider a random walk X that starts at some �xed point. We want to investigate how fastX approaches the stationary distribution. The idea underlying the analysis by a couplingargument is to consider another (imaginary) random walk Y that starts at the stationarydistribution. The two random walks are correlated; however, each is independent from itsown point of view. Hence, Y always remains at the stationary distribution. The randomwalks are correlated in a way that, once they meet, future moves are the same. Thus, in



CHAPTER 10. CONVERGENCE OF RANDOM WALKS 70order to answer the above question, it su�ces to calculate when do the random walks Xand Y meet.We henceforth consider three examples where a coupling argument is used.10.3.1 The hypercubeRecall the hypercube graph from Section 10.2.1. Let a coordinator be a superplayer thatcoordinates the moves of X and Y . It does the following at each step..1. The coordinator chooses a coordinate i uniformly from f1,: : : ,ng. Let Xi (Yi) be theith bit of the vertex currently visited by X (Y ).2. If Xi = Yi: with probability 1=2, both X and Y move, and with probability 1=2 bothof them stay still. The move, (if any), is to the neighbor that di�ers in the ith bitfrom the currently visited vertex.3. If Xi 6= Yi: with probability 1=2, X stays still and Y moves, and with probability 1=2,Y stays still and X moves. Here, again, the move is to the vertex that di�ers in theith bit from the currently visited vertex.Note that from the point of view of both X and Y , they perform a random walk similar tothe one de�ned in Section 10.2.1. The following lemma is easy to prove.Lemma 10.3.1 If Xi = Yi, then it always stays as such. If coordinate i is chosen, (andXi 6= Yi), then Xi = Yi at the end of the step.Hence, the random variable that counts the number of steps needed for X and Y tomeet, behaves as a coupon collector, and we obtain the same result as in section 10.2.1.10.3.2 Card shu�ingConsider the card shu�ing problem, this time with a di�erent shu�ing policy: Uniformly atrandom, choose a card, and put it either, at the top, or at the bottom of the pack, alternately.We use here a coupling argument by considering two packs of cards: one that is initiallyordered (top card is 1, and the bottom one is n), and the other pack is in random order.The coordinator here chooses, uniformly at random, a card i, and in both packs thecard is moved to either the top or the bottom, alternately.



CHAPTER 10. CONVERGENCE OF RANDOM WALKS 71Again, we reach the stationary distribution, after all the cards were picked. It can beshown, by induction, that after i steps, each pack may be partitioned into three parts: top,bottom, and middle. The cards at the top and bottom parts have all been selected andappear in the same order in both packs, while the cards in the middle have not been selectedso far, and appear in some arbitrary order in both packs. Hence, after all cards have beenpicked at least once, the two packs are in the same order. Observe that the problem ofpicking all cards is again similar to the coupon collector problem, and hence the expectednumber of steps needed to shu�e the pack is O(n logn).10.3.3 Generating a spanning treeGiven a graph G = (V;E), we want to generate, unifromly at random, a spanning tree ofG. Throughout this example, for ease of exposition, we assume that the edges in a tree aredirected towards a speci�c vertex r in the tree, called the root of the tree.Consider a Markov chain in which the states correspond to all possible pairs (r; T ),where T is a spanning tree of G, and r is the root of T . The number of states in the Markovchain is jV j � s, where s is the number of spanning trees of G. We de�ne a random walk asfollows:� Randomly choose an edge e that connects the root r to a vertex y.� If edge e is in the tree, (and therefore directed from y to r), then change its direction,hence making y the root of the tree.� If e is not in the tree, add e to the tree, direct it from r to y, and delete from the treethe (unique) outgoing edge leaving y.Notice that, the indegree of each state in the Markov chain, is equal to the degree of theroot (of the tree) in the graph. This follows, since a state (r; T ) can be reached from all theneighbors of r in G. A similar argument also implies that, the outdegree of each state, isequal to the degree of the root (of the tree) in the graph. Hence, the probability of choosinga state (r; T ) at the stationary distribution is proportional to the degree of r in G.In order to �nd how fast the random walk approaches the stationary distribution, weuse a coupling argument. Consider two random walks, one which starts at the stationarydistribution, and the other which starts at an arbitrary state, moving with the followingcoordination:



CHAPTER 10. CONVERGENCE OF RANDOM WALKS 72Stage I: The two walks progress independently until they agree on a root vertex. (Notethat the tree might still be di�erent.)Stage II: Once the two walks agree on a root, from now on, they make the same moves.Notice that, if we think of the root of the tree as a particle, then it (implicitly) performs arandom walk in the graph G. This observation is crucial to our analysis. We now calculatethe expected number of steps until the two random walks meet, i.e., generate the samespanning tree.Stage I: Calculating the expected number of steps of Stage I is equivalent to the followingproblem. Two particles are moving at random in the graph G. What is the expectednumber of steps until they meet?Lemma 10.3.2 The expected number of steps until the two particles meet is at most twicethe cover time of the graph.Stage II: At the beginning of this stage, both spanning trees, (in the corresponding statesof the two random walks), have the same root. Note that when a new root is chosen, thereis an edge connecting the old root to the new root, and it exists in both trees, yieldingthat both spanning trees remain with the same root. Suppose the root vertex is switchedfrom r to r0. Notice that, from now on, the (unique) outgoing edge of vertex r, will remainthe same in both trees. This happens, since the outgoing edge of a vertex r changes when,either r becomes the root, or, when it ceases to be the root. It follows, that a su�cientcondition for the two trees to be identical, is that each vertex in the graph is a root of thetree at some point in time. Hence, an upper bound on the time for the two trees to convergeat Stage II is the cover time of G.We conclude that the expected number of steps, in both stages, until the spanning treesbecome identical, linearly depends on the cover time of the graph.10.4 Random walks on expandersExpanders have the property of \rapidly mixing", that is, a \small" number of steps in arandom walk converges to the stationary distribution. In this section we prove this fact.(The reader is advised to read Chapter 8 before reading this section).



CHAPTER 10. CONVERGENCE OF RANDOM WALKS 73Assume the expander is a �-regular bipartite graph G = (V;E) (there are explicitconstructions for such expanders in the literature), and let A be its adjacency matrix. Inorder to make the random walk on G ergodic, we add a self loop to every vertex in G. Withprobability 1=2 we stay in the vertex, and with probability 1=2 we move. The transitionmatrix Q, is therefore: Q = I +A=�2This means that if �1; : : : ; �n are the eigenvalues of A, and �01; : : : ; �0n are the eigenvaluesof Q, then �0i = 1 + �i=�2for i = 1; : : : ; n. Note that �01 = 1.Let ~q (t) denote the transition distribution at step t (that is, q(t)i is the probability ofbeing at state i after t steps). De�ne the variation distance after t steps to be:�(t) = max1�i�n jq(t)i � �ij�iNext, we are going to prove a theorem, from which we conclude that expanders are rapidlymixing. Beforehand, we need one preliminary lemma.Lemma 10.4.1 Let ~a be a vector in <n, then j~aj � pnk~ak.Proof: We use the Cauchy-Schwartz Inequality, which states that for any two vectors~a;~b 2 <n, j~aT~bj � k~ak � k~bk. Choose ~b to be:bi = 8<: 1 if ai � 0,�1 otherwise.For the above ~b we get that j~aT~bj = j~aj, and k~bk = pn, which establishes the claim.Theorem 10.4.1 For every choice of ~q (0), �(t) � n1:5(�02)t.



CHAPTER 10. CONVERGENCE OF RANDOM WALKS 74Proof: By de�nition of ~q (t), ~q (t) = Qt~q (0). Let ~e1; : : : ; ~en be the eigenvectors of Q, andsuppose that q(0) is represented by: ~q (0) = nXi=1 ci~ei:Without loss of generality, assume that � = c1~e1, where � is the stationary distribution ofthe random walk. Thus, we have:~q (t) = nXi=1 ciQ(t)~ei = nXi=1 ci(�0i)t~ei = c1~e1 + nXi=2 ci(�0i)t~ei: (10.6)Use now Lemma 10.4.1 to get: j~q (t) � c1~e1j � pnk~q (t) � c1~e1k. By Equation (10.6), wehave: pn k~q (t) � c1~e1k = pn 




 nXi=2 ci(�0i)t~ei




 (10.7)= pnvuut nXi=2 c2i (�0i)2t (10.8)� pn(�02)tvuut nXi=2 c2i (10.9)� pn(�02)t: (10.10)Inequality (10.9) follows from the fact that �i � �2, for every i = 2; : : : ; n. Inequality (10.10)follows since nXi=2 c2i � nXi=1 c2i = k~q (0)k2 � 1:We are ready now to establish the claim:�(t) = maxi q(t)i � �i�i = nmaxi jq(t)i � �ij (10.11)� nj~q (t) � �j � n1:5(�02)t: (10.12)Equality (10.11) follows from the following fact:maxi jq(t)i � �ij �Xi jq(t)i � �ij = j~q (t) � �j:Inequality (10.12) follows immediately from Inequality (10.10).



CHAPTER 10. CONVERGENCE OF RANDOM WALKS 75Finally, we would like to determine how rapidly does the transition distribution approachthe stationary distribution. Formally, given 0 < � < 1, after how many steps T (�), do weget �(t) � �? By substituting � = n1:5(�02)T (�), we getT (�) = log n1:5�� log �02 :In the LPS expander that is presented in Section 8.3, �02 � 12 + 12p� . Hence, log �02 isbounded by a constant. Fix � to be 1=poly(n), for some polynomial poly(n). For suchvalues of �02 and �, we obtain T (�) = O(logn).In other words, the random walk converges to the stationary distribution after O(logn)moves, which is optimal (up to constant factors), since the diameter of a regular graph isat least 
(logn).10.4.1 An application: amplifying the probability of successIn this section we will see how to apply expander graphs to the following problem. Let Abe a randomized algorithm that uses n random bits and has probability of success � 12 . Inother words, A chooses uniformly at random a string from f0; 1gn, and we are guaranteedthat at least half of the strings lead A to a correct solution. We would like to amplify theprobability of success of A from 1=2 to 1� (12)k, for a given number k(n).This goal can be easily achieved by running k independent trials of A. However, thenumber of random bits used is kn. We now show that expanders can help us achieve thisgoal by using only O(n + k) random bits. Thus, we can achieve an exponentially smallerror probability, while paying only an additive (instead of multiplicative) increase in thenumber of random bits. This result is due to Ajtai, Komlos and Szemeredi [AKS]. (Seealso [CW, IZ]).Let G = (V;E) be an expander such that each vertex in V corresponds to a (di�erent)string over f0; 1gn. (j V j = 2n). We choose G to be an expander of �xed degree. Onepossible choice for an expander is the LPS construction (see Section 8.3). Although the Gcontains an exponential number of vertices, the LPS construction has the advantage thatdeciding whether two vertices are adjacent can be done in polynomial time.The Ampli�cation Algorithm1. Choose a vertex v0 2 V in G, uniformly at random.



CHAPTER 10. CONVERGENCE OF RANDOM WALKS 762. Perform a random walk of length O(k) in G. Let v0; v1; : : : be the vertices correspond-ing to the random walk.3. Run A on all strings that correspond to v0; v1; : : : in the walk.4. If A succeeds, then output the solution.Random Bit Complexity: The complexity of Step (1) is n random bits. Each step inthe random walk requires O(1) bits, since the degree of G is �xed. Thus, we need a totalof O(k) bits for the walk, and the entire algorithm uses O(n+ k) bits.To prove the correctness of the algorithm, we split G into \good" vertices, i.e., verticesthat lead to a correct solution, and \bad" vertices, i.e., vertices that lead to an incorrectsolution. It is clear that at least half of the vertices are \good". We need to show that theprobability that a random walk of length O(k) will not hit a \good" vertex is at most (12)k.We prove an appropriate general assertion in the following theorem.Theorem 10.4.2 Let G = (V;E) be a �-regular expander. Let C � V be a subset suchthat j C j = c �n. For each l, the number of paths of length l that do not pass through C is atmost n � p1� c � [(1� c)�2+�22]l=2, where �2 is the absolute value of the second eigenvalueof G.Proof: Let A be the adjacency matrix of G, and let P be its projection on the set V nC.I.e., each column Pi in P is de�ned asPi = 8<: ei if vi 2 V n C~0 otherwisewhere ei is the ith unit vector, i.e., ei = f i�1z }| {0; : : : ; 0; 1; n�i+1z }| {0; : : : ; 0g. We claim that P �A representsa single step of a random walk in G. This happens because(P �A)ij = 8<: Aij if i 2 V n C0 otherwiseHence, (P �A)ij contains a 1 if i 2 V nC and there exists an edge (or a path of length 1)in G between i and j; otherwise, (P �A)ij contains a 0. We claim that the number of pathsin G of length l that are contained in V n C is (P � A)l � P � ~1. This is true since (P � A)l



CHAPTER 10. CONVERGENCE OF RANDOM WALKS 77contains all paths of length l that are contained in V n C, and P � ~1 is the characteristicvector of V n C.We need to calculate j(PA)lP � ~1j1. We start by calculating jj(PA)lP � ~1jj2. Recall thatgiven a matrix B, jj B jj2 = maxx jj Bx jj2 were the maximum is taken over all vectors xsuch that jj x jj2 = 1.Lemma 10.4.2 jj P �A jj2 � q(1� c)�2 + �22.Proof: Let z be a real vector such that jj z jj2 = 1. We may write z as a linear combinationz = u+v where u = ~1 �constant is an eigenvector that corresponds to the largest eigenvalue,and v is a vector such that the sum of its coordinates is 0. Thus, u ? v. Therefore,jj z jj22 = jju+ vjj22 = jjujj22+ jjvjj22+ 2jju � vjj2 = jjujj22 + jjvjj22 = 1and A � u = � � u. Thus,P �A � u = 8<: A � u in all coordinates that corresponds to V n C0 otherwiseNote that all coordinates in A � u are the same since G is a regular graph. Hence,A � u = f� � constant;� � constant; : : :g yielding that jj P �A � u jj2 = p1� c �� � jj u jj2.Recall that v ? u. Hence, v is spanned by eigenvectors that correspond to eigenvaluessmaller than �. Thus, jj A � v jj2 � �2 � jj v jj2. We claim that jj P �A � v jj2 � jj A � v jj2,since P only sets to 0 some of the coordinates in A � v. Hence, jj P �A � v jj2 � �2 � jj v jj2.Recall that jj z jj2 = jj u+ v jj2 � jj u jj2 + jj v jj2 (Triangle Inequality)Hence,jj P �A � z jj2 � jj P �A � u jj2 + jj P �A � v jj2 � p1� c ��jj u jj2 + �2 � jj v jj2Recall that by Cauchy-Schwartz,a � jj u jj2 + b � jj v jj2 � pa2 + b2 �qjj u jj22 + jj v jj22and jj u jj22 + jj v jj22 = 1. Hence,jj P �A � z jj2 � q(1� c) ��2 + �22



CHAPTER 10. CONVERGENCE OF RANDOM WALKS 78implying that jj P �A jj2 � q(1� c) ��2 + �22Since jj Bl jj2 � jj B jjl2, it follows thatjj (P �A)l jj2 � [(1� c) ��2 + �22]l=2Since jj P � ~1 jj2 = p(1� c)n, (this is the number of coordinates that are not 0 in thecharacteristic vector of P ), we havejj (P �A)l � P � ~1 jj2 � jj (P �A)ljj2 � jj P � ~1 jj2 � [(1� c) ��2 + �22]l=2q(1� c)nBy Cauchy-Schwartz, for any vector v, j v j1 � pn � jj v jj2. Hence, we havej (P �A)l � P � ~1 j1 � n � [(1� c) ��2 + �22]l=2p1� cwhich is the number of paths of length l that that do not pass through C.Note that the total number of paths of length l in G is n ��l. Hence, the ratio betweenthe \bad" paths and the total number of paths is given byn � [(1� c) ��2 + �22]l=2p1� cn ��lSince G is an LPS expander, �2 � 2p�. Assuming that the probability of success isc � 12 , and by choosing � = 20, we getq(1� c) ��2 + �22 � �21=4Hence, n � [(1� c) ��2 + �22]l=2p1� cn ��l � n ��l � 2�l=4n ��l � 2�l=4Therefore, if we choose l = 4k, then the probability that all the paths generated by thealgorithm, will not pass through C, is at most (12)k.
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Chapter 11Algebraic MethodsIn this chapter we will see some examples of randomized algorithms that use algebraictechniques. We �rst show how to decide whether a polynomial given by a \black-box"is identically zero. Then we show two applications: Deciding whether two matrices aresimilar, and whether a graph contains a perfect matching. We then proceed to show howto construct a perfect matching in a graph. These results are particularly interesting inthe parallel context. Finally, we present the unique clique problem and show a randomizedreduction from the clique problem to it.11.1 Parallel complexity classesThe classes NC and RNC are classes of problems that can be solved by e�cient parallelalgorithms. Our computation model is the PRAM, where many processors can access ashared memory.A problem is said to be in NC, if there is a PRAM (deterministic) algorithm, thatuses a polynomial number of processors and works in poly-log time. A problem is saidto be in RNC, if there is a randomized PRAM algorithm, that uses a polynomial numberof processors, and works in poly-log time. It was shown in [Be], [Ch], [CoWi], [Cs] thatproblems in Linear Algebra such as matrix multiplication, computing a determinant, matrixinversion, etc., are all in the class NC.These classes are robust, i.e., they have the property that if problem A is in (R)NC, andif problem B has a (R)NC algorithm that uses the solution of A as an atomic step, then Bis also in (R)NC. 80



CHAPTER 11. ALGEBRAIC METHODS 8111.2 Checking if a polynomial is identically zeroSuppose we have a \black box" which computes the value of a polynomial P (x1; :::; xn)of degree d over some �eld F for any substitution of the variables. We would like todetermine whether the given polynomial is identically zero, that is - P (�x) = 0 for every �x =<x1; :::; xn >. This situation may occur, for example, when we have a matrix with entries thatcontain polynomials in the variables x1; :::; xn, and we would like to know whether or notthe determinant of this matrix equals zero. Trying to compute the determinant explicitlymay not be possible, since it might take exponential time even to write down the output.A possible solution to this problem may be to choose random substitutions for �x, checkwhether P (�x) = 0. The following theorem (by [Sc]) asserts that if we make enough tries,with high probability we get the correct answer.Theorem 11.2.1 For any polynomial P (x1; :::; xn) of degree d over a �eld F which is notidentically zero, and any set 
 � F of cardinality N; P has at most d�Nn�1 roots in theset 
n.Proof: The proof is by induction on n:� For n = 1 the proof is trivial, since a polynomial in one variable of degree d has atmost d roots.� For n > 1, we denote by k the highest degree of xn that has a non-zero coe�cient.Clearly 0 < k � d. Let us write the polynomial P in the form:P (x1; :::; xn�1; xn) = g0 + g1xn + g2x 2n + :::+ gkx knwhere gi is a polynomial in the variables x1; :::; xn�1 of degree at most d� i.We distinguish between two cases:{ If gk(x1; :::; xn�1) = 0: By the induction hypothesis, there are at most (d� k)�Nn�2 vectors bx =< x1; :::; xn�1 > for which gk(bx) = 0. Therefore, there are atmost (d � k) � Nn�1 vectors �x =< x1; :::; xn�1; xn > for which P (�x) = 0 andgk(< x1; :::; xn�1 >) = 0.{ If gk(x1; :::; xn�1) 6= 0: For every (�xed) vector bx =< x1; :::; xn�1 > for whichgk(bx) 6= 0, the polynomial P (bx; xn) is a polynomial in one variable of degree k,



CHAPTER 11. ALGEBRAIC METHODS 82and it is not identically zero. Therefore it has at most k roots. Since there areat most Nn�1 such �xed vectors bx, then there are at most k � Nn�1 vectors�x =< x1; :::; xn�1; xn > for which gk(< x1; :::; xn�1 >) 6= 0, but P (�x) = 0.Thus, there are at most (d� k)�Nn�1 + k �Nn�1 = d �Nn�1 vectors �x 2 
n forwhich P (�x) = 0.By the above theorem, if we pick a random vector �x =< x1; :::; xn�1; xn >2 
n, then theprobability that P (�x) = 0 (where P is not identically zero) is no more than d�Nn�1Nn = dN ,and if we choose a big enough set, (say 
 = f�d; :::; dg), we get, for a random vector �x 2 
n:Pr(P (�x) = 0 j P is identically zero) = 1Pr(P (�x) = 0 j P is not identically zero) � 12If we pick n such random vectors, we get the right answer with probability of at least1� (12)n.11.3 Testing similarity of matricesDe�nition 11.3.1 We say that two n�n matrices over a �eld F , A and B, are similar ifthere exists a non-singular matrix T such that TAT�1 = B.Given two n � n matrices, A and B, we would like to decide whether they are similar.We can rewrite the similarity condition as TA = BT , where det(T ) 6= 0. If we view theentries of T as variables, and denote by �t the vector of these variables, then the latterequality is a set of n2 linear equations, with the entries of �t as variables. These equationscan be expressed as C�t = 0, where C is an n2 � n2 matrix.This is a homogeneous set of equations, and we can �nd a basis for its solution space inNC. Let f �t1; �t2; :::; �tkg denote this basis. Any solution matrix T is of the form:T = �1T1 + �2T2 + ::: + �kTkwhere Ti is the matrix that corresponds to the base vector �ti. We are interested in a non-singular solution. Such a solution exists if and only if there is a vector < �1; �2; ::: ; �k >for which det(T ) 6= 0, or, in other words, if det(T ) - as a polynomial in the variables�1; �2; ::: ; �k - is not identically zero.



CHAPTER 11. ALGEBRAIC METHODS 83Using the fact that we can evaluate det(T ) in NC, (for any �xed vector< �1; �2; ::: ; �k >),we can apply Schwartz's algorithm to check if the polynomial det(T ) is identically zero. Thisgives an RNC algorithm for testing similarity of matrices. �11.4 Deciding if a graph contains a perfect matchingDe�nition 11.4.1 Given an undirected graph G = (V;E) with 2n vertices, a perfect matchingin the graph is a set of n edges fe1; :::; eng, such that no two edges share a common vertex.First, we present algorithms that, given a graph G, check if G contains a perfect match-ing. Later on, we will see an algorithm that �nds a perfect matching in the graph, if oneexists. The �rst algorithm we present decides whether a bipartite graph contains a perfectmatching.11.4.1 Deciding if a bipartite graph contains a perfect matchingLet G = (U; V; E) be a bipartite graph where both U and V contain n vertices each.Consider the following n�nmatrix A: The rows ofA correspond to the vertices of U and thecolumns correspond to the vertices of V . A is de�ned as follows (for every 1 � i; j � n; xijis a variable) : aij = 8<: xij if (ui; vj) 2 E0 otherwiseThe determinant of A is a polynomial of degree at most n in the variables xijdet(A) =X� sign(�)a1;�(1)a2;�(2) :::an;�(n)Clearly, every permutation � such that ai;�(i) 6= 0 for all 1 � i � n, corresponds to a perfectmatching in the graph G. Furthermore, for every �, the term x1;�(1)x2;�(2) :::xn;�(n) appearsat most once in det(A), and can not be cancelled by any other term. Thus, the polynomialdet(A) is identically zero if and only if the graph G does not contain a perfect matching.11.4.2 Deciding if a general graph contains a perfect matchingThings are more involved when we deal with a general graph. let G = (V;E) be anundirected graph where jV j = n. We begin by arbitrarily orienting the edges of G, say�We note that a deterministic NC algorithm for this problem was recently given by [ZG]



CHAPTER 11. ALGEBRAIC METHODS 84vi ! vj , i� i < j and (vi; vj) 2 E. Then, we de�ne the n�n Tutte matrix A of G as follows:Let xij be a variable for every 1 � i < j � n. Then,aij = 8>>><>>>: xij if i < j and (vi; vj) 2 E�xji if i > j and (vi; vj) 2 E0 otherwiseWe can view this matrix as if we assign xij to the entry of A that corresponds to the edge(vi; vj) in its \right" direction, and assign �xij to the entry of A that corresponds to thesame edge in the opposite direction.Theorem 11.4.1 The graph G has a perfect matching if and only if the determinant of itsTutte matrix is not identically zero.Proof: Again we can write the determinant of A asdet(a) =X� sign(�)a1;�(1)a2;�(2) :::an;�(n)but this time - not every non-zero term corresponds to a perfect matching, and a termmight appear more then once in the sum.Let � be a permutation for which a1;�(1)a2;�(2) :::an;�(n) 6= 0. We denote the sign ofthe permutation � by sign(�), and by value(�) we denote the sign of the multiplication�1;�(1) ; �2;�(2) ; :::; �n;�(n).For example, if n = 5 and � = (2; 3; 1; 5; 4), then sign(�) = �1, since the pairs that arein the wrong order are (2; 1); (3; 1) and (4; 5), so there is an odd number of such pairs. Ifall the edges (v1; v2), (v2; v3), (v3; v1), and (v4; v5) are in E, then value(�) = +1, since theterm that corresponds to � is x12x23(�x13)x45(�x45) = +1� x12x23x13x245 .In what follows, we view a permutation � as a combination of disjoint cycles fC1; C2; :::; Ckg.The above permutation, for example, is combined of two disjoint cycles: � = f(2; 3; 1); (4; 5)g.For every permutation �, we denote its inverse permutation by ��1, and for every cycle C,we denote the \reversed" cycle (i.e., the same cycle in reversed order) by C�1.The following two claims state some general properties of permutations:Claim 11.4.1 For every permutation �: sign(�) = sign(��1).



CHAPTER 11. ALGEBRAIC METHODS 85Proof: For every �: sign(�)� sign(��1) = sign(� � ��1) = sign(I) = 1Claim 11.4.2 If �1 = fC1; C2; :::; Ckg and �2 = fC�11 ; C2; :::; Ckg, then sign(�1) = sign(�2).Proof: We denote by �C1 the permutation that is the identity permutation for all theelements that are not in C1, and agrees with �1 on the elements in C1. Clearly, �1 =�C1 ��C2 � ::: ��Ck and �2 = �C�11 ��C2 � ::: ��Ck . Since �C�11 = (�C1)�1, we get from claim5.1: sign(�1) = sign(�C1 � �C2 � ::: � �Ck ) =sign(�C1)� sign(�C2 � ::: � �Ck) =sign((�C1)�1)� sign(�C2 � ::: � �Ck ) =sign(�C�11 )� sign(�C2 � ::: � �Ck) =sign(�C�11 � �C2 � ::: � �Ck) = sign(�2)The following two claims state some properties of the terms that correspond to permutationsin the Tutte matrix A:Claim 11.4.3 If �1 = fC1; C2; :::; Ckg and �2 = fC�11 ; C2; :::; Ckg thenvalue(�1) = (�1)jC1j � value(�2)Proof: Clearly the terms that correspond to �1 and �2 di�er only in the variables thatcorrespond to edges of the cycle C1. Every edge in C1, is either in its \right" directionin C1, and in the \wrong" direction in C�11 , or vice-versa. Therefore, every variable thatcorresponds to an edge in C1, will appear with opposite signs in the terms for � and ��1,and hence the claim.We focus now on permutation � = fC1; :::; Ckg such that at least one of the Ci's is of oddlength.Claim 11.4.4 The total contribution to det(A) of the permutations that contain a cycle ofodd length is zero.



CHAPTER 11. ALGEBRAIC METHODS 86Proof: For a permutation that contains a cycle of odd length, � = fC1; :::; Ckg, we denoteby �r the permutation that is constructed from � by reversing the odd cycle that containsthe vertex with the lowest index (among all the cycles of odd length). If we denote thatcycle by Ci� , then �r = fC1; :::; Ci��1; C�1i� ; Ci�+1; :::; Ckg. Clearly since that cycle is stillthe odd cycle that contains the vertex with the lowest index, then (�r)r = �.FromClaims 11.4.2 and 11.4.3 we get that sign(�) = sign(�r) and value(�) = �value(�r)(since the length of Ci� is odd). Therefore we getsign(�)a1;�(1):::an;�(n) = �sign(�r)a1;�r (1) :::an;�r(n)so the total contribution of � and �r to det(A) is zero. Since for every permutation �that contains odd length cycles there exists such a permutation �r, it follows that the totalcontribution to det(A) of these permutations is zero.We can now complete the proof in both directions:� If G contains a perfect matching, then the permutation that corresponds to thisperfect matching is combined of n2 cycles of length 2 each. The term that correspondsto this permutation is �x2i1;j1 ::: x2in2 ;jn2 and it is not cancelled by any other term, thusdet(A) 6= 0.� If det(A) 6= 0 then, by claim 5.4, there exists a permutation �, that can be decomposedinto cycles of even length, such that the term for � in det(A) is not zero. Therefore allthe edges that correspond to � are present in G. Thus, by numbering the edges in eachcycle and choosing all the edges with odd index, we can obtain a perfect matching inG.11.5 Computing a perfect matching in a graphIn the previous section we gave a randomized algorithm for deciding whether a graphcontains a perfect matching. We proceed to show a randomized algorithm that computes aperfect matching in a graph G if it exists. The algorithm is by [MVV] and it is based on thefollowing lemma, called \The Isolating Lemma". (We note that the �rst RNC algorithmfor computing a perfect matching in a graph was given by [KUW1].



CHAPTER 11. ALGEBRAIC METHODS 8711.5.1 The Isolating LemmaLemma 11.5.1 (The Isolating Lemma) Let A = fa1; a2; :::; amg be a set of elements,and let S = fS1; S2; :::; Skg be a collection of subsets of A. If we choose integer weightsw1; w2; :::; wm to the elements of A at random from the domain f1; :::; ng, thenPrw1;:::;wm(the minimal weight subset is not unique) � mnwhere the weight of a set S is the sum of the weights of its elements.Proof: First, consider the vector cwi =< w1; :::; wi�1; wi+1; :::; wm >, where all the weightsexcept wi are �xed. We will show that for every such vector, there is at most one value ofwi that violates the uniqueness property.Claim 11.5.1 There is a value � bwi satisfying:� If wi > � bwi then ai is not a member of any minimal weight subset.� If wi < � bwi then ai is a member of every minimal weight subset.Proof: For the �xed weights w1; :::; wi�1; wi+1; :::; wm, and for every wi, we denote theweight of the minimal subset(s) that does not contain ai by W , and by W 0(wi) we denotethe weight of the minimal subset that contains ai. Clearly W 0(wi) = W 0(0) + wi. Now wede�ne � bwi = W �W 0(0). If wi < � bwi then we getW > W 0(wi) and therefore ai is a memberin (all) the minimal weight subset(s). Similarly, if wi > � then we get W < W 0(wi) andtherefore ai is not a member in (any of) the minimal weight subset(s).We say that the element ai 2 A is ambiguous with respect to cwi if wi = � bwi . It follows thatfor any �xed vector cwi we getPrwi (ai is ambiguous with respect to cwi) = Prwi (wi = � bwi) � 1nand thereforePrw1 ;:::;wm(9i s:t: ai is ambiguous with respect to w1; :::; wi�1; wi+1; :::; wm) �mXi=1Prwi (ai is ambiguous with respect to w1; :::; wi�1; wi+1; :::; wm) � mXi=1 1n = mnBut if no ai is ambiguous, then every ai is either in all the minimal subsets, or not in anyminimal subset, and therefore, the minimal subset is unique.



CHAPTER 11. ALGEBRAIC METHODS 8811.5.2 Computing a perfect matchingIn order to �nd a perfect matching in a graph G = (V;E), we choose integer weights for theedges uniformly at random from a large enough domain (say - f1; :::; n2g). Then, we de�nethe Tutte matrix A as follows:aij = 8>>><>>>: 2wij if i < j and (vi; vj) 2 E�2wij if i > j and (vi; vj) 2 E0 otherwiseFrom the Isolating Lemma we get that if G contains a perfect matching, then theprobability that the minimal weight perfect matching is not unique is small (not more thanjEjn2 � 12).Claim 11.5.2 If the minimal weight perfect matching in G is unique then:� det(A) 6= 0.� The highest power of two that divides det(A) is 22W , where W is the minimal weightof a perfect matching in G.Proof: As before, we can ignore the permutations that contain cycles of odd length,since their total contribution to det(A) is zero. Let us denote the minimal weight perfectmatching by M . M is combined of n2 cycles of length 2 each. For every edge (vi; vj) in thismatching, the factor 2wij appears twice in the term of the permutation (once as a positivefactor and once as a negative one). Thus, the total contribution of that term is �22W . Anyother permutation � (with no odd cycle), for which all the edges are present in G, mustbelong to one of the following two categories:� � may be a combination of cycles of length 2. In this case, � corresponds to anotherperfect matching M 0 of weight W 0. The term of � will have a weight of �22W 0 . SinceM is the only minimal matching, we know that W < W 0, thus 22W divides 22W 0 and22W 022W is even.� � may be a combination of cycles of even length, where the length of at least one ofthem is grater than 2. In this case, we can view � as a combination of two di�erentperfect matchings: M1 (of weight W1) that is combined of the odd-indexed edges inevery cycle, and M2 (of weight W2) that is combined of the even edges in every cycle.



CHAPTER 11. ALGEBRAIC METHODS 89This term will have a contribution of 2W1+W2 . Since M1 6= M2, at least one of themis not the minimal weight perfect matching M , thus 2W < W1 +W2 and therefore22W divides 2W1+W2 and 2W1+W222W is even.From the above discussion we get that for every permutation � that does not contain cyclesof odd length the following holds:122W a1;�(1)a2;�(2) :::an;�(n) = 8<: 1 if � is the permutation that corresponds to M0 (mod 2) otherwiseThus, if we write det(A) in the form:det(a) = 22W �X� 122W sign(�)a1;�(1)a2;�(2) :::an;�(n)then the sum will be odd and hence the claim.11.5.2.1 Constructing the minimal weight perfect matchingThe above claim yields an NC algorithm to �nd 22W (once we �x the weights wij): Simplycalculate det(A) and �nd the highest power of 2 that divides it. We now show how to �ndthe minimal weight perfect matching M in G:For every edge (vi; vj) 2 E, let Aij denote the minor obtained from A by removing theith row and the jth column, and let us de�ne:mij = X� s:t: �(i)=j sign(�)a1;�(1)a2;�(2) :::an;�(n)Claim 11.5.3 For every edge (vi; vj) 2 E it holds that2wijdet(Aij) = �mijProof: Let us number the rows of Aij as 1; 2; :::; i� 1; i+ 1; :::n, and let us number thecolumns of Aij as 1; 2; :::; j�1; j+1; :::n. Clearly, from any permutation � of Aij (in its newnumbering) we can construct a permutation �0 of A by adding the additional rule �(i) = j.The term of �0 in det(A) is identical to the term of � in det(Aij), except that it has theadditional factor aij = �2wij . Since every permutation �0 that satis�es �(i) = j can beconstructed this way, the claim follows.Claim 11.5.4 For every edge (vi; vj) 2 E the following holds:



CHAPTER 11. ALGEBRAIC METHODS 90� The total contribution to mij of permutations that contain a cycle of odd length iszero.� If (vi; vj) 2M then mij22W is an odd number.� If (vi; vj) 62M then mij22W is an even number.Proof:� As before, for every such permutation � we can assign a permutation �r satisfying(�r)r = � and sign(�)a1;�(1) :::an;�(n) = �sign(�r)a1;�r (1) :::an;�r(n) . The only di�cultyis that we might not be able to reverse the �rst odd cycle: If that cycle containsthe edge (vi; vj) then reversing it will generate a permutation �0 for which �0(i) 6= j.However, we can easily solve this di�culty. Since G contains an even number ofvertices (or else - G can not contain a perfect matching), then every permutation thatcontains a cycle of odd length, contains at least two such cycles. If the �rst odd cyclecontains the edge (vi; vj) then the second one does not contain it, since the cycles aredisjoint. Thus we de�ne �r as the permutation that is constructed from � by reversing{ the �rst odd cycle, if it does not contain the edge (vi; vj).{ the second odd cycle, if the �rst contains the edge (vi; vj).It can be easily shown that for every permutation � that contains a cycles of oddlength and that satis�es �(i) = j it holds that{ �r(i) = j{ (�r)r = �{ sign(�)a1;�(1):::an;�(n) = �sign(�r)a1;�r(1) :::an;�r(n)and the claim follows.� If (vi; vj) 2 M then the sum mij contains the term that corresponds to M and theweight of this term is 22W . As before, all the other non-zero terms corresponds to\heavier" matchings, and therefore, 22W is the highest power of two that divides mij .� If (vi; vj) 62M then there can be two possibilities:{ If mij = 0, the claim follows.



CHAPTER 11. ALGEBRAIC METHODS 91{ If mij 6= 0 then there are perfect matchings in G that contains the edge (vi; vj).Let W 0 denote the minimal weight of a perfect matching that contains that edge.Then, W < W 0 (since M is the only perfect matching of weight W ). It is easyto show, using the same arguments as before, that 22W 0 is the highest power oftwo that divides mij , and since W < W 0, mij22W is an even number.The algorithm to �nd a perfect matching in G (if one exists) is the following:� If the number of vertices in G is odd - then G doesn't contain a perfect matching.� Fix integer weights to the edges of G at random from the domain f1; :::; Ng.� De�ne the Tutte matrix A according to these weights, calculate det(A), and �nd thehighest power of two that divides it. Let us denote this power of two by x.� For every edge e = (vi; vj) 2 E, if 2wij det(Aij)2x is odd then mark e as belonging to M .Otherwise, mark e as not belonging to M .� If the edges belonging to M do not form a perfect matching in G, then G does notcontain a perfect matching with high probability.From the above claims we get that the algorithm can fail only if the minimal weight perfectmatching is not unique. By the Isolating Lemma, this happens with probability of at mostjEjN .Open research problem: Find a deterministic NC algorithm for computing a perfectmatching in a graph.11.6 The exact matching problemDe�nition 11.6.1 The exact matching problem de�ned in [PY], is the following:� Input : An undirected graph G = (V;E), a coloring of the edges of G in red and blue,and an integer k.� Problem : Find a perfect matching in G that contains exactly k red edges.



CHAPTER 11. ALGEBRAIC METHODS 92To solve the exact matching problem, we can pick weights to the edges of G uniformlyat random from the domain f1; 2; :::;Ng, and then de�ne the Tutte matrix A as follows:aij = 8>>>>>>>><>>>>>>>>: 2wij if i < j and (vi; vj) is a blue edge�2wij if i > j and (vi; vj) is a blue edge2wijy if i < j and (vi; vj) is a red edge�2wijy if i > j and (vi; vj) is a red edge0 otherwisewhere y is a variable.The determinant of A in this case is not a number, but a polynomial of degree at mostn in the variable y. Since this is a determinant in one variable, we can e�ciently computeit in NC. Note that the term in the determinant corresponding to a perfect matching thatcontains exactly k red edges, contains the factor y2k, and these are the only terms thatcontain this factor. Therefore, we can apply the algorithm of Section 11.5 for �nding aperfect matching in a graph to the coe�cient of y2k. As before, the algorithm can fail onlyif the minimum weight perfect matching (among all perfect matchings with exactly k rededges) is not unique, and that happens with probability of at most jEjN .Open research problem: Find a deterministic algorithm for the exact matching prob-lem. Notice that in contrast to the perfect matching problem, even a sequential deterministicalgorithm is not known for this problem!11.7 The unique clique problemIn this section we see another application of the Isolating Lemma. We de�ne the uniqueclique problem, which is a variant of the clique problem, and show a randomized reductionfrom the unique clique problem to the clique problem.11.7.1 Promise problemsA promise problem is a problem where you are given, beside your input, some \promise"associated with the input. We say that an algorithm solves a promise problem, if thisalgorithm gives the right answer on every input that satis�es the promised condition. Thealgorithm may fail, however, on inputs that does not satisfy the promised condition. Clearly,the promise is of any signi�cance only if the promised condition cannot be veri�ed (usingthe same resources as the algorithm).



CHAPTER 11. ALGEBRAIC METHODS 9311.7.2 The unique clique problemDe�nition 11.7.1 The clique problem is de�ned as follows:� Input: An undirected graph G = (V;E) and an integer k.� Question: Does G contain a clique of size k?De�nition 11.7.2 The unique clique problem is a promise problem that is de�ned as fol-lows:� Input: An undirected graph G = (V;E) and an integer k.� Promise: G contains AT MOST ONE clique of size k.� Question: Does G contain a clique of size k?Claim 11.7.1 If the unique clique problem has a BPP/RP/RNC algorithm that solves it,then every problem in NP has such an algorithm.(BPP is the class of all problems that have polynomial-time randomized algorithms. RPis the class of all problems that have polynomial-time randomized algorithms with onlyone-sided error).Proof: We prove the claim by presenting an e�cient randomized one-sided error reductionfrom the unique clique problem to the clique problem which is known to be NP -complete.This reduction is de�ned as follows:� Input: An undirected graph G = (V;E) (jV j = n) and an integer k.� Output: An undirected graph G0 = (V 0; E0) (where jV 0j = Poly(n; k)) such that:{ If the maximum clique in G is strictly smaller than k, then the maximum cliquein G0 is strictly smaller than 2nk2.{ If the maximum clique in G is of size k, then with high probability, there is aninteger r, 2nk2 � r � 2nk(k+1), such that G0 contains exactly one clique of sizer.Such a reduction will prove the claim. On an input G to the clique problem, we can applythe reduction for every possible k (up to n) and generate the graph G0. Then, we can run



CHAPTER 11. ALGEBRAIC METHODS 94the unique clique algorithm on the graph G0 where r is either chosen uniformly at randomfrom the range [2nk2; 2nk(k+ 1)], or we can check all the integers in this range. Assumingthe reduction can be carried out in parallel, since k � n, the claim follows.Given a graph G and an integer k, we set weights to the vertices of G uniformly atrandom from the domain f1; 2; :::; 2ng. Then, we de�ne G0 as follows: We replace everyvertex v 2 V by a clique Cv of size 2nk + w(v), and for every edge (u; v) 2 E we connectall the vertices in Cu to all the vertices in Cv. Formally, we de�ne:V 0 = Sv2V fvi : 1 � i � 2nk + w(v)gE0 = f(vi; vj) : v 2 V g [ f(ui; vj) : (u; v) 2 EgNote that if C = fv1; :::; vtg � V is a clique in G, then C 0 = Cv1 [ Cv2 [ :::[ Cvt � V 0 is aclique in G0 of cardinality 2nkt+w(v1)+w(v2)+ :::+w(vt). Note also that every (maximal)clique in G0 corresponds to a clique (or a single vertex) in G.Claim 11.7.2 If the maximum clique in G is strictly smaller than k, than the maximumclique in G0 is strictly smaller than 2nk2.Proof: The size of any clique C 0 � V 0 that corresponds to a clique C = fv1; :::; vk�1g � Vis at most: 2nk(k � 1) + w(v1) + w(v2) + :::+ w(vk�1) �2nk(k � 1) + 2n(k� 1) = 2n(k + 1)(k � 1) < 2nk2Claim 11.7.3 If the maximum clique in G is of size k, then with high probability, there isan integer r, 2nk2 � r � 2nk(k + 1), such that G0 contains exactly one clique of size r.Proof: From the Isolating Lemma we get that, with high probability, the maximumweight clique, (among all cliques of size k in G) is unique. Let us denote this clique by C,let W denote its weight, and let C0 denote the corresponding clique in G0. C0 is a clique ofcardinality 2nk2+W . Note that 2nk2 < 2nk2 +W < 2nk(k+ 1). For any clique �C � V ofsize k, with weight �W , The corresponding clique in G0 is of cardinality 2nk2+ �W < 2nk2+W .By claim 6.2, for every clique in G of size < k, the corresponding clique in G0 is smallerthan 2nk2 < 2nk2 +W . Since there are no cliques in G of size > k, it follows that G doesnot contain a clique larger then C0. Therefore, C 0 is the maximum clique in G0 and it isunique. This concludes our proof.



Chapter 12Linear Programming12.1 IntroductionIn these lectures we will see some examples of probabilistic algorithms used in Linear pro-gramming. The summary is organized as follows - In sections 12.2 and 12.2.1 we give ageneral description of linear programming ([Ka]). In Section 12.2.3 the Duality Theorem ispresented. Then, we demonstrate its use in proving K�onig's Theorem. A few deterministicalgorithms are brie
y mentioned in section 12.2.4. Finally, In section 12.3 we demonstratetwo randomized algorithms ([Se], [Cl]) for the �xed dimension case.12.2 Linear programmingLinear programming is the process of minimizing a linear objective function subject to a�nite number of linear equality and inequality constraints. Let x; c 2 Rn; let A be a k �n matrix; let b 2 Rk; let A0 is a l � n matrix and let b0 2 R`. The following is a generallinear program with n variables, k equality constraints, and ` inequality constraints.minimize cTxsubject to Ax = bA0x � b0x1 � 0 x2 � 0 � � � xr � 0 xr+1 >< 0 � � � xn >< 0The notation xj >< 0 means that variable xj is not sign constrained. Either k or ` can be 0.Consider two special classes of linear programs.95



CHAPTER 12. LINEAR PROGRAMMING 96The Standard form : minimize cTxsubject to Ax = bx � 0In which every variable is sign-constrained and only equality constraints are allowed.The Canonical form : minimize cTxsubject to Ax � bx � 0a form which allows only inequality constraints and in which all variables are sign-constrained.All three forms are equivalent in that one can easily be converted to any other. Clearly, alinear program in standard or canonical form is already in general form, so to prove equiv-alence it su�ces to show that general-form linear programs can be converted to standardand canonical form. To this end we should describe how to eliminate equality constraints,how to eliminate inequality constraints, and how to eliminate unsign-constrained variables.eliminate inequality - Let dTi x � ri be an inequality constraint. Create a new \surplusvariable" si and replace the inequality dTi x � ri by dTi x� si = ri and si � 0eliminate equality - Let dTi x = ri be an equality constraint. Replace the equality constraintby a pair of inequality constraints dTi x � ri; �dTi x � �rieliminate unsign-constraint - If xj >< 0, create two new variables x+j and x�j and replacexj everywhere by x+ � x�, and add the sign-constraints x+ � 0; x� � 0It is easy to see that the resulting problems are equivalent to the original problem.12.2.1 Geometrical interpretationWe start with a few geometric de�nitions.



CHAPTER 12. LINEAR PROGRAMMING 97De�nition 12.2.1 A hyperplane in Rn isH = fx j a1x1 + � � �+ anxn = bg;where not all ai = 0. A halfspace is the set fx j a1x1 + � � �adxd � bg where not all ai = 0.We say that a set T � Rn is bounded if there is a real r such that kxk � r for all x 2 T .De�nition 12.2.2 A polyhedron is the intersection of �nitely many halfspaces. A boundednonempty polyhedron is called a polytope.Example 12.2.1: The set fx j Ax � b; x � 0g is the intersection of �nitely manyhalfspaces, as is fx j Ax = b; x � 0g. If they are nonempty and bounded, they are calledpolytopes.We say that a sequence of equality or inequality constraints are linearly independentif the sequence of coe�cients' vectors are linearly independent. We ignore the right-handsides and the question whether the constraints are equalities or inequalities.De�nition 12.2.3 If x; y; p 2 Rn and p = �x+ (1� �)y; 0 � � � 1 then p is the convexcombination of x and y. More generally, p is the convex combination of points x1; x2; : : : ; xrif p = rXi=1 �ixi; �i � 0; and rXi=1 �i = 1:Point p is the strict convex combination of points x1; x2; : : : ; xr if p is the convex combina-tion of x1; x2; : : : ; xr yet p 6= xi for all i.De�nition 12.2.4 S � Rn is convex if whenever x; y 2 S; then every convex combinationof x and y is in S. That is, the line segment connecting x and y lies in S.It is easy to see that the intersection of arbitrary many convex sets is convex.12.2.2 Basic SolutionsDe�nition 12.2.5 If P is a polyhedron, v 2 P is an extreme point or a vertex if v cannotbe written as the strict combination of points x; y 2 P .De�nition 12.2.6 If A is an m�n matrix of rank m, any m linearly independent columnsare a basis. (they form a basis of A's column space, Rm).



CHAPTER 12. LINEAR PROGRAMMING 98De�nition 12.2.7 Consider the linear programminimize cTxsubject to Ax = bx � 0where A is of rank m and has dimension m � n. If columns j1 < j2 < � � � < jm area basis, the corresponding basic solution x is de�ned as follows and ignores c. Let B bethe nonsingular matrix consisting of columns j1; j2; : : : ; jm of A. Any variable x` where` 62 fj1; j2; : : : ; jmg is set to 0 and is called nonbasic. For k = 1; : : : ; m; xjk is set to thekth component of B�1b and is known as basic; the basic variables may or may not be 0.(The basic solution x in the unique vector satisfying Ax = b subject to the condition thatx` = 0 for ` 62 fj1; : : : ; jmg.) If x satis�es the sign constraints x � 0, x is a basic feasiblesolution or bfs.If m�n matrix A has rank m, then Ax = b always has a basic solution. If the feasibleregion is nonempty, we see that it must have a bfs as well.Notation 12.2.1 Let us use LPS to denoteminimize cTxsubject to Ax = bx � 0where A is an m� n matrix of rank m.We use F to denote the feasible set fx j Ax = b; x � 0g.Theorem 12.2.1 In LPS, suppose that w 2 Rn. Then w is a vertex of the feasible set Fif and only if w is a basic feasible solution of LPS.Corollary 12.2.1 There are only �nitely many vertices.



CHAPTER 12. LINEAR PROGRAMMING 99Proof: Each is a bfs which is determined by an m-element subset of the columns. Thenumber of bfs's is therefore at most �nm�.Say a minimizing problem is unbounded if for each real B, there is a feasible point ofcost less then B.Theorem 12.2.2 In LPS, suppose p 2 F . Then either LPS is unbounded, or there is avertex v of F satisfying cTv � cTp.Corollary 12.2.2 If in LPS F 6= � and cTx � B for all x 2 F , then there is an optimalvertex. Provided that the cost is bounded from below, linear programming is a �nite problem!Proof sketch Let p1 2 F . Find a vertex v1 such that cTv1 � cTp1. (Theorem 12.2.2guarantees v1's existence.) If v1 is optimal we are done. Otherwise, there is a feasible pointp2 such that cTp2 < cTv1, and a vertex v2 such that cTv2 � cTp2 < cTv1. If v2 is optimalwe are done. In this way we construct a sequence of vertices v1; v2; : : : each of cost strictlyless then the previous one's. No vertex can appear twice on this list, and since there areonly �nitely many vertices, the process must terminate with an optimal bfs.12.2.3 DualityThe original linear programming problem of minimizing an objective function subject tolinear constraints is called the primal linear programming problem.Associated with this is the dual problem, which has as many variables as the primalproblem has constraints, and as many constraints as there are variables in the primal prob-lem. Here is how we build the dual in general.PRIMAL DUALrow i Pj aijxj = bi yi >< 0row i Pj aijxj � bi yi � 0var j xj >< 0 Pmi=1 yiaij = cjvar j xj � 0 Pmi=1 yiaij � cjobjective function min cTx max yT bTo get the dual put the coe�cients of the objective function on the right hand sideof the dual. Read down the primal's columns and use the entries in one column to writedown one dual constraint. A dual variable yi is sign constrained (yi � 0) if and only if the



CHAPTER 12. LINEAR PROGRAMMING 100corresponding primal constraint is an inequality. A dual constraint is an equality if and onlyif the corresponding primal variable is sign constrained (xj � 0). Remember, inequality inone problem corresponds to inequality in the other. Equality in one corresponds to >< inthe other. If the primal problem is a minimization problem, then the dual problem is amaximization problem.Example 12.2.2:PRIMAL min 3x1 �6x2 �x3 +2x42x1 �16x2 +12x3 �0x4 � 12�5x+ 1 �5x2 +0x3 +13x4 � �23�4x1 �3x2 �x3 �7x4 = 28x1 � 0 x2 >< 0 x3 >< 0 x4 � 0DUAL max 12y1 �23y2 +28y32y1 �5y2 �4y3 � 3�16y1 �5y2 �3y3 = �612y1 +0y2 �y3 = �10y1 +13y2 �7y3 � 2y1 � 0 y2 � 0 y3 >< 0Theorem 12.2.3 If w; u is a primal/dual feasible pair, cTw � uT b.We now state the extremely important Duality Theorem.Theorem 12.2.4 If a linear program has an optimal solution, so does its dual, and theiroptimal costs are identical.12.2.3.1 A combinatorial application of dualityThe major applications of linear programming are naturally in the �eld of optimization.Many problems in combinatorial optimization, e.g., max 
ow, minimal cost 
ow, multi-commodity 
ow, are instances of linear programming. In this section we present an appli-cation in combinatorics, a realm where it is less obvious that linear programming can be ofuse. We provide an alternative proof to K�onig's Theorem via duality.Given a graph G, We denote by �(G) the size of a minimal vertex cover in G, and by�(G) the size of a maximum matching in G.



CHAPTER 12. LINEAR PROGRAMMING 101Theorem 12.2.5 (K�onig) If G = (V; U; E) is a bipartite graph, then �(G) = �(G).Proof: We can formulate the maximum matching problem as an integer linear program.We create a variable xij for each edge (i; j) 2 E, whose value is either 0 or 1 : if the solutionassigns xij = 1, then edge (i; j) is in the matching. Otherwise, if xij = 0, then edge (i; j) isnot in the matching.In a valid matching there is at most one edge incident to each vertex. We thereforewrite a constraint for each vertex, limiting the number of edges incident to that vertex toat most one. Hence, for each node i we have the constraint Pj xij � 1.Since our goal is to maximize the number of edges chosen, we want to maximize Pi;j xij ,or minimize �Pi;j xij . This representation of the maximum matching problem is an integerlinear program since xi is either 0 or 1.The following is a linear programming relaxation of the maximum matching problem,i.e., each variable xij can take a value between 0 and 1. (The constraint xij � 1 is implicit).minimize � X(i;j)2E xijs:t: 8i �Xj xij � �18(i; j) 2 E xij � 0The dual problem has a variable yi for each constraint in the primal problem, and aconstraint for each variable xij in the primal problem.Here is the dual problem : maximize �Xi yis:t: 8(i; j) 2 E � yi � yj � �18i yi � 0We can now see that the dual problem is the linear program formulation of the minimalvertex cover problem. For each vertex i in G, there is a variable yi � 0. In a valid vertexcover there is at least one vertex incident to each edge. We, therefore, have a constraintfor each edge, requiring that the number of vertices incident to an edge is at least one, i.e.,yi + yj � 1. These constraints imply, that each yi is between 0 and 1.Since the goal in vertex cover is to minimize the number of vertices chosen, the objectivefunction can be written as maximizing Pi yi.



CHAPTER 12. LINEAR PROGRAMMING 102By the Duality Theorem, if the primal problem has an optimal solution so does its dualprogram, and their optima are equal. To complete the proof, we need to show that thereexist an optimal solution which is also integral. That is, a solution in which every xi andevery yi is either 0 or 1 (and not 0:5, for example).A matrix is called Totally Unimodular (TUM) if the determinant of each submatrix iseither 1, -1 or 0. An important property of TUM matrices is that the vertices of the feasiblepolytope de�ned by a TUM matrix are always integral. It can be shown that the constraintmatrix in our problem is TUM, and by virtue of this we get integrality for free.12.2.4 Deterministic algorithmsDesigned in 1947 by G. Dantzig, the Simplex Algorithm could hardly be simpler. We alreadyknow that linear programming is a �nite problem. When the objective function is boundedbelow, we need only scan all of the (exponentially many) vertices of the polytope in orderto �nd an optimal point. The simplex algorithm is nothing more than an orderly way ofscanning the vertices.The algorithm starts from an arbitrary vertex v of the feasible region and �nds a cheaperneighboring vertex, a neighboring vertex being a di�erent bfs whose corresponding basisdi�ers from that of v in exactly one column. If no neighboring vertex has cheaper cost, thecurrent vertex can be proven to be globally optimal.It can also be proven that in the worst case, the running time of the Simplex Algorithmis exponential. In practice, however, this algorithm turns out to be very fast.Let d be the number of variables, let m be the number of constraints, and let ` be thelength of the input. An algorithm for linear programming that terminates after a numberof steps which is a polynomial in m and d is called a strongly polynomial algorithm. Analgorithm that terminates after a number of steps which is polynomial in m; d and ` is calleda weakly polynomial algorithm.It is an open question whether there is a strongly polynomial algorithm for linear pro-gramming. The �rst weakly polynomial algorithm for linear programming, the EllipsoidAlgorithm was constructed by L.G. Khachiyan in 1979. This algorithm generates a se-quence of points outside the feasible region of the linear program. Such an algorithm is anexterior-point method. The simplex algorithm, on the other hand, generates vertices of thefeasible region. Unlike both, Karmarkar's Algorithm, designed In 1984, is an interior-pointmethod. It generates a sequence of points inside the feasible region whose cost approaches



CHAPTER 12. LINEAR PROGRAMMING 103the optimal cost. At the end, it jumps to a vertex of no greater cost, which is then optimal.12.3 Linear programming in small dimensionIn some applications of linear programming, the number of variables, d, is very small com-pared to the number of constraints, m (i.e., d � m). We will present two randomizedalgorithms that have expected running time which is linear or almost linear in m.12.3.1 Seidel's algorithmThe �rst algorithm is due to Raimund Seidel [Se]. In this algorithm, the dependence of thetime bound on d is of the form d!. The main virtue of this algorithm lies in the simplicityof the algorithm and its analysis.The input to the algorithm is a set H of m constraints (halfspaces in Rd), and anobjective function c 2 Rd. The algorithm outputs an optimum vertex v of the polyhedronPH formed by the intersection of the half-spaces in H (with respect to c).The Algorithm1. Remove, uniformly at random, a half-space H from the set H to obtain the set H0.2. Recursively compute the optimum vertex v0 of PH0 (with respect to c).3. From v0 compute v as follows :� If v0 is contained in the half-space H; then clearly v = v0, and nothing needs tobe done.� Otherwise, v must be contained in the bounding hyperplane h of the half-spaceH . As a matter of fact, if �c is the projection of c into h and �H0 = fG[h j G 2 H0g,then v is the optimum vertex for the (d�1)� dimensional linear program speci�edby the half-spaces �H0 and the objective function �c. Thus, v can be determinedby recursively solving a d � 1 dimension problem with m � 1 constraints. (Aone-dimensional problem can be solved straightforwardly in time proportional tothe number of its constraints.)For the sake of analysis let us assume that our linear programming problem and allsubproblems encountered are well behaved in the sense that the optimum vertex is unique,



CHAPTER 12. LINEAR PROGRAMMING 104and that it is the intersection of the bounding hyperplanes of exactly d of the given half-spaces.We claim that the algorithm has an expected running time of O(d!m). The proof, byinduction on d, proceeds as follows:� In case d = 1 the problem can be solved trivially in O(m) time.� For d > 1 it su�ces to show that the expected time necessary to obtain v from v0is O(d!). The interesting and expensive case happens when v and v0 are di�erent.But note that these vertices can only be di�erent if one of the d half-spaces whosebounding hyperplane de�ne v is H . Since H was chosen from the m half-spaces inH uniformly at random, it follows that v is di�erent from v0 with probability d=m.By inductive assumption the expected cost of solving the d � 1-dimensional linearprogram problem with m � 1 constraints is O((d � 1)!(m � 1)). Thus the expectedcost of obtaining v from v0 is (d=m) �O((d� 1)!(m� 1)), which is O(d!) as claimed.12.3.2 Clarkson's algorithmThe second algorithm is due to Clarkson. This algorithm requires an expected time ofO(d2m) + (logdm)logd �O(d)d=2+O(1). The leading term in the dependence on m is O(d2),a considerable improvement in d (compared with the d! dependence in Seidel's algorithm).The second term arises from the solution of O(logdm)logd \"small" linear programs withO(d2) constraints and d variables. The solution of these linear programming problems withthe simplex algorithm requires O(d)d=2+O(1) time.The algorithm is based on the following fact - the optimum point v, is determined byexactly d constraints from H. That is, there is a set H� � H of size d, such that theoptimum for H� is the same as for H. The constraints H nH� are redundant, in the sensethat their deletion from H does not a�ect the optimum.The main idea of the algorithm is to throw away redundant constraints quickly. Thealgorithm builds a set V � � H over several phases. In each phase, a set V � HnV � is addedto V �. The set V has two important properties: its size is no more then pm, and it containsa constraint from H�. After d phases, H� � V �, and also V � has O(dpm) elements. Thatis, the algorithm quickly throws away the large set of redundant constraints H n V �. Thealgorithm proceeds recursively with V �, and the recursion terminates for \small" sets ofconstraints. For these constraints, the optimum can be found using the simplex algorithm.



CHAPTER 12. LINEAR PROGRAMMING 105The AlgorithmFunction LP(H: set of half-spaces)return v : optimum vertexV �  � ; Cd  9d2;if m � Cd then return Simplex(H)repeat choose R � H at random, s.t. j R j= r = 2dpm logm;v  LP(R[ V �);V  fH 2 H j v violates Hg;if j V j� pm then V �  V � [ V ;until V = � ;return v ;end ;We say that an execution of the loop body in LP is successful if j V j� pm.Lemma 12.3.1 The number of successful executions is at most d.Proof: If V 6= � then it must contain at least one constraint from H�. In every successfulexecution we add V to V �. Thus, since the size of H� is at most d, the proof follows.Lemma 12.3.2 An execution of the loop is successful with probability at least 1� 1md .Proof: Let v be a vertex that is the optimum of some d constraints from H.LetBADv be the set of constraints violated by v0. I.e.,BADv = fH 2 H j v0 violates Hg.Let b(v) denote the cardinality of the set BADv . Each time a constraint H from H is cho-sen at random and placed in R, the probability that H 2 BADv is b(v)=m. Thus, theprobability that H 62 H� is 1 � b(v)=m. If b(v) > pm, then the probability that when wechose the constraints in R, we did not hit any constraint in BADv , is therefore, boundedabove by (1� b(v)m )r � (1� pmm )r = (1� 1pm)2dpm logm == ((1� 1pm)pm)2d logm = e�2d logm = 1m2dSince there are at most md vertices, the probability of choosing a vertex v for whichb(v) > pm (i.e. the execution will not be a successful one), is bounded above by 1md .



CHAPTER 12. LINEAR PROGRAMMING 106Corollary 12.3.1 The expected number of loop executions is O(d).Proof: Every execution is successful with probability greater than 1=2, therefore theexpected number of loop executions needed to have one successful execution is less than 2.Since the number of successful executions is d, the proof follows.To tide up the analysis of the expected running time of the algorithm, we use the following:� If the number of constraints is small (m � Cd), using the simplex algorithm takesO(d)d=2+O(1) time.� Otherwise, m > Cd. We call the algorithm recursively O(d) times with fewer con-straints, the constraints in R [ V �. The size of R is r = 2dpm logm. The size ofV � after the ith successful iteration is not more then ipm. Thus, the number ofconstraints in the recursive calls is not more than 3dpm logm.� Checking whether a given constraint H is violated by a d-dimensional point v, takesO(d) time. Thus, for a given vertex v, counting how many constraints are violatedtakes O(md) time. (O(d) time for each of the m constraints.)The expected running time T (d;m) for this algorithm satis�esT (d;m)� 8<: O(d) d2+O(1) if m � Cdd[T (d; 3dpm logm) + O(dm)] otherwiseAfter at most log logdm recursive calls, we get to the recursion basis. Therefore, we getT (d;m) = dlog logdmO(d) d2+O(1) +O(d2m) == (logdm)logd �O(d) d2+O(1) +O(d2m)This completes the analysis of this algorithm.



Chapter 13CountingIn this lecture we discuss randomized algorithms for enumeration problems.13.1 The Class #PGiven a problem instance, we consider the following: deciding whether there is a solution,searching for a solution, and enumerating the number of solutions. In this chapter weconcentrate on enumerating the number of solutions. For example, given a satis�abilityproblem, we may want to enumerate the number of truth assignments that satisfy the givenset of clauses.Clearly, any enumeration problem associated with an NP-complete problem is di�cult,and it may even be more di�cult than the corresponding decision problem. For example,even if satis�ability could be solved in polynomial time, it does not mean that counting thenumber of satisfying truth assignments can be done in polynomial time.Valiant [Va1] de�ned a new class of polynomial time equivalent problems called #P -complete problems. It is de�ned in terms of polynomial time relations: R � f0; 1g��f0; 1g�,such that membership in R can be decided in polynomial time, i.e., R 2 P . The class #P isa class of functions mapping strings to natural numbers :f : f0; 1g�! NDe�nition 13.1.1 Function f : f0; 1g�! N is in the class #P if for some relation R 2 P ,f(x) = jfy : (x; y) 2 Rgj107



CHAPTER 13. COUNTING 108A counting problem Y is reducible to problem X if there is a polynomial- time TuringMachine for solving Y when given a subroutine for solving X . X is #P-complete if everyproblem Y in #P is reducible to X , and X in #P .The enumeration problem associated with many NP-complete problems is #P-complete .For example, counting the number of truth assignments that satisfy a 3-SAT formula.It turns out that some enumeration problems are #P-complete even when the associatedsearch problems can be solved in polynomial time. For example, counting the number ofassignments that satisfy a 2-CNF formula; counting the number of perfect matching in abipartite graph; counting the number of assignments that satisfy a DNF formula.We should note that there are some nontrivial enumeration problems that can be solvedin polynomial time. For example, counting the number of distinct spanning trees in a graph.In Section 13.2 we present a randomized polynomial algorithm for approximating thenumber of satisfying assignments to a DNF formula. In Section 13.3 we show that it isdi�cult to approximate the number of satisfying assignments of a monotone 2-CNF formula.13.2 Approximating a DNF formula is easyA DNF formula is a disjunction of m clauses C1 : : :Cm, where each clause is the conjunctionof a subset of literals de�ned with respect to n boolean variables x1 : : : xn.Given a DNF formula F , we want to count the number of assignments that satisfyF . This quantity is denoted by #F . The DNF counting problem is known to be a#P-complete problem [Va1]. Therefore, the best we can hope for in polynomial time isto approximate the number of satisfying assignments.We �rst present a sampling algorithm in an abstract setting that will turn out to beuseful.13.2.1 A sampling algorithmSuppose we have a �nite universe U of known size where some of the elements are \good".The set of good elements is denoted by G and we can check whether an element u 2 Ubelongs to G by evaluating a function f : U ! f0; 1g that can be e�ciently computed. (I.e.,G = fu 2 U jf(u) = 1g). Our goal is to to approximate the number of good elements in Uand assume we have a method of choosing elements from U uniformly at random.



CHAPTER 13. COUNTING 109De�nition 13.2.1 An ("; �)�approximation algorithm is a randomized algorithm which onevery input U and f , and for every " > 0; � > 0, outputs a number ~Y ( the approximationto the number of \good" elements ), such thatPr [(1� ") � jGj < ~Y < (1 + ") � jGj] � 1� �We use a Monte-Carlo algorithm to obtain the ("; �)�approximation. The ith phaseof the Monte-Carlo algorithm consists of randomly choosing u 2 U , computing f(u), andsetting Yi  f(u). There will be N phases. Let Y = PNi=1 Yi; then the output of thealgorithm is YN � jU j.Theorem 13.2.1 [Sampling Theorem] Let � be the ratio of the \good" elements : � =jGjjU j. If N � 1� � 2"2 � ln(2� ), then the algorithm described above is an ("; �)�approximationalgorithm .Proof: The random variables Yi; 1 � i � N areYi = 8<: 1 with probability �0 with probability 1� �Therefore the random variable Y is (N; �)-binomially distributed. Such a variable sat-is�es the next two Cherno� inequalities :Pr [Y � (1� ") �N�] � e�"2 �N�2Pr [Y � (1 + ") �N�] � e�"2 �N�2In order to get an ("; �)�approximation algorithm we require that2e�"2 �N�2 � �:or, N � 1� � 2"2 � ln(2� ):



CHAPTER 13. COUNTING 11013.2.2 The approximation schemeGiven a DNF formula F over n variables, we de�ne a set UF and a function fF as follows.� UF is the set of all 2n assignments .� For every s 2 UF , fF(s) is the truth value of F under the assignment s.We may try and apply the sampling algorithm in this setting. However, rememberthat we require that N � 1� � 2"2 � ln(2� ): The problem is that the number of samples, N; isproportional to 1� . It means that if the actual number of satisfying assignments is small,N would have to be very large. For example, if the number of satisfying assignment isexponentially small, N must be O(2n).Karp, Luby, and Madras [KLM] suggested a method for counting the number of satis-fying assignments such that a polynomial number of samples will su�ces.Given a clause Ci, let Di be the set of all of its satisfying assignments, and let D beSmi=1Di. Clearly jDij = 2n�l, where l is the number of variables in the clause Ci.Remark 13.2.1 Assignment s satis�es a clause Ci for some i i� s satis�es the formulaF .We would like to compute the cardinality of the set D.De�nition 13.2.2 U is the set of all pairs (s; i), such that s is an assignment that satis�esthe ith clause.Next we de�ne a function f : U ! f0; 1g .f(s; i) = 8<: 1 If i is the index of the minimal clause that s satis�es.0 OtherwiseLemma 13.2.1 X(s;i)2U f(s; i) = jDj



CHAPTER 13. COUNTING 111Proof: We can de�ne for each satisfying assignment s the setBs = f(s; j)j s satis�es Cjg �U: There is precisely one index k for which f(s; k) = 1, for all other indices j > k; f(s; j) = 0.From that we can see that each satisfying assignment s is counted only once. Therefore thesum is exactly jDj:We view the set U as our new \universe" and we want to count the number of elementsin U for which the function f is non-zero. Let G be the set of these elements from U ,G = f(s; i)jf(s; i) = 1g:Lemma 13.2.2 � = jGjjU j � 1m :Proof: A satisfying assignment s, satis�es at most m clauses, therefore there are at mostm elements (s; j) in U , corresponding to each clause Cj .It is clear now that a polynomial number of random samples from U su�ce. It remains toestablish that we can sample at random from U and that we can compute f(s; i) e�ciently.The Algorithm: (choose an element from U uniformly at random)1. Choose i at random, i 2 f1 � � �mg, such thatPr[ choose i] = jDijjU j :This can be done by choosing x 2 f1 � � � jU jg. Our i will satisfyi�1Xj=1 jDjj < x < iXj=1 jDij:2. Choose uniformly at random s 2 Di: This is also easy, the variables belonging to theclause Ci have a �xed value and the other variables can be chosen uniformly overf0; 1g:Lemma 13.2.3 An element (s; i) generated by the algorithm is uniformly chosen from U .



CHAPTER 13. COUNTING 112Proof: The probability of choosing i is jDijjU j : The probability of choosing assignment sfrom Di is 1jDij : Therefore the probability of each pair (s; i) 2 U is jDijjU j � 1jDij = 1jU j .The approximation algorithm proceeds as follows. For each pair (s; i) generated by thealgorithm, compute f(s; i). This is done as follows: For each k; 1 � k � i, check whethers satis�es Ck. If there is a k such that s satis�es Ck, we know that f(s; i) = 0, otherwisef(s; i) = 1: Let Yj be the random variable denoting the result of the jth sample. The outputof the algorithm is PNj=1 YjN � jU j:By the Sampling Theorem, to obtain an ("; �)�approximation scheme, N should be atleast 1� � 2"2 � ln(2� ). Since 1� � m, we can let N = 2m ln(2� ) 1"2 :The comlexity of the approximation scheme is :1. The preprocessing to calculate jDij and jU j is O(m � n):2. The complexity of generating a sample is [O(n) +O(m � n)]:Therefore, the total complexity of the algorithm is O(m � n �N) = O(m2 � n � ln(2� ) � 1"2 ):Open Question : Is there an ("; 0) approximation scheme for the number of assignmentssatisfying a DNF formula.13.3 Approximating a monotone 2-CNF formula is hardRecently, [AS2] and [ALMSS] showed that approximating the MAX-CLIQUE problem belowa factor of n" is NP-complete for some " > 0: We will show a reduction of the problem ofapproximating the cardinality of the maximal clique size of a graph G to the problem ofcounting satisfying assignments of a monotone 2-CNF formula. A monotone formula is aformula that does not contain negated variables. This is work of D. Zuckerman [Zu].Given a graph G = (V;E), we de�ne the formula F :F = Y(i;j)62E(�xi _ �xj):Each assignment s can be interpreted as a characteristic vector de�ning a subset of verticesVs = fvi j xi = 1 in sg:Lemma 13.3.1 Assignement s satis�es F i� Vs is a clique in G.



CHAPTER 13. COUNTING 113Proof:� If Vs is a clique, then for each (i; j) 62 E, i and j cannot both belong to the clique.Therefore, either xi = 0 or xj = 0:� If s satis�es F , then there is an edge connecting any two vertices in Vs. Otherwise,there are two vertices v1; v2, such that x1 = 1; x2 = 1, and (v1; v2) 62 E: But, then theclause (�x1 _ �x2) is not satis�ed.This lemma establishes a 1-1 correspondence between cliques and satisfying assignments.Let N be the number of satisfying assignments, and let w be the size of the maximal cliquein the graph. We can see that N � 2w; because there are at least 2w cliques correspondingto all subsets of the maximal clique. Hence,number of cliques �  nw!+  nw � 1!+ : : :+  n1! � nw:Therefore, we know that 2w � N � nw ; or logNlogn � w � logN .Theorem 13.3.1 If the log of the number of satisfying assignments to a monotone 2-CNFcan be approximated to within a factor of t, then P = NP.Proof: If there is a t-approximation to the log of the number of satisfying assignmentsthen there is a (t � logn)-approximation to the maximal clique size in a graph. This impliesthat P = NP.



Part IIIDerandomization
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Chapter 14GeneralA randomized algorithm A has a probability space (
; P ) associated with it, where 
 isthe sample space and P is some probability measure. Each point in 
 corresponds to asequence of coin 
ips performed by the algorithm. We call a point w 2 
 a good point forsome input instance I , if A(I; w) computes the correct solution. We assume that for each I ,if w is chosen uniformly at random, then the probability that w is good for I is su�cientlyhigh.A natural approach towards derandomizing algorithms is to �nd a method for searchingthe associated sample space 
 for a good point w with respect to a given input instance I .Given such a point w, the algorithm A(I; w) becomes a deterministic algorithm and it isguaranteed to �nd the correct solution. The problem faced in searching the sample spaceis that it is generally exponential in size.Two general methods for searching the sample space have emerged in recent years andwill be described in forthcoming lectures.The �rst approach is that of the method of conditional probabilities [Sp, Ra]. This methodwas introduced by Spencer [Sp] with the aim of converting probabilistic proofs of existenceof combinatorial structures into e�cient deterministic algorithms for actually constructingthese structures. The idea is to perform a binary search of the sample space 
 for a goodpoint. (In Spencer`s case, points in 
 correspond to di�erent combinatorial structuresand a good point corresponds to a structure which satis�es some desired properties). Ateach step of the binary search, the current sample space is split into two equal halvesand the conditional probability of obtaining a good point is computed for each half. Thesearch is then restricted to the half where the conditional probability is higher. The search115



CHAPTER 14. GENERAL 116terminates when only one sample point, which must be a good point, remains. This methodis applicable to large sample spaces since it requires log j
j steps only.A di�erent approach is to conduct an exhaustive search of the sample space. Since thereis a good point in 
 for each possible input, trying every w 2 
 is guaranteed to yielda good point. The problem with this approach is that in general, the size of the samplespace is exponential in the size of the input. This di�culty was overcome in certain casesby constructing a (di�erent) polynomial-sized sample space. One way of constructing thenew sample space is by showing that the probabilistic choices of the randomized algorithmare only required to be k-wise independent. (Then, a sample space of size O(nk) su�ces).An example in which this approach is used is computing in NC a maximal independentset in a graph. Later in the course we will discuss other methods for constructing smallsample spaces, e.g., small bias probability spaces. An advantage of the reduction in size ofthe sample space is that it is especially suited for parallel algorithms because each point in
 can be checked independently of the other points.We �rst present a result of Adleman [Ad] showing that the sample space 
 associatedwith a randomized algorithm always contains a polynomial-sized subspace which has a goodpoint for each possible input instance. (In fact, it shows that RP � P/poly). However, thisresult is highly non-constructive and it cannot be used to actually derandomize algorithms.Theorem 14.0.2 There exists a set S � f0; 1gk of size n such that for every input of sizen there is at least one \good" sequence in S.Proof: Let Ai;j be a 2n � 2k matrix where the rows correspond to the inputs and thecolumns correspond to the points in the sample space.Ai;j = 8<: 1 if point j 2 
 is \good" for input i0 otherwiseThe set S is constructed iteratively. Initially, S is empty. Clearly, each row in A has atleast 2k�1 \1"s. Thus, for at least one column j in A, more than half of its entries are \1",i.e., there exists a point j 2 
 that is \good" for at least half of the inputs.We add j to S and construct A0 by discarding all rows in A that correspond to inputsfor which j is \good". The above argument holds for A0 as well and thus, matrix A isexhausted in at most n iterations.



CHAPTER 14. GENERAL 117Another way of stating this argument is the following: Let FI denote the event that nindependent runs of algorithm A on input I failed. Obviously, Pr(FI) < �12�n. Therefore,Pr [I FI! �XI Pr(FI) < 1 (14.1)In other words, we have constructed a new algorithm A0, where running it on input I isthe same as n independent runs of algorithm A on input I . By (9.1), The sample space ofA0 contains a point that is \good" for all inputs I .



Chapter 15The Method of ConditionalProbabilitiesIn this chapter we show several examples in which the method of conditional probabilitiescan be applied to derandomize algorithms. As previously mentioned, the idea is to performa binary search of the sample space associated with the random variables so as to �nd agood point. In a typical setting, the random variables are f0; 1g and the binary search isimplemented as follows. The random variables are considered one-by-one. At each stepof the algorithm, the value of some of the variables has already been set, one variable iscurrently being considered, and the value of the rest is chosen at random. At each step wewill compute the (conditional) probability of �nding a good point in the sample space ifthe variable considered is set to 0 and if it is set to 1. The variable in consideration is thenset to the value where the conditional probability is higher and the search terminates whensetting the value of the last variable. The main di�culty in implementing the method is incomputing the conditional probabilities.15.1 Computing a large cutGiven a graph G(V;E), a cut C is a partition of the vertices into two sets. The weightof the cut (jCj) is de�ned to be the number of edges adjacent to vertices in both sets. InSection 2.4 we showed that in any graph there exists a cut C such that jCj � jEj2 . We nowshow how to compute the cut C.Notice that the probabilistic proof of existence in Section 2.4 can be easily converted118



CHAPTER 15. THE METHOD OF CONDITIONAL PROBABILITIES 119into a randomized algorithm. Let Xi 2 f0; 1g denote the label of vertex i. The algorithmassigns labels to the vertices at random with probability: Pr[Xi = 1] = Pr[Xi = 0] = 12 . Itfollows from the analysis in Section 2.4 that the expected weight of a cut generated by thealgorithm is jEj=2.15.1.1 DerandomizationWe consider the vertices one-by-one and assign them labels �i = f0; 1g 1 � i � n. Clearly,label �1 can be chosen arbitrarily. Suppose the labels �1; �2; : : : ; �i�1 have already beendetermined, it is left to show how �i is determined.After phase i � 1, (determining labels for the �rst i � 1 vertices), the edges can bepartitioned into 3 sets, according to the labels of the vertices adjacent to each edge.1. Edges that are in the cut (their number is denoted by Cd;i�1).2. Edges that are not in the cut.3. Edges that are undetermined yet (their number is denoted by Cr;i�1).Let Ci�1 = Cr;i�1 + Cd;i�1 be a random variable. Note thatE[Ci�1] = E[Cr;i�1] + Cd;i�1:Determining the value of �i can only a�ect edges that are adjacent to vertices that havealready been labeled. (An edge adjacent to an unlabeled vertex has probability 12 of joiningthe cut). Therefore:E[Cr;i�1] = 12 � �E[Cr;i�1 j Xi = 0] + E[Cr;i�1 j Xi = 1]�and hence E[Cr;i�1] � max�E[Cr;i�1 j Xi = 0]; E[Cr;i�1 j Xi = 1]� : (15.1)Therefore, �i can be chosen such that the right hand side of Inequality (15.1) is maximized,yielding, jEj2 = E[C0] � E[C1] � : : : � E[Cn] = jCj:It still remains to show how to compute the conditional probabilities at each step. Foreach edge adjacent to vi, if it is adjacent to vertex vj , where j > i, its contribution toE[Cr;i�1 j Xi = �i] is 12 , otherwise it is either 0 or 1. Hence, if the labeling of the majorityof vi's neighbors is �, then settingXi = 1�� would maximize the right hand side of inequality15.1.



CHAPTER 15. THE METHOD OF CONDITIONAL PROBABILITIES 12015.2 The set balancing problemIn this section we demonstrate the usage of the method of conditional probabilities for theset balancing problem which is de�ned formally as follows:Input: A collection of subsets S = fS1; S2; � � �Smg of a base set B = fb1; b2; � � �bng suchthat each Si � B.Output: A partition of B into B0 and B1 such that for some small function f(n;m) andfor all Si, ���jB0 \ Sij � jB1 \ Sij��� � f(n;m)The aim is to minimize the value of f(n;m) or, equivalently, �nd a partition of B suchthat each subset Si 2 S has roughly the same number of elements in B0 and B1. Initially, wewill only concern ourselves with the case where m = n and each set Si 2 S has cardinality�. The bounds extend immediately to the case where the cardinality of S and each Si 2 Sis arbitrary.De�nition 15.2.1 A 2-coloring of B is an n-bit vector ~C = (C1; C2; � � �Cn) such thatCi 2 f�1; 1g is the color of bi 2 B. It follows thatB�1 = fbi 2 B : Ci = �1gB1 = fbj 2 B : Cj = 1gDe�nition 15.2.2 The partition of a set Si 2 S induced by a 2-coloring is given byS�1i = Si \B�1S1i = Si \B1The following notions of discrepancy will help us measure the quality of a solution tothe set balancing problem. The discrepancy for a set Si is essentially the di�erence in thesizes of the two sets S�1i and S1i .De�nition 15.2.3 The set discrepancy of a set Si 2 S with respect to a 2-coloring ~C isgiven by �(Si; ~C) = Xbj2Si Cj



CHAPTER 15. THE METHOD OF CONDITIONAL PROBABILITIES 121De�nition 15.2.4 The family discrepancy of S with respect to a 2-coloring ~C is given by�(S; ~C) = maxSi2S�(Si; ~C)Spencer [Sp1] has shown that for each family S there exists a 2-coloring ~C such that�(S; ~C) � 6pn. This result is the best possible up to constant factors but it has thedrawback of being non-constructive, i.e. does not even imply a randomized algorithm.In the following we present a randomized algorithm which guarantees a 2-coloring ~Cwith discrepancy � = p2� ln 2n. Then, the method of conditional probabilities is appliedto derandomize the algorithm. In this case computing the conditional probabilities is morecomplicated than in the previous example.15.2.1 The randomized algorithmThe algorithm simply assigns each element bi a color 1 or �1 with probability 12 . In thefollowing theorem it is shown that the probability of obtaining a good coloring is at least12 .Theorem 15.2.1 There exists a 2-coloring with � = p2� ln 2n.Proof: Let Xi be a random variable denoting the color of element bi where Pr[Xi = �1] =Pr[Xi = 1] = 12 and let Ti be the random variable denoting the discrepancy in subset Si.Note that E[Ti] = 0 and that each Ti is binomially distributed B(�; 12). Using Cherno�'sinequality we can derive the following boundPr[j Xbj2SiXj j > a] � e�a22� :Since there are n subsets it is su�cient that e�a22� � 12n . If a > p2� ln 2n, then theprobability of a bad coloring is less than 12 :15.2.2 DerandomizationThe derandomization process can be pictured by a binary tree. Assume we assign colorsto the elements in the order b1; b2; : : : ; bn. The nodes of the tree correspond to elementsin B and the edges correspond to assignments of colors to the elements. The root of thebinary tree corresponds to element b1 and the two edges adjacent to the root correspond to



CHAPTER 15. THE METHOD OF CONDITIONAL PROBABILITIES 122the two possible assignments of a color to b1. The two children of b1 correspond to elementb2, where in one subtree b1 = 1 and in the other, b1 = �1. There is a 1-1 correspondencebetween the leaves of the binary tree and the 2n possible colorings of B. In other words,each coloring of B is a path from the root to a leaf. We call a leaf good if the discrepancyof the coloring is not larger than p2� ln 2n.Let Pv denote the probability of obtaining a bad coloring at node v in the tree, i.e., Pvis the percentage of not good leaves in the subtree of node v. Note thatPv = Pv1 + Pv�12 ) Pv � min(Pv1 ; Pv�1):where Pv1 (Pv�1) is the probability of a bad coloring at node v assuming that v's color is1 (�1). If, at each node v, the probability Pv could be computed, then obviously a goodcoloring could also be computed by choosing at each node of the tree a subtree that containsat least one good leaf. (Notice that the probability Pv is conditioned on the path chosenfrom the root to v). However, it is not known how to compute at each node v the preciseprobability of obtaining a good coloring. The main reason for that is that in the proof ofTheorem 15.2.1, we bound from above the probability of a union of events by the sum of theprobabilities of the events. It may happen that even if this estimate guarantees at the rootof the tree that a good coloring exists, in some internal node v of the tree, the probabilityof obtaining a good coloring will vanish. (Although there is a good leaf in the subtree of v!)To overcome this di�culty, we introduce the notion of a pessimistic estimator of theprobability of obtaining a bad coloring in the subtree of v. A pessimistic estimator, bPv,must have the following properties:1. bProot < 1.2. 8v; Pv � bPv :3. 8v; bPv � min( bPv1 ; bPv�1):4. The estimators can be computed in polynomial time.Given the estimators, the derandomization is done as follows: both bPv1 ; bPv�1 are com-puted and the color assignment which minimizes the estimated probability is chosen. Thisprocess always succeeds sincemin( bPv1 ; bPv�1) � bPv � bProot < 1:



CHAPTER 15. THE METHOD OF CONDITIONAL PROBABILITIES 123It is left to show how these estimators are constructed and that they enjoy the desiredproperties. Cherno�'s inequality states that:Pr[j Ti j� �] � E[etTi]et�First, an estimator to the root is constructed.bProot = nXi=1 E[etTi]et�It follows from Theorem 15.2.1 that there exists a t for which the above sum is smaller than1. Now we will show how to construct an estimator for an internal node. Suppose X1 =�1; X2 = �2; : : : ; Xj = �j are already determined. Assume that node v determines Xj+1.For every subset Si, denote by T ji the random variable which is the sum of the colors of theelements in Si after Xj was set. Note thatT ji = T ji;r + T ji;dwhere T ji;r is the contribution of the elements for which colors have not been determinedyet, and T ji;d is the contribution of the already colored elements in Si.Pr[T ji � �] = Pr[T ji;r + T ji;d � �]= Pr[T ji;r � �� T ji;d]� E[etT ji;r ]et(��T ji;d)The estimator at node v will be the sum of the bounds for the di�erent subsets.bPv = nXi=1 E[etT ji;r ]et(��T ji;d)Note that: bPv = nXi=1 12 � 0@E[et(T ji;r+1)]et(��T ji;d) + E[et(T ji;r�1)]et(��T ji;d) 1A= 12 �0@ nXi=1 E[etT ji;r ]et(��T ji;d)�1 + nXi=1 E[etT ji;r ]et(��T ji;d)+11A= bPv12 + bPv�12



CHAPTER 15. THE METHOD OF CONDITIONAL PROBABILITIES 124and thus, bPv � min( bPv1 ; bPv�1):Note also that it is easy to compute the estimators. Thus, we have shown that they havethe required properties.15.3 Lattice approximationInformally, we are given a point p in an n-dimensional space and wish to �nd a lattice pointq, i.e., with integer coordinates, such that q is a good \approximation" to p. We say that qis a good approximation to p if the vector p� q has a small inner product with each vectorin a given collection of vectors, say the rows of some matrix A. It is not very hard to seethat this problem is related to that of solving a linear programming relaxation of an integerprogram (see Lov�asz [Lo]), and then \rounding" the solution to obtain a near-optimumsolution to the original integer program. More formally the problem may be de�ned asfollows:Input: An n �m matrix A, with each entry Ai;j 2 [0; 1]; a vector ~p 2 [0; 1]m and ~c 2 Rnsuch that, A~p = ~c.Output: An m-bit vector ~q 2 f0; 1gm such that it minimizes the value of the error in theapproximation which is given by k jA � ~p � A � ~qj k1. We denote the error vector by �.Note that, for a vector ~v, the expression k~vk1 denotes the L1 norm. The set balancingproblem is a special case of the lattice approximation problem where each pi = 12 and thematrix A is the incidence matrix of subsets and elements.15.3.1 Randomized roundingRaghavan [Ra] used the randomized rounding technique to obtain a vector ~q such that �i,the ith component of the error vector �, is bounded by p2ci logn.The vector ~p is rounded to ~q as follows:qi = 8<: 1 with probability pi0 with probability 1� piThe following claim bounds �i = jPmj=1Ai;j(pj � qj)j.Claim 15.3.1 The probability that �i > p2ci logn is strictly smaller than 1n .



CHAPTER 15. THE METHOD OF CONDITIONAL PROBABILITIES 125Proof: Let Si = (Aq)i be a random variable. Notice that Si is the sum of independentrandom variables and that E[Si] = ci since E[qi] = pi. We will show thatPr h�i > pci logni < 1n:We use a variant of Cherno�'s inequality:Pr [jSi � E[Si]j > �E[Si]] < e� �2E[Si]2 (15.2)Since we want that jSi � cij � p2ci log n, it should hold that p2ci logn < � � ci. UsingInequality (15.2) and substituting � > q2 lognci , we getPr h�i > pci logni < e�� 2 log nci � ci2 = 1n:Hence, there is a positive probability that for all i, �i � p2ci logn.The randomized rounding method can be derandomized using the method of conditionalprobabilities similarly to the derandomization of the set balancing algorithm outlined in theprevious section. Randomized rounding has found applications in approximation algorithmsfor problems such as multi-commodity 
ow.15.4 Limitation on parallelizationAn interesting question is whether the general form described in the previous section isamenable to parallelization. In other words, what is the speedup achievable when manyprocessors are available.(We note that the set balancing problem (and lattice approximation) can be solvede�ciently in parallel by combining the method of conditional probabilities with limitedindependence. See [Lu2, BR, MNN] for more details).To answer this question, we consider the following concrete complexity type scenario.We are given a discrete space 
 in which the points are each labeled either good or bad. Forany subset 
0 � 
, the Boolean function P (
0) tells whether there are good points in 
0 ornot. The problem is to identify any one good point in 
 under the following computationmodel. We have q processors, each processor can compute P (
0) in one time-unit for any
0 � 
. After each round of computation, the processors can share all the information they



CHAPTER 15. THE METHOD OF CONDITIONAL PROBABILITIES 126have gained so far and decide on the queries of the next round. However, we assume thatthe only access the processors have to 
 is through a \black-box" computation of P , andwe completely ignore the complexity of deciding which queries to ask. This is an instanceof a family of problems called group testing.It is easy to see that the sequential complexity (one processor) of �nding a good pointunder such conditions is log j
j. The next theorem tells us that having q processors hardlyhelps.Theorem 15.4.1 For all q, the number of rounds required to �nd a good point in 
 usingq processors is at least log j
jlog(q+1) .The proof of the theorem follows immediately from an adversary argument similar to theone given in Theorem 1 of [KUW2].Notice, however, that when the conditional probability of �nding a good point in asubset 
0 is computed, we are in fact computing the number of good points in 
0. It isnatural to ask the following: If the function P (
0) is strengthened, i.e., it tells us the exactnumber of good points in 
0, can we prove a bound similar to the one in Theorem 15.4.1?This is still an open question.



Chapter 16Limited IndependenceIn this chapter and in the following we discuss a di�erent approach to derandomization. Theidea is to conduct an exhaustive search of the sample space associated with a randomizedalgorithm so as to �nd a \good" point. To make this approach a feasible one, it is necessary�rst to reduce the size of the sample space to a polynomial. An important techniquefor achieving this goal is showing that the probabilistic choices made by the randomizedalgorithm are only required to be k-wise independent for some constant k. We providee�cient constructions for generating k-wise independent random variables; the size of thesample space is roughly O(nk).This idea can be demonstrated by the following simple example. In previous lectureswe discussed the problem of computing a large cut (see Sections 2.4 and 15.1). Note thatthe assumption that the random choices are completely independent is too strong. If therandom labels of the vertices are restricted to be only pairwise independent, the samplespace is still guaranteed to contain a large cut!We �rst present two constructions of k-wise independent random variables. The �rstconstruction generates random variables that are uniform on f0; 1g. The second construc-tion can generate any f0; 1g random variables.We demonstrate the idea of using limited independence in the problem of computing inparallel a maximal independent set in a graph.127



CHAPTER 16. LIMITED INDEPENDENCE 12816.1 Constructing k-wise independent uniform random vari-ablesThis construction was suggested by [ABI]. Assume we are givenm vectors, L1; L2; : : : ; Lm 2f0; 1gl such that any k vectors are linearly independent over GF (2). Given such vectors, theconstruction of the k-wise independent random variables is as follows: a vector R 2 f0; 1glis chosen uniformly at random. The random variable Xi is simply set to be hLi; Ri wherehLi; Ri =Plj=1 Li;jrj( mod 2), is the inner product in GF (2).Claim 16.1.1 The random variables X = X1; X2; : : : ; Xm are k-wise independent.Proof: Given any arbitrary subset Xi1 ; Xi2 ; : : : ; Xik we show thatPr [Xi1 = d1; Xi2 = d2; : : : ; Xik = dk] = Pr [Xi1 = d1]�Pr [Xi2 = d2]�� � ��Pr [Xik = dk] = �12�kThe above algorithm for generating k-wise independent random variables can be statedas follows. Let H be an m� l matrix where each row i, 1 � i � m is Li. Then, X = H �R.Suppose we restrict the matrix H to rows i1; : : : ; ik and substitute the value dj for eachvariable Xij , 1 � j � k. We now regard vector R as our \unknown". The probability of theevent Xi1 = d1; Xi2 = d2; : : : ; Xik = dk is precisely the percentage of vectors R that satisfyX = H �R. Since the rows in the restricted matrix are linearly independent, there are l� k\free" coordinates in the vector R and hence 2l�k possible values for R. Therefore,Pr [Xi1 = d1; Xi2 = d2; : : : ; Xik = dk] = 2l�k2l = �12�kWe now show how to generate vectors that are k-wise linearly independent by usingconstructions from coding theory.De�nition 16.1.1 A code C : f0; 1gk ! f0; 1gn is a mapping of an information wordu 2 f0; 1gk to a codeword x 2 f0; 1gn such that k � n.De�nition 16.1.2 The (Hamming) distance between two f0; 1gn vectors ~x = x1; x2; : : : ; xnand ~y = y1; y2; : : : ; yn is the number of places where they di�er, and is denoted by dist(~x; ~y).De�nition 16.1.3 The (Hamming) weight of a vector ~x = x1; x2; : : : ; xn is the number ofnonzero xi's, and is denoted by wt(~x).



CHAPTER 16. LIMITED INDEPENDENCE 129De�nition 16.1.4 The minimum distance d of a code C is the minimum Hamming dis-tance taken over all pairs of codewords.Lemma 16.1.1 A code with minimum distance d can correct bd2c errors.Let GF (q) where q is a prime number denote a �nite �eld and V (n; q) be the n-dimensional vector space (GF (q))n.De�nition 16.1.5 A linear code over GF (q) is a subspace of V (n; q) for some n > 0.De�nition 16.1.6 A linear code of length n and subspace dimension k is called an [n; k]code.De�nition 16.1.7 A k � n matrix G whose rows form a basis of a [n; k] code C is calleda generator matrix of CGiven an information word u, the corresponding codeword is de�ned to be u�G. Anotherimportant matrix is H , the parity check matrix. The following lemma gives the relationbetween a linear code and its associated parity check matrix.Claim 16.1.2 Given an [n; k] code C, there exists an n�k�n matrix H (the parity checkmatrix) such that nx 2 C , HxT = 0 (mod 2)oDe�nition 16.1.8 An [n; k] code with minimum distance d is called an [n; k; d] code.A nice property of [n; k; d] linear codes is that the minimum weight of a codeword isequal to the minimum distance d. This follows immediately from the fact that a linear codeis also a subspace and therefore the vector ~0 must belong to it.Claim 16.1.3 Let C be an [n; k; d] code with parity check matrix H. Then, every d � 1columns of H are linearly independent.



CHAPTER 16. LIMITED INDEPENDENCE 130Proof: Assume that there are columns i1; : : : ; il of H where l < d � 1, that are linearlydependent. I.e., lXj=1(H)ij = 0:De�ne the word v = v1; : : : ; vn such thatvj = 8<: 1 j 2 i1; : : : ; il0 otherwiseClearly v is a codeword since HvT = 0. But, wt(v) = l < d� 1 which is a contradiction.The aforementioned construction of k-wise independent random variables can be achievedusing any linear error correcting code. We now describe a construction based on the binaryBCH codes. (See [AS1, MS]).Suppose n = 2d� 1 and k = 2t+1. Let y1; : : : ; yn be the n nonzero elements of the �eldGF(2d) represented as column vectors of length d over GF(2). The 1 + dt� n parity checkmatrix H of the extended binary BCH code of length n and designated distance 2t + 2 isthe following: 0BBBBBBBBB@ 1 1 : : : 1y1 y2 : : : yny31 y32 : : : y3n... ... ...y2t�11 y2t�12 : : : y2t�1n 1CCCCCCCCCAWe have already proved that any 2t + 1 columns in H are independent. Hence, bythis construction, vectors L1; : : : ; Ln that are k-wise independent belong to f0; 1gl wherel = (t+ 1) � d = (t+ 1) � logn).16.2 Constructing k-wise independent arbitrary random vari-ablesThe construction outlined in the previous section generates uniform f0; 1g random variables.We now show how to generate d-wise independent random variables that are arbitrarilydistributed.



CHAPTER 16. LIMITED INDEPENDENCE 131De�nition 16.2.1 Let X; bX be two random variables. We de�ne the distance between thedistributions of X and bX to be:dist(X; bX) = supx2R(j Pr(X = x)� Pr( bX = x) j):Theorem 16.2.1 Let X1; X2; : : : ; Xn be random variables such that:Pr [Xi = �i] = 8<: pi �i = 11� pi �i = 0Let further n � p � 2n be a prime and d � 1. Then there exists a uniform probabilityspace (
; P ) over a sample space of size j 
 j= pd and random variables bX1; bX2; : : : ; bXnover (
; P ) such that dist(Xi; bXi) � 1p for 1 � i � n and the variables bXi are d-wiseindependent.Proof: The existence of p is guaranteed by the Density Theorem of prime numbers. LetF = GF (p) be a �nite �eld. Our sample space 
 will correspond to the set of pd polynomialsof degree � d� 1 over F . The random variable bXi is de�ned as follows: given a randomlychosen polynomial q = q1 + q2x+ q3x2 + : : :+ qd�1d xd,cXi = 8<: 1 q(i)p > pi0 otherwiseIt is easy to see that Pr [q(i) = c] = 1p for every c 2 GF (p). Hence, the rounding cangenerate an error of at most 1p and therefore dist(Xi; bXi) � 1p .It is left to show that the random variables are d-wise independent. We de�ne newrandom variables Y1; : : : ; Yn as follows: random variable Yi is equal to q(i) where q is arandomly chosen polynomial (as before). We prove the stronger assertion that Y1; : : : ; Ynare d-wise independent. Let Yi1 ; Yi2 ; : : : ; Yid be any subset of the random variables. Also,let q1; : : : ; qd denote the coe�cients of the randomly chosen polynomial q. The randomvariables are constructed by multiplying an n � d matrix H by the vector de�ned by thecoe�cients of q, i.e., 0BBBBBB@ 1 i1 : : : id�111 i2 : : : id�12. . .1 id : : : id�1d 1CCCCCCA0BBBBBB@ q1q2...qd 1CCCCCCA = 0BBBBBB@ Yi1Yi2...Yin 1CCCCCCA



CHAPTER 16. LIMITED INDEPENDENCE 132Note that H is a Vandermonde matrix and hence nonsingular. Therefore, for any setting(d1; : : : ; dk) of the variables Yi1 ; Yi2 ; : : : ; Yid, there is a unique polynomial q that will generatethis setting. Hence, Pr [Yi1 = d1; : : : ; Yik = dk] = � 1qd�Implying that the random variables are d-wise independent.A natural question that arises is whether this construction is optimal. In the followinglemma a lower bound on the size of the sample space is given. A variable is almost constantif it takes a single value with probability 1.Let m(n; d) denote the following sum of binomial coe�cients:m(n; d) = 8<: Pd=2j=0 �nj� if d is evenP(d�1)=2j=0 �nj�+ �n�1d�12 � if d is oddTheorem 16.2.2 Assume that the random variables X1; : : : ; Xn over the sample space 
are d-wise independent and not almost constant. Then, j 
 j�m(n; d).Proof: We can assume w.l.o.g. that 8i; E[Xi] = 0. For any subset S of f1; 2; : : : ; ng let�S = Qi2S Xi. By the d-wise independence of Xi.E[�S�T ] = 8<: positive if S = T and j S j� d0 if S 6= T and j S [ T j� dLet now S1; : : : ; Sm be subsets of f1; 2; : : : ; ng such that j S[T j� d for every i; j, wherem = m(n; d). ( Take all sets of size � d=2 and, if d is odd, add those (d+ 1)=2 containingelement 1.)It is left to show that the functions �Si for i = 1; : : : ; m(n; d) are linearly independent.This implies the desired inequality. Suppose some linear combinationPmi=1 ci�Si = 0. Thenfor any j, multiplying by �Sj , we get that,0 = E " mXi=1 ci�Si# = mXi=1 ciE h�Si�Sji = cjE h�2j i :Thus, for all j, the coe�cients cj are zero.



CHAPTER 16. LIMITED INDEPENDENCE 13316.3 An application - computing a maximal independentsetWe now demonstrate the usage of limited independence in the problem of computing amaximal independent set in a graph in parallel. We �rst present a randomized algorithmfor the problem that uses complete independence. Then we show that if the random choicesare only pairwise independent, there is still a nonzero probability of success. We concludeby derandomizing the algorithm.16.3.1 Problem de�nitionDe�nition 16.3.1 Let G = (V;E) be an undirected graph and let jV j = n. A maximalindependent set in G is a set of vertices MIS � V that does not contain adjacent verticesand is not contained in any other independent set.The problem can be solved sequentially in the following way : begin with an empty set andexamine the vertices v 2 V in some arbitrary order. Each vertex is added to the MIS i�it is not a neighbor of a vertex already in the MIS. This algorithm seems to be inherentlysequential and therefore a di�erent approach is needed for computing an MIS in NC. The�rst NC algorithm was given in 1983 by Karp and Wigderson [KW]. A simpler algorithmwas proposed by Luby in 1985 [Lu1] and a similar algorithm was also given by Alon et al.[ABI]. Our exposition follows Alon et al. Conceptually, there are three steps:� Prove that a parallel randomized algorithm computes an MIS with high probability.� Show that the analysis of the randomized algorithm is valid even if the random vari-ables are pairwise independent.� Derandomize the algorithm : random variables that are only pairwise independentrequire a small sample space (polynomial size).16.3.2 The randomized algorithmWe now present a randomized algorithm for computing a maximal independent set.MIS = ;Repeat



CHAPTER 16. LIMITED INDEPENDENCE 1341. Each vertex v 2 V marks itself with probability 1=2d(v).2. If two neighbors marked themselves, the vertex with smaller degree unmarks itself.(Ties are broken arbitrarily).3. MIS  MIS [ fvjv is markedg.4. V  V n fvjv 2MIS _ 9u 2MIS; (u; v) 2 Eg.Until V = ;Note that d(v), the degree of v, is calculated in the induced graph.16.3.3 AnalysisWe show that the expected number of iterations is O(logn). We do that by showing thatthe expected number of edges deleted in each iteration is a constant fraction of the totalnumber of edges at the beginning of the iteration. Therefore, the following analysis appliesto a single iteration.We �rst assume that all the random choices made in Step 1 are completely independent.We say that a vertex v is bad if the degree of more then 2/3 of its neighbors is bigger thand(v). A vertex which is not bad is called good.Lemma 16.3.1 If u 2 V is a good vertex, then the probability p that one of its neighborsmarked itself in Step 1 of the algorithm satis�es : p � 1� e� 16 .Proof: We denote d(u) by d and let u1; :::; uk be the neighbors of u with degree smallerthan d. Note that k � d=3.p = 1� Pr[none of u0s neighbors marked itself]� 1� Pr[none of u1; :::; uk marked itself]= 1� kYi=1Pr[ui didn0t mark itself ]= 1� kYi=1(1� 1=2d(uk))Since d(ui) � d, p � 1�Qki=1(1� 1=2d) = 1� (1� 1=2d)k � 1� (1� 1=2d) d3 � 1� e� 16 .Lemma 16.3.2 Let A be the event that vertex u marked itself in Step 1 of the algorithm,and let B be the event that u 2MIS. Then, Pr[B] � Pr[A]/2.



CHAPTER 16. LIMITED INDEPENDENCE 135Proof: Let Ni be the event that the ith neighbor of u that has higher degree markeditself. Note that Pr[Ni] � 1=2d. We have that :Pr[B] = Pr[A \ no neighbor of higher degree marked itself ]= Pr[A]� Pr[A \ some neighbor of higher degree marked itself]= Pr[A]� Pr[A \ [iNi] = Pr[A]� Pr[[i(A \Ni)]� Pr[A]�Xi Pr[A \Ni] = Pr[A]�Xi Pr[A] � Pr[Ni]� Pr[A] � (1� d=2d) = Pr[A]=2Notice that the analysis in the last proof uses only pairwise independence.Lemma 16.3.3 If u 2 V is good, then the probability that u will be deleted in Step 4 is atleast (1� e� 16 )=2.Proof: Follows directly from the last two lemmas.Let a good edge be an edge adjacent to a good vertex. Let B denote the set of badvertices and let G denote the set of good vertices.Lemma 16.3.4 The number of good edges in a graph is at least jEj=2.Proof: Let us direct the graph so that a vertex of low degree points to a vertex of highdegree. It follows that, 8v 2 B; din(v) � 2dout(v)Let E(X; Y ) denote the number of directed edges from X to Y . Now,2E(B;B) + E(B;G) + E(G;B)= Xv2B(dout(v) + din(v))Since 8v 2 B; din(v) � 2dout(v), we get that 8v 2 B; dout(v) + din(v) � 3din(v)� 3dout(v).Hence, Xv2B(dout(v) + din(v)) � 3Xv2B(din(v)� dout(v))



CHAPTER 16. LIMITED INDEPENDENCE 136= 3Xv2G(dout(v)� din(v))= 3(E(B;G)�E(G;B))� 3(E(B;G) +E(G;B))To conclude, we have that,2E(B;B) +E(B;G) +E(G;B) � 3(E(B;G) +E(G;B))And therefore, E(B;B) � E(B;G) + E(G;B)This proves the lemma, since E(B;B) is the number of edges that are not good.It follows from Lemma 16.3.3 that the probability that a good vertex will be deletedis (1� e� 16 )=2. It follows from Lemma 16.3.4 that in any graph, at least half of the edgesare good. Therefore, in each iteration, the expected number of edges deleted is a constantfraction of the total number of edges.We now proceed to show that the analysis holds when the random choices, i.e., markingthe vertices, are pairwise independent. The only proof that uses full independence is theproof of Lemma 16.3.1. We modify the lemma as follows :Lemma 16.3.5 Let v 2 B. Denote by Ai the event that the ith neighbor of v marked itself,and denote by Bi the event that the ith neighbor of v remained marked. Then, Pr[[iBi] �1=8 �minfPi Pr[Ai]; 1g.Proof: By the Inclusion-Exclusion principle we have,Pr[[iBi] �Xi Pr[Bi]�Xi<j Pr[Bi \Bj ]Since Pr[Bi] � 1=2�Pr[Ai] and the event Bi \ Bj � Ai \ Aj , we getPr[[iBi] � 1=2Xi Pr[Ai]�Xi<j Pr[Ai \ Aj ]= 1=2Xi Pr[Ai]�Xi<j Pr[Ai]Pr[Aj ]� 1=2Xi Pr[Ai]� 1=2(Xi Pr[Ai])2= 1=2Xi Pr[Ai](1�Xj Pr[Aj ])Consider two cases :



CHAPTER 16. LIMITED INDEPENDENCE 1371. If Pi Pr[Ai] � 1=2, then : Pr[[iBi] � 1=4Pi Pr[Ai].2. IfPi Pr[Ai] � 1=2, we choose a subset of the neighbors of v for whichPi Pr[Ai] = 1=2and get : Pr[[iBi] � 1=8.For a good vertex v, we have that Pi Pr[Ai] � d=3 � 1=2d = 1=6. We conclude that agood vertex v has a marked neighbor after Step 2 with probability at least 1/24. The restof the proof of the algorithm remains the same.16.3.4 DerandomizationIn the previous lecture we saw a construction of a sample space of size O(n2) of n randomvariables that are pairwise independent. There is a subtle issue when using this constructionin our case. There may be an error of at most 1=p, which is at most 1=2n, in the probabilities,when generating the random variables. However, this error is negligible as can easily bechecked in the analysis of the algorithm.Clearly, each assignment in the sample space can be checked (independently of theothers) by a linear number of processors. Therefore, the algorithm for computing a maximalindependent set can be derandomized in NC.16.3.5 Open ProblemsThe following distributed model was de�ned by Linial [Li]. Each vertex of an undirectedgraph is occupied by a processor. At each time unit a processor may send messages toeach of its neighbors, where the message size is unbounded. Any other computation is free,e.g., computations carried out by individual processors. The computation is completelysynchronous. The cost of computing a function f which is de�ned on the graph is thedistance that data has to travel (in the graph). Clearly, an upper bound on the cost ofany function is the diameter of the graph. The question is which \global" functions can becomputed faster than the diameter of the graph.Two examples of \global" problems that were considered in this model are coloringand computing a maximal independent set. Linial [Li] gave an O(log� n) algorithm forcoloring a graph using �2 colors, where � is the maximum degree. This bound is tight; anyimprovement in the number of colors would require the cost to be equal to the diameter.



CHAPTER 16. LIMITED INDEPENDENCE 138Notice that the parallel randomized algorithm we presented for computing a maximalindependent set is a \local" algorithm. At each step, each (active) processor compares itsdegree with that of its neighbors. The expected number of steps is logarithmic. However, thederandomization process requires \global" information. It is an outstanding open problemto �nd a deterministic algorithm in this model for computing a maximal independent setsuch that its cost would be less than the diameter of the graph.



Chapter 17Small Bias Probability SpacesIn this chapter we show how to construct small probability spaces that behave similarly tolarger probability spaces in certain senses. Our approach is di�erent from the one taken inthe previous chapter, i.e., reducing the size of the sample space by requiring only limitedindependence among the random variables (as opposed to full independence). It is basedon the equivalence of the following two conditions: (See [CGHFRS] and [Vaz]).Let x1; : : : ; xn be f0; 1g Bernoulli random variables.1. The random variables are independent and for all i, Prob[xi = 0] = Prob[xi = 1].2. For every subset S � f1; : : : ; ng, it is equally likely that the parity of the subset (i.e.,the number of \ones") is either zero or one.We are going to relax the second condition and construct a probability distribution suchthat for every subset S 2 f1; : : : ; ng, it is \almost" equiprobable that the parity of thesubset is zero or one. To be more precise, we require that for every subset S,�����Prob[Xi2S xi = 0]� Prob[Xi2S xi = 1]����� � �This quantity was called by Vazirani [Vaz] the bias of the subset S.In this chapter we describe e�cient constructions of random variables that have smallbias. We �rst introduce the Fourier transform of Z2n.139



CHAPTER 17. SMALL BIAS PROBABILITY SPACES 14017.1 Fourier transform of Zn2Let Zn2 be the group of vectors in f0; 1gn where the operation is addition mod 2 (compo-nentwise). The set f : Zn2 ! < of functions forms a vector space where the dimension ofthe vector space is 2n.De�nition 17.1.1 An inner product of two functions f; g : Zn2 ! < is de�ned to be :< f; g >= 1=2n Xx2Zn2 f(x) � g(x)It will be more convenient to de�ne Zn2 as a group of vectors from f�1; 1gn where theaddition operation is de�ned as bitwise multiplication.De�nition 17.1.2 A character is a homomorphism from the group elements to the rootsof unity. De�ne for each subset S � 1 : : :n a character �S .8x 2 Zn2 ; �S(x) = Yi2S xiIn case that S = ;; 8x; �S(x) = 1 (the identity character).The characters serve as a basis for the space of functions from Zn2 to <.Theorem 17.1.1 The characters constitute an orthonormal base for the vector space offunctions f : Zn2 ! <.Proof: 8S : < �S ; �S >= 1=2nXx �2S(x) = (1=2n) � 2n = 18S; T; S 6= T : < �S ; �T >= 1=2nXx �S(x) � �T (x) = 1=2nXx �S�T (x) = 0where S�T is the symmetric di�erence of S and T. Now, there are 2n characters and eachvector in the space has 2n coordinates. Therefore, the characters span the space.We are now ready to de�ne the Fourier transform. We describe a function f by projectingit on the basis functions, the characters. The Fourier coe�cients of f are, for all subsetsS � 1; : : : ; n: bfS =< f; �S >.The function f can be reconstructed from its Fourier coe�cients as follows.Theorem 17.1.2 For all f : f�1; 1gn ! <:f(x) =XS bfS �S(x)



CHAPTER 17. SMALL BIAS PROBABILITY SPACES 141Proof: We �x x = x.f(x) =XS bfS �S(x) =XS 0@ 12n Xx2f�1;1gn f(x)�S(x)1A�S(x) == 12n Xx2f�1;1gnXS f(x)�S(x)�S(x) = 12n XS f(x)�2S(x) + 12n Xx 6=xXS f(x)�S(x)�S(x)Since �S(x)2 = 1, the �rst term in the last equality is f(x). To see that the second termis zero, notice that �S(x)�S(x) = �S(x � x) and that if x 6= x, then x � x 6= ~1. This impliesthat �S(x � x) = 1 on precisely half the subsets.17.1.1 Fourier transform of probability distributionsWe use D to denote a probability distribution D : f�1; 1gn! [0; 1] such thatPxD(x) = 1.For any distribution D we havebD� = 12n Xx D(x)��(x) = 12n Xx D(X) = 12nFor the uniform distribution, denoted henceforth by U , we have that for every non-emptysubset S bUS = 12n Xx D(x)�S(x) = 122n Xx �S(x) = 0The converse is also true.Claim 17.1.1 If for all S 6= �, bDS = 0, then D = U .Proof: D(x) =XS bDS�S(x) = 12n��(x) = 12n17.2 Small biased random variablesLet x1; : : : ; xn be f�1; 1g random variables and let D denote as before their joint distribu-tion. We �rst de�ne the bias of a subset S.De�nition 17.2.1 The bias of a subset S � f1; : : : ; ng is de�ned to be,biasD(S) = �����ProbD "Yi2S xi = �1#� ProbD "Yi2S xi = 1#�����



CHAPTER 17. SMALL BIAS PROBABILITY SPACES 142The relation between the bias of a subset S and the absolute value of the correspondingFourier coe�cient is given by the following:Proposition 17.2.1 2n ��� bDS��� = biasD(S)Proof:2n ��� bDS��� = �����Xx D(x)�S(x)����� = �����Xx D(x)Yi2S xi����� == �����Pr[Yi2S xi = 1]� Pr[Yi2S xi = �1]����� = biasD(S)We now de�ne random variables that have a small bias.De�nition 17.2.2 The variables x1; : : : ; xn are �-biased if for all S, biasD(S) � �.De�nition 17.2.3 The variables x1; : : : ; xn are k-wise �-biased if for all subsets S suchthat jSj � k, biasD(S) � �.De�nition 17.2.4 The variation distance between two distributions D1 and D2 de�nedover the same probability space 
 isjjD1 �D2jj = X!2
 jD1(!)�D2(!)jLet D(S) deonte the distribution D restricted to the subset S.De�nition 17.2.5 The variables x1; x2; : : : ; xn are de�ned to be k-wise �-dependent if forall subsets S such that jSj � k, jjU(S)�D(S)jj � �The next theorem motivates �-bias random variables by linking the variation distanceto the sum of the squares of the Fourier coe�cients.Theorem 17.2.1 Let x1; : : : ; xn be f�1; 1g random variables and let D be their joint prob-ability distribution. Then,jjD� U jj � 2n �0@ XS�f1:::ng bD(S)21A 12 = 0@ XS�f1:::ng bias2D(S)1A12



CHAPTER 17. SMALL BIAS PROBABILITY SPACES 143Proof: The square of the variation distance is,jjD � U jj2 = 0@ Xx2f�1;1gn ����D(x)� 12n ����1A2By the Cauchy-Schwarz Inequality � , we get� 2n � Xx2f�1;1gn�D(x)� 12n�2= 2n � Xx2f�1;1gn XS bD(S) � �S(x)� 12n!2Since bD(;) = 12n we have, = 2n � Xx2f�1;1gn0@XS 6=; bD(S) � �S(x)1A2= 2n � Xx2f�1;1gn XS1 6=; XS2 6=; bD(S1) bD(S2)�S1(x)�S2(x)= 2n � XS1 6=; XS2 6=; bD(S1) bD(S2) Xx2f�1;1gn�S1(x)�S2(x)= 22n � XS1 6=; XS2 6=; bD(S1) bD(S2) < �S1 ; �S2 >By orthonormality we have that if S1 6= S2, then < �S1 ; �S2 >= 0; otherwise, < �S1 ; �S2 >=1. Hence, = 22n � XS1 6=; XS2 6=; bD(S1) bD(S2) < �S1 ; �S2 > = 22n �XS bD(S)2Which implies that, jjD � U jj � 2n �0@ XS�f1:::ng bD(S)21A 12To complete the proof, recall that the de�nition of the bias of a subset S is,biasD(S) = jProbD[�S(x) = �1]� ProbD[�S(x) = 1]j= ������ Xx2f�1;1gnD(x)�S(x)������= 2nj < D; �S > j = j2n bD(S)j�The Cauchy-Schwarz Inequality, proved in Appendix 17.8, is < f; g >2�< f;f >< g; g >. Let g(x) = 1.By de�nition of inner product we get, ( 12n P f(x) �1)2 � ( 12n P f(x)2)( 12n P 1) which implies, (P f(x))2 �2nP f(x)2



CHAPTER 17. SMALL BIAS PROBABILITY SPACES 144and hence, 2n �0@ XS�f1:::ng bD(S)21A 12 = 0@ XS�f1:::ng bias2D(S)1A12Corollary 17.2.1 If the random variables x1; : : : ; xn are �-biased with respect to a distri-bution D, then they are also k-wise �-dependent for � = 2k=2 � �.17.3 An e�cient constructionWe now provide an e�cient deterministic construction of small bias random variables.Let Z�p be the multiplicative group modulo p and let g be a generator of Z�p . That is,Z�p = fgj : j 2 f1; : : : ; p � 1gg. In the previous lecture we de�ned a character to be ahomomorphism from a group to the roots of unity. In any cyclic group, (in particular Z�p),the character of order r is de�ned to be:�(r)(gs) def= e2�irs=mWhere m is the order of the group. The group Z�p has order p� 1.Characters have a multiplicative property:�(r)(gs)�(r)(gt) = �(r)(gs+t)We will use the character of order p�12 which has the following property:�( p�12 ) (gs) = e 2�i(p�1)sp�1 = e�is = � 1 if s is odd�1 if s is evenNotice that this is precisely the de�nition of a quadratic residue. The following algorithmconstructs �-biased random variables.1. Choose a prime p > n.2. Select, uniformly at random, an x from Z�p.3. For i = 1; : : : ; n, define the random variable xi = �( p�12 )(x+ i)



CHAPTER 17. SMALL BIAS PROBABILITY SPACES 145Remark 17.3.1 If x+ i = p in the above construction, then for all j � i, xj = �( p�12 )(x+j + 1).Clearly, each x 2 Z�p determines an assignment to the random variables. Hence, the sizeof the sample space is p� 1. In addition, since the number of quadratic residues is equal tothe number of quadratic non-residues,Pr[Xi = 1] = Pr[Xi = �1]To prove that the bias of each subset is bounded, we invoke Weil's Theorem.Theorem 17.3.1 (Weil) Let p be an odd prime, � be a character of order d > 1, f be apolynomial over GF [p] which is not of order d, (f(x) 6= c � g(x)d for all g and c). If f hasexactly m roots, then ������ Xx2Z�p �(f(x))������ � (m� 1)ppThe proof of this theorem is beyond the scope of this course. We now analyze the biasof the random variables. The following is derived by using the multiplicative property ofcharacters and the fact that x is chosen uniformly at random.biasD(S) = jPr[Qi2S xi = 1]� Pr[Qi2S xi = �1]j= jPr[�(Qi2S(x+ i)) = 1]� Pr[�(Qi2S(x+ i)) = �1]j= 1p�1 jPx �(Qi2S(x+ i))jThe expression Qi2S(x+ i) is a polynomial, f(x), with jSj roots and it cannot be a dthpower since it is a product of di�erent monomials. Thus, by Weil's theorem,biasD(S) = 1p� 1 �����Xx �(Yi2S(x+ i))����� � jSjppp� 1 � 2npp� 1Let T be a subset of f1; : : : ; ng, such that jT j � logn. We have by Theorem 17.2.1 thatjjDT � UT jj � sXS�T bias2D(S) � 2 log n2 � 2 lognpp� 1 = 2pn log npp� 1If we choose p � n4, then for each such T , the distribution restricted to T is \almost"logn-wise independent. However, the sample space 
 is of polynomial size y as opposed tothe sample space of log n-wise independent variables.yj
j = p = n4



CHAPTER 17. SMALL BIAS PROBABILITY SPACES 14617.4 A construction of k-wise �-biased random variablesIn this section it will be more convenient to consider random variables over f0; 1gn, insteadof variables over f�1; 1gn. We modify De�nition 17.2.1 for such variables:De�nition 17.4.1 The bias of a subset S � f1; : : : ; ng for a distribution D is de�ned tobe, biasD(S) = �����ProbD "Xi2S xi � 0 (mod 2)#� ProbD "Xi2S xi � 1 (mod 2)#�����Recall the construction of k-wise independent random variables in Section 16.1. There,we had vectors v1; : : : ; vn 2 f0; 1gh that were linearly k-wise independent, where h = k logn2 .We chose uniformly at random r 2 f0; 1gh and de�ned xi =< vi; r >, for i = 1; : : : ; n. Theresulting random variables are k-wise independent.To construct k-wise �-biased random variables, we use the same construction, only thatnow we sample r from an �-biased source (instead of a uniformly distributed source). Inother words, r is chosen uniformly at random from a sample space of h random variablesthat are �-bias.Claim 17.4.1 The random variables constructed by sampling r from an �-biased source arek-wise �-biased.Proof: For every subset S such that jSj � k,Xi2S xi =Xi2S < vi; r >= r �Xi2S vi = R �MSWhere MS def= Pi2S vi. Since the vectors are k-wise independent, MS 6= ~0. Hence,bias(S) = �����Pr[Xi2S xi = 1]� Pr[Xi2S xi = �1]����� = jPr[R �MS = 1]� Pr[R �MS = �1]j � �17.5 A moment inequalityIn this section we formulate a moment inequality for the sum of f�1; 1g random variables(x1; : : : ; xn) that are k-wise �-biased. We denote their sum by S = Pni=1 xi. This will bedone by bounding their kth moment.



CHAPTER 17. SMALL BIAS PROBABILITY SPACES 147Since E[S] = 0, Prob[jSj � �] � E[jSjk]�kThis is known as the kth moment inequality. (See Theorem 1.3.1).Let b1; : : : ; bn be random variables that have a binomial distribution, i.e., they are in-dependent and take their values from f�1; 1g uniformly. The kth moment of the absolutevalue of their sum will be denoted by Bk , that is Bk = E hjb1 + : : :+ bnjki. We bound thekth moment of S via Bk . (We assume w.l.o.g. here that k is even). The kth moment of Scontains nk terms, where each term contains at most k variables. More speci�cally,E[Sk] = E 24 Xi1i2:::ik xi1xi2 : : : xik35 = Xi1i2:::ikE [xi1xi2 : : : xik ]Each term in the above summation is of the form Ti = xp1i1 xp2i2 : : : xprir , such thatPrj=1 pj = k.If a term Ti contains a variable whose power is odd, then in Bk its expectation is 0. However,in our case, it follows from the de�nition of k-wise �-biased random variables (De�nition17.2.3), that the expected value of Ti can be at most �. If all the powers in a term Ti areeven, then the expected value in both cases is the same and equal to 1. Hence,Theorem 17.5.1 Let S and Bk be as above, thenProb[jSj � �] � Bk + � � nk�k17.6 Lower boundsIn this section we prove lower bounds on the cardinality of �-biased probability spaces. Thelower bounds are proved via the intimate relationship between �-bias sample spaces andlinear codes. Recall the de�nition of a linear code (and related notions) in Section 16.1.Let 
 denote a 2�-bias distribution of n random variables x1; : : : ; xn. We construct thefollowing n�m matrix G: each column corresponds to a point in 
, i.e., each column is apossible assignment to the random variables. We can view G as a generating matrix of alinear code C.Proposition 17.6.1 Let c 2 C be any codeword and let wt(c) denote its weight. Then,12 � � � wt(c)m � 12 + �



CHAPTER 17. SMALL BIAS PROBABILITY SPACES 148Proof: Let v be the information word corresponding to c, i.e., v �G = c. We can view v asa characteristic vector of a subset S � 1; : : : ; n. From the de�nition of a 2�-bias probabilityspace we have :�����Prob"Xi2S xi = 0 (mod 2)#� Prob"Xi2S xi = 1 (mod 2)#����� � 2�Hence, the number of \1"s in v �G is at least m(1=2� �) and at most m(1=2 + �).Recall again from Section 16.1 that for a linear code, the minimum weight of a codeword(that is not the zero word) is also the minimum distance between two codewords. Therefore,the known bounds in the theory of error correcting codes can be used to derive lower boundson the cardinality of small bias sample spaces.We proceed formally. Let the function m(n; �) denote the minimum m such that thereexists a sample space of size m corresponding to n f0; 1g random variables that are 2�-bias,or, in other words, the probability that any non-trivial combination of the random variablesis zero, is between 1=2� � and 1=2 + �.It is shown in [AGHP] (and also in [ABNNR]) that the following bound holds:m(n; �) � 
�min� n�2 log(1=�) ; 2n��It follows that our upper bound constructions are pretty tight with this bound.17.7 Further resultsWe have seen so far how to construct an �-bias probability space with respect to the uni-form distribution. An interesting open problem is how to construct an �-bias distributionwith respect to a non uniform f0; 1g distribution. More formally, let D be some arbitrarydistribution on f0; 1g random variables x1; : : :xn and let bDS (for all subsets S) denote itsFourier coe�cients. We wish to construct a distribution D0 such that,8S � f1 : : :ng; j bD0S � bDS j � �2njD0j = poly(n; 1=�)Azar, Motwani and Naor [AMN] showed (using the probabilistic method) that for everydistribution D, there exists a distribution D0 that satis�es the above conditions.



CHAPTER 17. SMALL BIAS PROBABILITY SPACES 149However, it is an open problem to obtain a deterministic e�cient construction of D0even in the case where the random variables are independent and each random variable xiis de�ned as follows. xi = 8<: 0 with probability p1 with probability 1� pIn fact, in this case, the Fourier coe�cients ofD have a simple description and coe�cientscorresponding to equal cardinality subsets are equal. It is also easy to generalize Theorem17.2.1 to arbitrary distributions and hence, by Corollary 17.2.1, an �-bias distribution isalso k-wise �-dependent (for arbitrary distributions) for � = 2 k2 � �. Notice, however, thatthe converse is not true: a k-wise �-dependent distribution is not necessarily a k-wise �-biasdistribution.In the following we survey the results related to constructions of small bias probabilityspaces. The �rst construction is due to Naor and Naor [NN] who gave an e�cient con-struction of an �-bias probability space for random variables that are uniform on f0; 1g.Simpler constructions of the same probability space were given by Alon, Goldreich, Hastadand Peralta [AGHP]. In particular, the construction based on quadratic residues is takenfrom [AGHP]. Azar, Motwani and Naor [AMN] constructed a probability space for �-biasrandom variables over any integral domain [0 : : :d�1], d � 2. A recent result [EGLNV], is apolynomial construction for k-wise, �-dependent general random variables over any integraldomain, where k = log n; � = 1poly(n) .



CHAPTER 17. SMALL BIAS PROBABILITY SPACES 15017.8 Appendix: the Cauchy-Schwarz InequalityTheorem 17.8.1 (Cauchy-Schwarz Inequality)< f; g >2 � < f; f >< g; g >Proof: We use the following easy to verify properties of inner products:Claim 17.8.1 For any real functions f; g; h over f�1; 1gn and any constant a 2 R< f + g; h > = < f; h > + < g + h > (17.1)< f; g + h > = < f; g > + < f; g > (17.2)< af; g > = a < f; g > (17.3)< f; g > = < g; f > (17.4)< f; f > � 0 (17.5)For any real functions f; g, and a constant � 2 R we have0 � < �f � g; �f � g >= < �f; �f � g > � < g; �f � g >= �2 < f; f > �2� < f; g > + < g; g >Substituting � = <f;g><f;f> we get,0 � < f; g >2< f; f >2 < f; f > �2< f; g >2< f; f > + < g; g >= < g; g > �< f; g >2< f; f >Rearranging the last inequality, we get< f; g >2 � < f; f >< g; g >



Chapter 18Applications of Small BiasProbability SpacesIn this chapter we present four di�erent applications of small bias probability spaces.18.1 Set balancing revisitedRandom variables that are �-biased are useful for derandomization. We demonstrate thiswith the problem of set balancing introduced earlier.A collection of subsets S = fS1; S2; � � �Sng de�ned over a base set B = fb1; b2; � � �bng isgiven such that the cardinality of each subset is �. The output is a f�1; 1g coloring of Binto two sets. Let the 2-coloring of B be denoted by x = (x1; x2; � � �xn). The discrepancyof a subset Si, �(Si;x), with respect to x, is de�ned as Pj2Si xj . The discrepancy of theset family S is de�ned as, �(S;x) = maxSi �(Si;x)De�nition 18.1.1 A 2-coloring x is � -good for a set family S if there exists � , 0 < � < 12 ,such that, �(S;x) � �0:5+�plognWe want to show that if we choose a random coloring x1; : : : ; xn such that the randomvariables are k-wise �-biased, the probability that the coloring is � -good is non-zero. Let Tideonte the sum of the random variables in the subset Si.151



CHAPTER 18. APPLICATIONS OF SMALL BIAS PROBABILITY SPACES 152If the variables x1; : : : ; xn are k-wise independent, then we have the following lemmaproved by [BR, MNN].Lemma 18.1.1 Let k = a lognlog � where a > 1� . Let x1; : : : ; xn be k-wise independent randomvariables over f�1; 1g and let disc def= �0:5+�. ThenPr[jTij > disc] < 1��k < 1nProof: Homework assignment. Follows from the kth moment inequality.We want to bound via Theorem 17.5.1 the increase in the kth moment when k-wise�-biased random varibles are used. The above lemma implies, for a subset Si, thatPr[jSij � � 12+�plogn] � E[Ski ](�0:5+�plogn)k� Bk(� 12+�plogn)k + ��k(�0:5+�plogn)k< 1��k + E[T ki ](�0:5+�plogn)kHence, � and k must be chosen such that1��k + ��k(�0:5+�plogn)k < 1nWe choose k = log2n� log � and the above inequality holds if� < 12n1+ 1�Hence, the sample space will be at most of cardinality nO( 1� ) and if � is a constant, anexhaustive search of the sample space can be conducted. Both the construction and thesearch can be done in NC1.18.2 Testing of VLSI circuitsAssume we are given a VLSI circuit such that each gate depends on at most k (out of n) ofthe inputs. A problem that has received much attention in the fault diagnostic literatureis that of generating a small set of vectors T � f0; 1gn such that for any k-subset ofindices S = fi1; i2; : : : ikg, the projection of T on the indices S contains all possible 2kcon�gurations. See [SB] for a bibliography on the problem. Such a set of vectors is called(n; k)-universal. The motivation for this problem is that such a test set allows exhaustive



CHAPTER 18. APPLICATIONS OF SMALL BIAS PROBABILITY SPACES 153testing of a circuit where each component relies on at most k inputs. The best knownbounds for constructing (n; k) universal sets are given in [SB] and [Al1].The trivial solution for this problem is ofcourse to generate all 2n possibilities. A lesstrivial solution is to choose as the (n; k) universal set the sample space of n random variablesthat are k-wise independent. As we saw in a previous lecture, this construction yields n k2vectors. However, if k = O(logn), the cardinality of the (n; k) universal set would be superpolynomial. There is redundancy in this solution since for every k subset, every combinationappears an equal number of times (while all we need is that every combination will appear atleast once). We can improve over this construction by using k-wise �-dependent probabilityspaces :Proposition 18.2.1 If 
 is a k-wise �-dependent probability space for � � 2�k, then 
 isalso a (n; k)-universal set.Proof: If for a k-subset i1; i2; : : : ik, there is a f0; 1gk con�guration which has probabilityzero in 
, then the distance from the uniform distribution of xi1 ; xi2 ; : : :xik is at least2�k+2�k = 2�(k�1) > �, where the �rst summand is due to the missing of the con�guration,and the second summand is due to the fact that the weight of the missing con�guration isdistributed among the other con�gurations.By using the construction of k-wise �-bias random variables given in Section 17.4, wecan construct a probability space 
 which is k-wise 2�k-dependent such that the cardinalityof 
 is log n � 2O(k). This provides the �rst explicit construction of an (n; k)-universal set ofpolynomial size for k which is �(log n). It is also better than the best explicit constructiongiven in [SB] for k << n, and matches the lower bound given there up to constant factors.Alon [Al1] has shown an explicit construction of size logn � 2O(k2) which is optimal forconstant k.It is interesting to note that the construction for a (k; n) universal set can be phrasedin coding theory terminology. Let G be the generating matrix of a binary [n0; k0; d] linearcode for which dn0 = 12 � 122kand let H be the parity check matrix of a binary [n; n0; k] linear code. The (n; k) universalset consists of the rows of the matrix G �H .



CHAPTER 18. APPLICATIONS OF SMALL BIAS PROBABILITY SPACES 15418.3 Reducing the number of random bits - matrix multi-plication veri�cationIn this section we show how to reduce the number of random bits needed in a randomizedalgorithm for verifying matrix multiplication.In the matrix multiplication veri�cation problem we are given three n�n matrices A;Band C and we want to verify that A �B = C. This problem was introduced by Freivalds [Fr]who also gave an O(n2) randomized algorithm that required O(n) random bits. Freivalds'salgorithm is as follows :� Choose a random vector ~r such that each entry in ~r is picked uniformly at random tobe zero or some �xed non-zero element.� Test whether ~r �A �B � ~r �C = 0.The complexity of applying this procedure is that of multiplying a matrix by a vector whichis obviously O(n2).Theorem 18.3.1 Suppose that ~r is a vector chosen in the manner described above. Thenwith probability at least 12, if A �B 6= C, then also ~r �A �B 6= ~r �C.Proof: Let ~v be a non-zero column vector of A � B � C and let j denote the number ofits non-zero entries. Let us assume w.l.o.g. that v1 = 1. If we want ~v � ~r = 0, every choiceof r2; : : : ; rn determines the value of r1. Therefore, the number of di�erent vectors ~r suchthat ~v � ~r = 0 is at most 2j�1 � 2n�j = 2n�1, whereas the number of distinct choices for ~r is2n. Hence, the probability that ~v � ~r = 0 is at most 12 .The number of random bits needed for this algorithm is O(n). The proof of the nextlemma follows from the de�nition of �-bias random variables.Lemma 18.3.1 Let ~v be a non-zero vector, 
 an �-bias probability space and ~r a columnvector chosen uniformly from 
. Then, Pr[~v � ~r 6= 0] � 12 � �2 .It follows that if we choose a random vector ~r from an �-bias probability space, where � is�xed, � < 1, then the probability that ~v�~r = 0 is a constant. Also, the number of random bitsneeded to choose a random vector from the above probability space is O(logn). Therefore,the complexity of the algorithm remains O(n2) and the number of random bits is reducedto be logarithmic in n.



CHAPTER 18. APPLICATIONS OF SMALL BIAS PROBABILITY SPACES 15518.4 Constructing Ramsey graphsA graph that does not contain a clique or an independent set of size k is called a k-Ramseygraph. Erd�os [Er] proved in 1947 that most of the graphs on N vertices do not contain aclique or an independent set of size 2 logN . We consider here the problem of constructingRamsey graphs.We state the problem as follows : given a number t, what is the largest graph (as a func-tion of t) that can be explicitly constructed which does not contain a clique or independentset of size t. Let N denote the number of vertices in this graph. Ideally, we would like to �nda graph of exponential size. Erd�os posed as a challenge the problem of constructing a graphwhose size is superpolynomial in t. The challenge was answered by Frankl [Fr] and Frankland Wilson [FW] who showed an explicit way of constructing graphs where N = t log tlog log t .We show a simpler construction, though not as good as [FW], by Moni Naor [Na] which isof size N = t cplog log tlog log log t for some �xed c.When discussing constructive methods of generating combinatorial objects with certainproperties, we make a distinction between methods that aremerely constructive versus thosethat are explicit. By merely constructive we mean that there exists an algorithm that giventhe parameters of the problem, generates the object in time that is bounded by a polynomialin the input size. A good example is Ajtai's [Aj] construction, where a polynomial timealgorithm (in the number of vertices) for constructing a 3-regular expander is given.By a (locally) explicit construction we mean that given the parameters of the problemand a speci�c \location" in the object, e.g., an edge in a graph, there is an algorithm thatgenerates the object in that location where the running time of the algorithm is boundedby a polynomial in the number of bits needed to describe the location. A good exampleis the expander construction of [LPS] where the running time of the algorithm for testingwhether two vertices are adjacent is bounded by a polynomial in the logarithm of n, thenumber of vertices.The constructions that we shall henceforth exhibit will be explicit in the strong sense,i.e., locally explicit.The construction of Ramsey graphs presented here is based on combining many graphs,most of which are known to be good, without testing which are the bad ones. The fact thatmost of them are good compensates for the bad ones.This is inspired by Justesen's construction of good error correcting codes. It was known



CHAPTER 18. APPLICATIONS OF SMALL BIAS PROBABILITY SPACES 156that good binary codes can be obtained by concatenating a good code over a large alphabet(which can be explicitly constructed) with good codes that map the large alphabet tothe small one. The existence of this code was only proved non-constructively. Justesensuggested using a collection of codes, most of which were known to be good, instead of onegood code.A well known conjecture in this area is that the Paley graph is a Ramsey graph. ThePaley graph is de�ned for every prime p which is congruent to 1 mod 4. There is an edgebetween nodes i and j i� i� j is a quadratic residue mod p. An interesting consequence ofthe construction here is that a closely related graph can be shown to be a (weak) Ramseygraph.The basic technique is due to Abbot [Ab]. Let G1 = (V1; E1) and G2 = (V2; E2) begraphs on n1 and n2 nodes respectively that do not contain a clique or independent set ofsize k1 and k2 respectively. We de�ne a product graph G = G1 � G2 as follows: assumethe vertices of G1 (G2) are labeled u1; v1; : : : (u2; v2; : : :). The vertices of G are all the pairs(x; y), where x 2 V1 and y 2 V2. The edge set of G is de�ned as follows. Two vertices,(v1; v2) and (u1; u2), are neighbors in the product graph, if u1 is di�erent from v1 and theyare adjacent in G1, or if u1 = v1, and u2 is adjacent to v2 in G2. An example of the productoperation appears in the next page. It is clear that the number of vertices in G1 � G2 isn1 �n2. We claim that G1�G2 does not contain a clique or independent set of size k1 �k2. Tosee that, we view the product graph as composed of \big" vertices, where each representsa copy of G2. Also, the members of a \big" vertex v1 are connected to all the members ofall the \big" vertices which are connected to v1 in G1. Let C be a clique, C � G1�G2. Atmost k1 \big" vertices belong to C, and in each \big" vertex, at most k2 vertices belong toC. Hence, jCj � k1 � k2. A similar analysis can be made for independent sets.The above observation can be generalized as follows: let G1; G2; : : :Gm be graphs of sizen1; n2; : : :nm such that Gi does not contain a clique or independent set of size ki. Then,the graph G which is the product graph of G1; G2; : : :Gm is of size Qmi=1 ni and does notcontain a clique or independent set of size Qmi=1 ki.Suppose we are given a probability space of size m where every point in the probabilityspace is a graph on n vertices. Assume that the probability that a graph is not a k-Ramseygraph is at most �. Let G be the product graph of all the graphs in the probability space.Clearly, jGj = nm. Also, G has no clique or independent set of size t = k(1��)�m �n��m. Thisis due to the fact that there are at least (1� �) �m k-Ramsey graphs, and the rest of the
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Figure 18.1: An example of the product operation



CHAPTER 18. APPLICATIONS OF SMALL BIAS PROBABILITY SPACES 158graphs contribute at most a factor of n��m vertices to a clique or independent set. Also, if� � 1logn , we have thatt � k(1��)�m � n��m < km � n��m < km � n 1log n �m = (2 � k)mAs an example to the technique describe above, consider the probability space Gn; 12 .Erd�os proved that for k = 2 logn; � < 1logn . Therefore, the product graph of all thegraphs in Gn; 12 gives us N = n2(n2) vertices and t = (2 logn)2(n2) vertices. Therefore,N � t log log log tlog log log log t .To improve the above result, we use l-wise �-bias probability spaces. We choose theedges of a graph from a �k2�-wise �-bias probability space on �n2� random variables. Theprobability that �k2� variables are all zero or all one is 2�(k2)+1+2(k2)2 � �. The �rst summandis the same as for �k2�-wise independent random variables, and the second summand is addedsince the variation distance of the distribution of any �k2� random variables from the uniformdistribution is at most 2(k2)2 � �.Let G be a graph that is chosen from this probability space. The probability that Gis not a k-Ramsey graph is bounded above by �nk� � (2�(k2)+1 + 2(k2)2 � �). Taking k to be2 � log n and � to be 2�k2 we get that this probability is less than 1logn . The constructionseen in the previous lecture gives us a probability space of size (n=�)c0 for some �xed c0.After calculations we get that N � t cplog log tlog log log t for some �xed c.It remains to show that this construction is indeed locally explicit. We construct a �k2�-wise �-bias probability space based on quadratic characters. Let p be a prime, p � (k=�)2and p � �n2�. The random variable xj at point i is the quadratic character of i + j mod p,i.e if i + j is a quadratic residue modulo p, then xj is 1 and it is 0 otherwise. Since therandom variables we are interested in are edges, for nodes a and b such that 1 � b < a � nwe associate xa(a�1)2 +b with the edge (a; b).We now look at the product graph G = G1 � G2 � : : :� Gp�1. Every vertex in G isa choice of p � 1 vertices, (a1; : : : ; ap�1) where ai 2 Vi. To determine whether there is anedge between two nodes a = (a1; a2; : : :ap�1) and b = (b1; b2; : : : bp�1), let i be the �rstindex where ai 6= bi (i.e. a1; a2; : : :ai�1 = b1; b2; : : : bi�1). In case bi < ai, the quadraticresiduosity modulo p of i + ai(ai�1)2 + bi determines whether there is an edge (a; b), and incase ai < bi it is the quadratic residuosity of i+ bi(bi�1)2 + ai that determines whether theedge (a; b) exists.



Chapter 19Homework1. Let X be a random variable such that E [X ] = 0 and VAR [X ] = �2. Prove the following(stronger) version of Chebyshev's Inequality.Pr[X > �] � �2�2 + �2(Hint: choose a suitable function for the generalized inequality shown in class).2. Let X1; : : : ; Xn be independent random variables that are geometrically distributedwith expectation equal to 2, and let S = Pni=1Xi. Use Cherno� bounds and generatingfunctions to give an upper bound on the probability of the tail of S, i.e.,Pr[S > (1 + �)2n]for any � > 0.3. Let X be a random variable such that 8n � 0; E[Xn] < 1. Recall the followingtwo inequalities on the tail of X :Cherno� 0s inequality : Pr[jX j � �] � E[etjXj]et�The kth moment inequality : Pr[jX j � �] � E[jX jk]�kProve, using the probabilistic method, that for every �, there exists a k such that the kthmoment inequality gives a tighter bound than Cherno�'s inequality (even if t is optimally159



CHAPTER 19. HOMEWORK 160chosen).(Hint: check the Taylor expansion of E[etjXj]).4. For a graph G and a subset T (for Top) of the vertices, call an edge \crossing" if ithas exactly one vertex in T and let N(G;T ) denote the number of such edges. Prove, forappropriate � = �(n): there exists a graph G of 2n vertices so that for every set T of nvertices �����N(G;T )� n22 ����� < �What is the smallest � that you can get?Hint: use the G2n; 12 family of random graphs.5. Call a 0 � 1 matrix A ninefree if there is no 3 � 3 submatrix with all entries one.(Rows and columns need not be consecutive). Let f(n) denote the maximal number of onesin an n � n ninefree matrix A. Find a lower bound for f(n), i.e., show, for � as large aspossible, that there exists a ninefree n � n A with at least � ones.Hint: use the deletion method.6. Let A1; : : : ; An be events in some probability space 
 and let G be their dependencygraph as de�ned in Chapter 6. Suppose that:1. The probability of each event Ai, 1 � i � n is at most p.2. The degree of each vertex of G is upper bounded by d.3. It holds that 4pd � 1.4. For all S � f1 : : :ng, and for all i 2 f1 : : :mg, if i and all its neighbors in G are notin S then Pr[Aij \j2SAj ] � Pr[Ai]Does the event Tmi=1Ai have positive probability?7. Let f(k) be the smallest n such that if all subsets of f1 : : :ng with cardinality k arecolored by two colors, then there exists a set T � f1 : : :ng of cardinality k+ 1 for which allsubsets of cardinality k have the same color. We stress that subsets, and not elements, are



CHAPTER 19. HOMEWORK 161colored. Give lower bounds on f(k) using the Local Lemma and the (basic) probabilisticmethod. Which bound is better?8. (a) Prove that a CNF formula in which each clause contains 100 literals and eachliteral appears in exactly 100 clauses is satis�able.(b) Give a randomized algorithm for �nding a satisfying assignment for a CNF formula inwhich each clause contains k literals and each literal appears in at most 2k=100 clauses.9. The following algorithm �nds a satisfying assignment for a 2-CNF formula:1. Begin by assigning a random assignment (independently and uniformly) to each ofthe variables.2. While there exists a clause Cj = (li1 _ li2) which is not satis�ed by the currentassignment:� Choose one of the literals in Cj and 
ip its assignment (so that Cj is now satis�edby the new assignment).Assume that there exists a satisfying assignment. What is the expected number of timesthat the algorithm executes the \while" statement until it �nds a satisfying assignment?10. Suppose that we perform a random walk on a ring, starting from an arbitrary ver-tex, and proceeding until all vertices are visited. Prove that each vertex has an equalprobability of being the last vertex visited, independent of the choice for the start vertex ofthe random walk.11. Let G be a graph in which each edge (i; j) has a real positive weight Cij , which isde�ned to be the cost of traversing the edge. The weights satisfy Cij = Cji, and Cii = 0.Let N(i) denote the set of vertices that are adjacent to vertex i. We de�ne a random walkon this graph with the following probability of moving from vertex i to vertex j:pij = 1=CijPk2N(i) 1=CikDenote by Sij the expected cost of a random walk that starts in i, visits j and returns toi (the �rst time). Denote by Rij the e�ective resistance in the graph between vertex i and



CHAPTER 19. HOMEWORK 162vertex j (when the resistance of each edge is set to Cij). Show thatSij = 2mRij12. Let G = (V;E) be a graph such that jEj = m and jV j = n. An assignment of weightsto the edges is called good if for every vertex r 2 V it satis�es the following requirements:� For every vertex v 2 V , the shortest path from r to v is unique.� For any two vertices u; v 2 V , the length of the shortest path from r to u is di�erentfrom the length of the shortest path from r to v.Let the weights assigned be integers from the range [0::R]. Use the probabilistic method tobound from above the value of R for which a good assignment of weights exists. (Try tominimize the value of R).13 (a) Let k be the size of the maximum matching in a graph G = (V;E), where jEj = mand jV j = n. Prove that the rank of the Tutte matrix of G is 2k. (Use Frobenius's Theorem:let A be an n � n matrix for which Ai;j = �Aj;i, and let �; � be subsets of f1; 2; : : : ; ngsuch that j�j = j�j = rank(A). Then, jA��j � jA��j = (�1)j�j � jA��j2.(b) Devise randomized algorithms for computing the size of the maximum matching in agraph and for �nding the maximum matching. (Hint: �rst solve the problem of computingthe maximum/minimum weight perfect matching).(c) Suggest a more e�cient implementation of testing whether the Tutte matrix is identi-cally zero. (By reducing the bit complexity of the test).14. Prove in a di�erent way than Valiant that there exists a monotone formula for comput-ing the MAJORITY function of depth O(logn) in which the number of gates is bounded bya polynomial in n. (The MAJORITY function is de�ned to be \1" if the number of inputswhose value is \1" is strictly greater than n=2).Hint: construct a ternary tree in which every vertex in the tree is a MAJORITY gate andthe connections between consecutive levels of the tree are randomly chosen.15. What is the threshold function in Gn;p for subgraph H in Figure 19.1.



CHAPTER 19. HOMEWORK 163Figure 19.1: Subgraph H16. The following questions refer to the paper \The probabilistic method yields deter-ministic parallel algorithms" by R. Motwani, J. Naor & M. Naor [MNN].Let C = C1; C2; : : : ; Cn be k-wise independent random variables generated as follows. LetH be an h� n matrix where h = k log n=2 and the rows of H are linearly k-wise indepen-dent. Let C = H �R where R is a random vector chosen uniformly from f0; 1gh.(a) Prove Lemma 3.2:Let T be a random variable de�ned by T = C1 � C2 � � �Ct, where t � k.Prove that E[T j(r1; : : : ; rm) = (d1; : : : ; dm)] can be computed in NC, for every vector(d1; : : : ; dm) 2 f0; 1gm, where m � t.Assume that for a set of vectors, the linear dimension of the set and a basis (which is asubset) can be computed in NC.(b) Prove lemma 4.1:The discrepancy for which we are aiming is disc = �0:5+�. Use the kth moment inequalityto prove that there is a positive probability for an �-good coloring, i.e.,Prob[jXi �E[Xi]j > disc] < 1n.Hints: let k = logn� log � and assume that � > 1log � .(c) Explain the usage of the above two lemmas for the algorithm in Section 4.2.(d) Explain the considerations in choosing the value of k. What happens when k getsbigger or smaller ?
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