
­d�A� - �®§w�t��¤ Th�tm�� �yq�� ��Ð ��¤d�� �AqtJ� 6.3
Tlsls��

�AqtJ� TF�C AS§� �km§ Am��¤ Tyqyq��� �yq�� ��Ð ��¤d�� Yl� �AqtJ³� �whf� rOtq§ ¯
@��� ¨t�� ��¤d�� �l� Th�tm�� �yq�� ��Ð ��¤d�A� dOq�¤ .Th�tm�� �yq�� ��Ð ��¤d��

.M ≥ 1 �y� RM ¨� Ahmy�
An§�C Amk� ,T§rt��CA� �Ayn�n� �iÄr`u� ¨t�� ��¤d�� ¨¡ �wn�� �@¡ �� ��¤d�� Tl��� �¤�
�l� TqtK� �� Anl�A`� d�¤ ,F : [a, b] −→ R3 T��d� ¾A§rt��CA� Yn�nm�� YW`u§ ¾Aq�AF

:Yn�nm�� �wV 
As� dn� (Th�t� �y� ��Ð¤ d��¤ ry�t� ¨� T�� ¨¡¤) T��d��

.

∫ b

a

‖F ′(t)‖ dt

�Rw§ Am� ,Tyqyq��� �yq�� ��Ð ��¤d�� �� ¢�t� TVAsb� ¨¡ Th�tm�� �yq�� ��Ð ��¤d��
:¨�At�� �§r`t��

A ⊂ RN T�wm�� Yl� T�r`� T�� F : A −→ RM 
�A� �Ð� :�§r`� - 1-6.3

¨� Th�t� �y� ��Ð T�� F  � �wq� An��� N,M ∈ N∗ �y� RM ¨� �y� ��Ð¤
 wk§ T�A��� £@¡ ¨�¤ . ��ry�tm�� �� N

F(P ) = (f1(P ), · · · , fM(P )), ∀P ∈ A

fk : A −→ R ∀k, 1 ≤ k ≤ M �y�
.F T��d�� �Ab�rm� f1, · · · , fM ��¤d�� Yms�¤

:Tl��� - 2-6.3

¨¡ T��d�� £@¡ �Ab�r� , F(x, y) = (3x + y, x− 2y, 2x + 5y) T�®`�A� T�r`� F �kt� (1)

f1(x, y) = 3x + y, f2(x, y) = x− 2y, f3(x, y) = 2x + 5y

£@¡ �Ab�r� , (x, y, z) ∈ R3 , F(x, y, z) = (xy sin z, yz sin x, xz sin y) �kt� (2)
¨¡ T��d��

f1(x, y, z) = xy sin z, f2(x, y, z) = yz sin x, f3(x, y, z) = xz sin y

: Atb�rm�A� T�r`� F : R2 \ {(0, 0)} −→]0, +∞[×[0, 2π[ �kt� (3)

r(x, y) =
√

x2 + y2 θ(x, y) =





arctan(y/x), x, y > 0
arctan(y/x) + π/2, x ≤ 0, y > 0,
arctan(y/x) + π, x, y < 0,
arctan(y/x) + 3π/2, x > 0, y < 0.

.TybWq�� �Ay��d�²� T§zy�CAk�� �Ay��d�³� �� �§w�t�� T��d� T��d�� £@¡ Yms�
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£@¡ .G(r, θ) = (r cos θ, r sin θ) T��d�� ¨¡ G :]0, +∞[×[0, 2π[−→ R2 �kt� (4)
.T§zy�CAk�� �Ay��d�²� TybWq�� �Ay��d�³� �� �§w�t�� ¨W`� T��d��

S :]0,∞[×[0, 2π[×[−π/2, π/2] −→ R3 �kt� (5)

S(r, θ, φ) = (r cos(θ) sin(φ), r sin(θ) sin(φ), r cos(φ)) T��d�� ¨¡

.T§zy�CAk�� �Ay��d�²� T§¤rk�� �Ay��d�³� �� �§w�t�� T��d� T��d�� £@¡ Yms�

C : R3 \ {(0, 0, 0)} −→]0, +∞[×[0, 2π[×R T��d�� (6)
�Ay��d�³� ¨� Am�) θ(x, y, z) = θ(x, y) , ρ(x, y, z) =

√
x2 + y2 �Ab�rm�A� T�r`�

�Ay��d�²� T§zy�CAk�� �Ay��d�³� �� �§w�t�� T�� Yms� z(x, y, z) = z ¤ (T§wtsm�� TybWq��
.Ty��wWF¯�

rh\§¤ , Ah�Ab�r� TF�C ¨� ryb� �kK� rO�n� Th�tm�� �yq�� ��Ð ��¤d�� TF�C 
:Ty�µ� T§r\n��¤ �§r`t�� �� �@¡

, P0 ∈ A �kt�¤ , A ⊂ RN �y� F : A −→ RM �kt� :�§r`� - 3-6.3

�y�� δ > 0 d�w§ ε > 0 �k�  A� �Ð� P0 dn� TlOt� F  � �wq�
∀P ∈ A : de(P, P0) < δ =⇒ de(F(P ),F(P0)) < ε

�kt�¤ , A ⊂ RN �y� F : A −→ RM �kt� :T§r\� - 4-6.3
�AO�� ¸�Ak§ P0 ∈ A TWq� dn� F T��d�� �AO�� , F = (f1, · · · , fM)

.P0 dn� fk ��¤d�� �� ��
�y�� δ > 0 d�w§ ε > 0 �k� ¨�At�A� , P0 dn� TlOt� F  � |rf� =⇒ - A¡r�

∀P ∈ A : de(P, P0) < δ =⇒ de(F(P ),F(P0)) < ε

�tntsn� | fk(P )− fk(P0) | ≤ de(F(P ),F(P0))  � ^�®�

∀P ∈ A : de(P, P0) < δ =⇒ | fk(P )− fk(P0) | < ε

.P0 dn� TlOt� fk  � ©�
δ1 > 0, δ2 > 0, · · · , δM > 0 d�w§ , YW`� ε > 0�ky�¤ ,k �k�P0 dn� TlOt� fk  �|rf�⇐=

�y��
∀P ∈ A : de(P, P0) < δk =⇒ | fk(P )− fk(P0) | < ε/

√
M

 � d�� δ = min(δ1, · · · , δM) @���

∀P ∈ A : de(P, P0) < δk =⇒ de(F(P ),F(P0)) =

√√√√
M∑

k=1

| fk(P )− fk(P0) |2

<

√√√√
M∑

k=1

ε2/M = ε
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.P0 dn� TlOt� F  � 
b�§ A� w¡¤
Yl� �AqtKm�� �S� �� ­d� Yl� Tb�r� �� �tK� Th�t� �y� ��Ð T�� �AqtJ¯

:¨� «r� Am� T�wfO� ­Cw}

:�§r`� - 5-6.3

�kt�¤ F = (f1, · · · , fM) ¤ A ⊂ RN �y� F : A −→ RM �kt� (�)

­ w�w� ∂fk

∂xj
(P0) Ty¶z��� �AqtKm�� 
�A� �Ð� ,A ¨� Tyl�� TWq� P0

¢�tm��  �� P0 dn� k �k�
∂F

∂xj
(P0) = (

∂f1

∂xj
(P0), · · · ,

∂fM

∂xj
(P0))

. P0 dn� F T��dl� Ty¶z��� TqtKm�� ¢�t� Yms§

 �� j = 1, · · ·N �k� ­ w�w� F T��dl� Ty¶z��� �AqtKm�� 
�A� �Ð� (
)
T�wfOm��

J(F)(P0) =




∂f1

∂x1
(P0) · · · ∂f1

∂xN
(P0)

... ...
∂fM

∂x1
(P0) · · · ∂fM

∂xN
(P0)




.P0 dn� F T��dl� ¨�w�A� T�wfO� ¤� �AqtKm�� T�wfO� Yms�

:Tl��� - 6-6.3

¨¡ T��d�� £@h� ¨�w�A� T�wfO� , F(x, y, z) = (x − 2y + 3z, 4x + y − 5z) �kt� (1)
�®�A`m�� T�wfO�

J(F) =
(

1 −2 3
4 1 −5

)

­AW`m�� «wtsm�� ¨� TybWq�� �Ay��d�²� T§zy�CAk�� �Ay��d�³� �� �§w�t�� T�� ¨¡ F(x, y) �kt� (2)
T�®`�A� YW`� ¨�w�A� T�wfO� , 3 ¨�

J(F)(x, y) =

(
x√

x2+y2

y√
x2+y2

−y
x2+y2

x
x2+y2

)
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TWq� P0 �kt�¤ A ⊂ RN �y� F : A −→ RM �kt� :�§r`� - 7-6.3

�y�� S T�wfO� �d�¤ �Ð� P0 dn� �AqtJ²� Tl�A� F  � �wq� ,A ¨� Tyl�� 

F(P ) = F(P0) + S(P − P0) + φ(P )

�q�� φ(P ) 
�A�¤

lim
P→P0

‖φ(P )‖
‖P − P0‖ = 0

¨� TyW� T��d� T��d�� 	§rq�  Ak�� ¨n`� �AqtJ²� Tyl�Aq��  � �§r`t�� �@¡ «z��
.P0 TWqn�� C�w�

Ty¶z��� �AqtKm��  �� P0 dn� �AqtJ²� Tl�A� F 
�A� �Ð� ¢�� T\� ®� �hs�� ��
 �� ¨�At�A�¤ , P0 dn�  Aqft� L = S(P − P0) T��dl� Ty¶z��� �AqtKm��¤ F T��dl�
­CwO�� Yl� ¢t�At� ­ A�� �km§ �AqtJ²� Tyl�Aq�� �§r`�  � ©� .J(F)(P0) = S

limP→P0

‖φ(P )‖
‖P−P0‖ = 0

φ(P ) = F(P )− [F(P0) + J(F)(P0) (P − P0)] �y�

¢�Rw� A� w¡¤ , T��d�� �Ab�r� Yl� Xq� dmt`� �AqtJ²� Tyl�Aq��  � �Ab�� �hs�� ��
Ty�µ� T§r\n��

�Ð� TWq� dn� �AqtJ²� Tl�A� Th�tm�� �yq�� ��Ð T��d��  wk� :T§r\� - 8-6.3
.TWqn�� £@¡ dn� �AqtJ²� Tl�A� Ah�Ab�r� �� 
�A� �Ð� Xq�¤

:Tl��� - 9-6.3

 � d�� , F(x, y) = (x + y, x− y) �kt� (1)

J(F)(x, y) =
(

1 1
1 −1

)

. R2 ¨� TWq� ©� dn� �AqtJ²� Tl�A� T��d�� £@¡  �� ¨�At�A�

 � d�� , θ ∈ [0, 2π[ ¤ r > 0 �y� , F(r, θ) = (r cos θ, r sin θ) �kt� (2)

J(F)(r, θ) =
(

cos θ −r sin θ
sin θ r cos θ

)

.Ah�AW� ¨� TWq� �� dn� �AqtJ²l� Tl�A� T��d�� £@¡  � �R�w�� ��

Tlsls�� ­d�Aq� T�A`�� ­CwOl�  µ� �qtn�
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F : A −→ RM �kt� :Th�tm�� �yq�� ��Ð ��¤dl� Tlsls�� ­d�A� - T§r\� - 10-6.3
�y�� , Th�t� �y� ��¤Ð  At�� G : B −→ RK ¤

. F(P ) ∈ B ∀P ∈ A ¤ A ⊂ RN , B ⊂ RM (�)

. B ¨� Tyl�� TWq� Q0 = F(P0) ¤ A ¨� Tyl�� TWq� P0 (
)

. Q0 dn� �AqtJ²� Tl�A� G ¤ P0 dn� �AqtJ²� Tl�A� F (�)

T�®`�A� YW`� Ah� ¨�w�A� T�wfO�¤ P0 dn� �AqtJ²� Tl�A� G ◦ F  ��

J(G ◦ F)(P0) = J(G)(Q0) J(F)(P0)

¨�w�A� ¨t�wfO� 
rR �}A� ¨¡ �yt�� �yO�t� ¨�w�A� T�wfO�  � ©�
.�yt��dl�

F ¤ G �yt��d�� Tyl�A� �� .Q = F(P ) �S� , P0 �� Tb§r� TWq� P ∈ A �kt� - A¡r�
�tn§ �AqtJ²�

G(F(P )) = G(Q) = G(Q0) + J(G)(Q0) (Q−Q0) + φG(Q)
= G(Q0) + J(G)(Q0) (F(P0) + J(F)(P0) (P − P0) + φF(P )−Q0)

+φG(Q)
= G(F(P0)) + [J(G)(Q0) J(F)(P0)] (P − P0)

+J(G)(Q0) φF(P ) + φG(Q)
(3.1)

 � ¯¤� ^�®n� , T�yO�� £@¡ ¨� �§ry�±� �§d���  µ� xCdnF

(3.2) lim
P→P0

‖J(G)(Q0)φF(P )‖
‖P − P0‖ = 0

limP→P0

‖φF(P )‖
‖P − P0‖ C�dqm��¤L(O) = 0�q��¤ TlOt�L(S) = J(G)(Q0)(S) TyW��� T��d��  ±

.rfOl� �¤¥§
 � ^�®� ; r�µ� d�l� Tbsn�A�

Q−Q0

‖P − P0‖ = J(F)(P0)
P − P0

‖P − P0‖ +
φF(P )

‖P − P0‖
�¤±� C�dqm�� Amny� rfOl� �¤¥§ ry�±� C�dqm��¤ , P0 dn� �AqtJ²� F T��d�� Tyl�A� �� �tn§ A� w¡¤

 Ð� �q�§ (3.1) ¨� ry�±� d��� . ­d�¤ ¢�t� ¨� Tt�A� T�wfO� 
rR �}A� ¢�±  ¤d��

(3.3)

limP→P0

‖φG(Q)‖
‖P−P0‖ = limP→P0

‖φG(Q)‖
‖Q−Q0‖

‖Q−Q0‖
‖P−P0‖

= limQ→Q0

‖φG(Q)‖
‖Q−Q0‖

(
‖Q−Q0‖
‖P−P0‖

)

P0 dn� TlOt� F T��d��  ±
= 0

Any� Am�  ¤d�� ¨�A���Amny� rfOl� �¤¥§ �¤±� ��A`�� �y�
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�Rw�
φG◦F(P ) = J(G)(Q0) φF(P ) + φG(F(P ))

 � d�� (3.1) ¨� {§w`t��¤

G(F(P )) = G(F(P0)) + [J(G)(Q0) J(F)(P0)] (P − P0) + φG◦F(P )

�y�

lim
P→P0

‖φG◦F(P )‖
‖P − P0‖ = 0

. 
wlWm�� 
b�§ A� w¡¤ , (3.3) ¤ (3.2) ��
:Tl��� - 11-6.3

^�®� , G(u, v) = (u + v, u − v) ¤ F(x, y) = ((x + y)/2, (x − y)/2) �kt� (1)
d�� rJAbm�� 
As��A� ,  AtyW�  At�� Amh��

J(F) =

(
1/2 1/2
1/2 −1/2

)
, J(G) =

(
1 1
1 −1

)

¨¡ G ◦ F TyW��� T��dl� ¨�w�A� T�wfO�  wk� ¨�At�A�¤

J(G ◦ F) =
(

1 0
0 1

)

. G ◦ F(x, y) = (x, y)  �� Ant�r`� �� �ft§ A� w¡¤

T�wfO� d�wnF , G(u, v) = (uv, u2 + v2) ¤ F(x, y) = (x sin y, x cos y) �kt� (2)
.(2, π/2) TWqn�� dn� G ◦ F T��dl� ¨�w�A�

J(F) =
(

sin y x cos y
cos y −x sin y

)
, J(G) =

(
v u
2u 2v

)

¨¡ G ◦ F TyW��� T��dl� ¨�w�A� T�wfO�  wk� ¨�At�A�¤

J(G ◦ F)(2, π/2) =
(

0 2
4 0

)(
1 0
0 −2

)
=

(
0 −4
4 0

)

:T�Ah�� T}A��� �¯A��� {`� YW`nF Annk� , ­dq`� T�A`�� ­CwO�� £@¡ ¤db� d�
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g : A −→ R�kt� :�§ry�t� ¨� Tyqyq��� ��¤dl� Tlsls�� ­d�A� - T§r\� - 12-6.3
�y�� F : B −→ R2 ¤

. F(P ) ∈ B ∀P ∈ A ¤ A,B ⊂ R2 (�)

. B ¨� Tyl�� TWq� Q0 = F(P0) ¤ A ¨� Tyl�� TWq� P0 (
)

. P0 dn� �AqtJ²� Tl�A� F ¤ G0 dn� �AqtJ²� Tl�A� g (�)

T�®`�A� YW`§ Ah� �Cdt�� ¢�t�¤ P0 dn� �AqtJ²� Tl�A� g ◦ F  ��
−→∇ (g ◦ F)(P0) =

−→∇ g(P0) J(F)(P0)

F(x, y) = (u(x, y), v(x, y))�R¤¤ h(P ) = g(F(P ))@��� :«r�� ­Cw}¨�

∂h

∂x
(P0) =

∂g

∂u
(Q0)

∂u

∂x
(P0) +

∂g

∂v
(Q0)

∂v

∂x
(P0)

∂h

∂y
(P0) =

∂g

∂u
(Q0)

∂u

∂y
(P0) +

∂g

∂v
(Q0)

∂v

∂y
(P0)

�kt� :��ry�tm�� �� N ¨� Tyqyq��� ��¤dl� Tlsls�� ­d�A� - T§r\� - 13-6.3
�y�� F : B −→ RN ¤ g : A −→ R

. F(P ) ∈ B ∀P ∈ A ¤ A,B ⊂ RN (�)

. B ¨� Tyl�� TWq� Q0 = F(P0) ¤ A ¨� Tyl�� TWq� P0 (
)

. P0 dn� �AqtJ²� Tl�A� F ¤ G0 dn� �AqtJ²� Tl�A� g (�)

T�®`�A� YW`§ Ah� �Cdt�� ¢�t�¤ P0 dn� �AqtJ²� Tl�A� g ◦ F  ��
−→∇ (g ◦ F)(P0) =

−→∇ g(P0) J(F)(P0)

�R¤¤ h(P ) = g(F(P )) @��� :«r�� ­Cw} ¨�
F(x1, · · · , xN) = (u1(x1, · · · , xN), · · · , uN(x1, · · · , xN))

∂h

∂xj
(P0) =

N∑

k=1

∂g

∂uk
(Q0)

∂uk

∂xj
(P0)

:Tl��� - 14-6.3
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An§d� ,�AqtJ²� Tl�A� T�� ©� g : A −→ R �kt�¤ F(r, θ) = (r cos θ, r sin θ) �kt� (1)

J(F) =
(

cos θ −r sin θ
sin θ r cos θ

)

 � Tlsls�� ­d�A� �� d�� ¨�At�A�¤

∂g

∂r
= cos θ

∂g

∂x
+ sin θ

∂g

∂y
∂g

∂θ
= −r sin θ

∂g

∂x
+ r cos θ

∂g

∂y

Tl�A� T�� ©� @���¤ , F(x, y) = (
√

x2 + y2, Arc tg (y/x)) Tysk`�� Tl§w�t�� @��� (2)
d�� 
As��A� , g : A −→ R �AqtJ²�

J(F) =

(
x√

x2+y2

y√
x2+y2

−y
x2+y2

x
x2+y2

)

Yl� �O�� Tlsls�� ­d�A� �ybWt�¤

∂g

∂x
=

x√
x2 + y2

∂g

∂r
+

y√
x2 + y2

∂g

∂θ

∂g

∂y
=

−y

x2 + y2

∂g

∂r
+

x

x2 + y2

∂g

∂θ

Yl� dmt`§ ��Akt� T�r`� T�� An§d� �kt� :(rt��CA� Yl� ­dmt`m�� �®�Akt��) �ybW� - 15-6.3
­CwO�� Yl� ©� , rt��CA�

g(x) =

∫ ϕ2(x)

ϕ1(x)
f(x, t) dt x ∈ [a, b]

�y�

. A ⊂ R2 ¤ f : A −→ R (�)

. ϕ1, ϕ2 : [a, b] −→ R (
)

. x ∈ [a, b] �k� (x, ϕ1(x)), (x, ϕ2(x)) ∈ A (�)

 �� , (∂F/∂y) = f �q��¤ A ¨� Tyl��d�� Xqn�� �ym� dn� �AqtJ²� Tl�A� T�� F (x, y) �kt�¤

g′(x) =
∂F

∂x
(x, ϕ2(x))− ∂F

∂x
(x, ϕ1(x))

+f(x, ϕ2(x)) ϕ′2(x)− f(x, ϕ1(x)) ϕ′1(x)

75



TqWn� Yl� T�r`� T�� f �kt� :(TybWq�� �Ay��d�³� ¨� �AqtKm�� 
As�) �ybW� - 16-6.3
�� ¾¯d� (r, θ) TybWq�� �Ay��d�³� ¨� T��d� f xCd�  � Tny`� �¶As� ¨� dyfm�� �� ,R2 ¨�
�Ay��d�³� ¨� T�ws�� f(P ) Yl� T�¯dl� f̃(P ) z�r�� �d�tsnF .(x, y) T§zy�CAk�� �Ay��d�³�
T��d�� �� f T��d�� �yO��) f̃ = f ◦ G  � �l`� Tqy�d�� TyRA§r�� r\n�� Th�¤ �� .TybWq��
�Ay��d�³� Y�� TybWq�� �Ay��d�³� �� �§w�t�� ¨W`� ¨t�� (3) G(r, θ) = (r cos θ, r sin θ)

f T��dl� Ty¶z��� �AqtKm�� £CAbt�� Yl� A�dt�� A� w¡¤) f̃ T��dl� Ty¶z��� �AqtKm�� TF�Cd�¤ ,(T§zy�CAk��
:Tlsls�� ­d�A� �d�ts� An��� ( TybWq�� �Ay��d�³� ¨�

∂f̃

∂r
=

∂f

∂x

∂g1

∂r
+

∂f

∂y

∂g2

∂r

=
∂f

∂x
cos θ +

∂f

∂y
sin θ,

∂f̃

∂θ
=

∂f

∂x

∂g1

∂θ
+

∂f

∂y

∂g2

∂θ

= −∂f

∂x
r sin θ +

∂f

∂y
r cos θ.

¨l§ Amy� T�y�O�� T�A�³� rt�� .Tl·F� 17.3

 �� A ⊂ R2 Yl� �AqtJ®� Tl�A� T�� F : A −→ R3 
�A� �Ð� (1)
.P ∈ A �k� ¨qyq�  d� J(F )(P ) ( )

.P ∈ A �k� 2× 3 A¡ A`�� T�wfO� J(F )(P ) ( )

.P ∈ A �k� 3× 2 A¡ A`�� T�wfO� J(F )(P ) ( )
.P ∈ A �k� R3 ¨� ¢�t� J(F )(P ) ( )

 �� A ⊂ R2 Yl� �AqtJ®� Tl�A� T�� F : A −→ R3 
�A� �Ð� (2)
.A Yl� �AqtJ®� Tl�A� F �Ab�r� �� Tb�r� �� ( )

.A Yl� TlOt� Ty¶z� �AqtK� Ah� F �Ab�r� �� Tb�r� �� ( )
.�A¡A��¯� �ym� ¨� Ty¡A��� �AqtK� Ah� F �Ab�r� �� Tb�r� �� ( )

,G = (g1, g2, g3) �kt�¤ ,A ⊂ R3 Yl� Ty¶z� �AqtK� Ah� ��¤ g1, g2, g3 : A −→ R 
�A� �Ð� (3)
 ��

.−→∇ g1 w¡ �¤±� Ahf}  wk§ G T��dl� ¨�w�A� T�wfO� ( )
.−→∇ g2 w¡ ¨�A��� A¡ wm� G T��dl� ¨�w�A� T�wfO� ( )

.g1, g2, g3 ��¤dl� Ty¶z� �AqtK� ¨¡ G T��dl� ¨�w�A� T�wfO� r}An� �ym� ( )
.A Yl� �AqtJ®� Tl�A� T�� G ( )

 �� ,P ∈ R2 �kt�¤ , �AqtJ®�  Atl�A�  At�� G : R2 −→ R3 ,F : R3 −→ R2 
�A� �Ð� (4)
.J(G ◦ F )(P ) = J(G)(P )× J(F )(P ) ( )

.J(G ◦ F )(P ) = J(F )(P )× J(G)(F (P )) ( )

.J(G ◦ F )(P ) = J(G)(F (P ))× J(F )(P ) ( )

.J(F ◦G)(P ) = J(F )(G(P ))× J(G)(P ) ( )

.�§CAm� 18.3
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:­AW`m�� P TWqn�� dn� �AqtJ®� Ty�At�� ��¤d�� �� �� Tyl�A� xC � (1)

.P = (x0, y0) ,F (x, y) = (ax + by, cx + dy) (�)

. P = (0, 0) ,F (0, 0) = (0, 0) ,(x, y) 6= (0, 0) ,F (x, y) = (
yx2

x2 + y2
,

xy2

x2 + y2
) (
)

. . P = (0, 0) ,F (0, 0) = (0, 0) ,(x, y) 6= (0, 0) ,F (x, y) = (
xy

x2 + y2
,

x2

x2 + y2
) (�)

.P = (1, 1) ,x 6= 0, F (x, y) = (
√

x2 + y2, arctan(y/x)) ( )
..P = (1, 0) ,x 6= 0, F (x, y) = (

√
x2 + y2, arctan(y/x)) (£)

:Ty�At�� ��¤d�� �� �k� (�d�¤  �) ¨�w�A� T�wfO� 	s�� (2)

.F (x, y) = (x + y, x− y) (�)
.G(r, θ) = (r cos θ, r sin θ) (
)

.C(x, y, z) = (
√

x2 + y2 + z2, arctan(y/x), arcsin(z/
√

x2 + y2 + z2)) (�)
.F (x, y, z) = (2x + y − z, x− y + z, 3x) ( )
.G(x, y, z) = (y2 + z2, x2 + z2, x2 + y2) (£)

.�ytq�As�� �yt��sm�� ¨� Am� G,F �y� H = G ◦ F (¤)
f ,T§zy�CAk�� �Ay��d�²� T§¤rk�� �Ay��d�³� �� �§w�t�� T�� ¨¡ T �y� g = f ◦ T (E)

.R Y�� R3 �� �AqtJ®� Tl�A� T�� ©�
,T§zy�CAk�� �Ay��d�²� Ty��wWF¯� �Ay��d�³� �� �§w�t�� T�� ¨¡ U �y� g = f ◦ U (�)

.R Y�� R3 �� �AqtJ®� Tl�A� T�� ©� f

.h(t) = g(f(t)) �S� , g(x, y) =





xy2

x2 + y2
, (x, y) 6= (0, 0),

0, (x, y) = (0, 0)
�kt�¤ f(t) = (at, bt) �kt� (3)

.f ′(0) ¤ −→∇ g(0, 0) d�¤� (�)
?�@¡ �l`� �ÐAm� ? h′(0) = (

−→∇ g(0, 0))f ′(0) �¡ .h′(0) 	s�� (
)

�r`u� , A ⊂ R3 Yl� Ty�A��� Tb�r�� �� TlOt� Ty¶z� �AqtK� Ah� T�� f : R3 −→ R �kt� (4)

∆(f) =
∂2f

∂x2
+

∂2f

∂y2
+

∂2f

∂z2

.Ty��wWF¯� �Ay��d�³� ¨� ∆(f) 
As�� T�y} d�¤�
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