
«r�O��¤ Ym\`�� �yq�� 4.3

(Tmy� rb�� ¤�) Tnkm� Tmy� ���  A�§³ T�A��� rh\� TyqybWt�� �¶Asm�� �� d§d`�� ¨�
�tnm� Tnkm� Tflk� ���  A�§�  AOt�¯� ¨� ��Ð Tl��� �� , ry�t� �� r��� ¨� T��d�
�rO� ¨t�� �m`�� �A�AF  d�¤ �ynOt�� ¨� Tl�� ­ A� �� r��� Yl� Tflk�� dmt`� A�dn�
�s� A¡dn� CdO§ ¨t�� ¨�wm�� �wW�� �y� 
As� ºA§zyf�� ¨� Tl��±� ��¤ ,¢�At�� ¨�
,�s��� ­C�r� T�C ¨�¤ ¨�wm�� �wW�� ¨� T�� T�AW�� �y� T�AV rb�� ¢� �A`J�  wF�

:Ty�At�� T��sm�� rh\� 	W�� ¨�¤
­d� Yl�¤ c £zy�r� Yl� dmt`§ CAq`�� ry���  � rhZ ry�Aq`�� �� Tny`� ��w�� TF�C ¨� :�A�� - 1-4.3

T�®`�A� t ¢yVA`�

R(c, t) = c2(a− c)te−bt, c ∈ [0, a], t ∈ [0, T ], a, b, T > 0.

?�km§ A� rb�� ry��t�� A¡dn�  wk§ ¨t�� t ¤ c �y� 
As� �km§ �y�
�� r��� ¨� ��¤d�� �� Ty�AR³� TyRA§r�� �A�wl`m�� {`b� �At�§ T��sm�� £@¡ ��

ry�t�
Tyl�� TWq� P0 �kt�¤ A ⊂ R2 �y� f : A −→ R �kt� :�§r`� - 2-4.3

�wtf� Qr� d�¤ �Ð� P0 dn� Tyl�� Ym\� Tmy� Ah� f T��d��  � �Aq§ . A ¨�
 wk� �y�� P0 £z�r� Dr(P0)

f(P ) ≤ f(P0) ∀P ∈ Dr(P0)

Dr(P0) �wtf� Qr� d�¤ �Ð� P0 dn� Tyl�� «r�} Tmy� Ah� f  � �Aq§¤
 wk� �y�� P0 £z�r�

f(P ) ≥ f(P0) ∀P ∈ Dr(P0)

:¨¡ Ah�Ab�� �km§ ¨t�� Q�w��� �¤�

Tyl�� TWq� P0 �kt�¤ A ⊂ R2 �y� f : A −→ R �kt� :T§r\� - 3-4.3

f 
�A�¤ , P0 dn� Tyl�� «r�} Ymy� ¤� Ym\� Tmy� Ah� f 
�A� �Ð� . A ¨�
−→∇ f(P0) =

−→
0  �� P0 dn� �AqtJ®� Tl�A�

:�AqtJ®� Tyl�Aq�� �§r`� �� - A¡r�

f(P ) = f(P0) + (
−→∇ f(P0)) . (P − P0) + φ(P ), ∀P ∈ Dr(P0)

 � d�� P = P0 + t−→u @��b� −→u−→∇ f(P0) 6= −→
0  A� w�

f(P ) = f(P0) + t ‖u‖2 + φ(P )

Tmy� Ah�  wk§  � �km§ ¯ f  � ©� f(P ) > f(P0)  �� t Y�� Tbsn�A� �d� ­ry�} φ(P ) �y�¤
, P0 dn� Tyl�� «r�} Tmy� Ah�  wk§  � �km§ ¯ f  � �Ab�� �km§ ��m�A� , P0 dn� Tyl�� Ym\�

.
wlWm�� �tn§ ¨�At�A�
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��¤dl� Tyl�� «r�} ¤� Ym\� Tmy�  w�w� A�E¯ AVrJ Tq�As�� T§r\n�� ¨W`�
¨�At�� �A�m�� �Rw§ Am� ¨�A� Hy� ªrK�� �@¡ �k� , �AqtJ®� Tl�Aq��

R2 ªAq� �ym� dn� �AqtJ®� Tl�A� f  � �R�w�� �� , f(x, y) = x2 − y2 �kt� :�A�� - 4-4.3

.
−→∇ f(0, 0) =

−→
0 An§d�¤ ,  ¤d� ­ry�� Ah�±

-2

-4

-2-1

-1

-2

0
00

x

y
1

2

1

2

4

2

. (�kK�� r\��) �}±� TWq� dn� Tyl�� «r�} ¯¤ Ym\� Tmy� Ah� Hy� f �k�
TF�Cd� �At�� Tyl�m�� «r�O�� ¤� Ym\`�� �yq��  w�w� ¨�A� ªrJ Yl� �wO�l�
A� w¡¤ , �AqtKm�� �l� T�¯d� T��d�� �y� �� ryb`t��¤ ,Ty�A��� Tb�r�� �� �AqtKm��

Cwl§A� T§r\� £A§� AnyW`�

A ⊂ R2 �y� f : A −→ R �kt� :�§ry�t� ¨� T��d� Cwl§A� T§r\� - 5-4.3
�� f T��dl� Ty¶z��� �AqtKm�� 
�A� �Ð� . A ¨� Tyl�� TWq� P0 �kt�¤

 �� , P0 dn� TlOt�¤ Dr(P0) Qr� ¨� ­ w�w� m + 1 Tb�r��

f(P ) = f(P0) +
m∑

n=1

∑
0≤α≤n

n!

α! (n− α)!

∂nf(P0)

∂xα ∂yn−α
(x− x0)

α(y − y0)
n−α

+
∑

0≤α≤m+1

(m + 1)!

α! (m + 1− α)!

∂m+1f(Q)

∂xα ∂ym+1−α
(x− x0)

α(y − y0)
m+1−α

. P0 ¤ P �y� Tmyqtsm�� T`Wq�� Yl� T`��¤ TWq� Q �y�

, m = 0, 1 A�dn� 
wlWm�� �Ab�� �hs�� �� .m Yl� ¨RA§r�� �AtntF¯� �d�tsnF - A¡r�
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An§d�  wky� m dn� T�®`�� T�} |rf�

f(P ) = f(P0) +
m−1∑
n=1

∑
0≤α≤n

∂nf(P0)

∂xα ∂yn−α

n! (x− x0)
α(y − y0)

n−α

α! (n− α)!

+
∑

0≤α≤m

∂mf(Q)

∂xα ∂ym−α

m! (x− x0)
α(y − y0)

m−α

α! (m− α)!

 wky� 1 Tb�r�� �� TlOt� Ty¶z� �AqtK� Ah� Gα  � Am� , Gα(Q) =
∂mf

∂xα ∂ym−α
(Q) �S�

Gα(Q) = Gα(P0) +
∂Gα

∂x
(Q1)(x− x0) +

∂Gα

∂y
(Q1)(y − y0)

.Q ¤ P0 �y� Tl}�w�� Tmyqtsm�� T`Wq�� Yl� TWq� Q1 �y�

Y�¤±� T� A`m�� ¨� {§w`t�A�

f(P ) = f(P0) +
m∑

n=1

∑
0≤α≤n

∂nf(P0)

∂xα ∂yn−α

n!(x− x0)
α(y − y0)

n−α

α! (n− α)!

+
∑

0≤α≤m+1

∂

∂x

(
∂mf(Q1)

∂xα ∂ym−α

)
m!(x− x0)

α+1(y − y0)
m−α

α! (m− α)!

+
∂

∂y

(
∂mf(Q1)

∂xα ∂ym−α

)
m!(x− x0)

α(y − y0)
m−α+1

α! (m− α)!

 � T\�®m�¤

∂

∂x

(
∂mf

∂xα ∂ym−α

)
=

∂

∂y

(
∂mf

∂xα+1 ∂ym−α−1

)

.
wlWm�� Yl� �O�� �AqtKm�� Tb�C ¨� Th�AKtm��  ¤d��� �ym��¤
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:Ty�A��� Tb�r�� �� �AqtKm�� ��d�tFA� «r�O��¤ Ym\`�� �yq�� �yy`� - T§r\� - 6-4.3

�A� �Ð� , A ¨� Tyl�� TWq� P0 �kt�¤ A ⊂ R2 �y� f : A −→ R�kt�
�AqtKm�� �l� 
�A�¤ , Dr(P0) Qr� ¨� Ty�A��� Tb�r�� �� Ty¶z� �AqtK� Ah� f

 �� , −→∇ f(P0) =
−→
0  A�¤ P0 dn� TlOt�

∆ < 0 & A < 0 =⇒ f dn� Tyl�� Ym\� Tmy� Ah� P0

∆ < 0 & A > 0 =⇒ f dn� Tyl�� «r�} Tmy� Ah� P0

∆ > 0 =⇒ f dn� �rF TWq� Ah� P0

.∆ = B2 − AC , B =
∂2f

∂x ∂y
, C =

∂2f

∂y2 , A =
∂2f

∂x2 �y�
Ym\`�� �yq�� �� �A�wl`� ©� T§r\n�� £@¡ ¨W`� ¯ ∆ = 0 T�A� ¨�

.T��dl� «r�O��¤
T��d�� �Ws� Tbsn�A� �}±� TWq� �R¤ ¢�AK§ �R¤ w¡ �rs�� TWqn�  wOqm��
f(P0) �� ��� �y�¤ f(P0) �� rb�� �y� Ah� f(P )  wk�  � ©� , f(x, y) = x2 − y2

.P0 �w� Qr� ©� ¨�
 � �tn§

−→∇ f(P0) =
−→
0 {§w`t�A�¤ Cwl§A� T§r\� ��d�tFA� - A¡r�

f(P ) = f(P0) +
∂2f

∂x2 (x1, y1)
(x− x0)

2

2
+

∂2f

∂x ∂y
(x1, y1) (x− x0)(y − y0)

+
∂2f

∂y2 (x1, y1)
(y − y0)

2

2

¤ t = (y − y0)/(x− x0) �S� , x 6= x0 �kt�

S(t) = A
(x− x0)

2

2
+ B(x− x0)(y − y0) + C

(y − y0)
2

2

=
(x− x0)

2

2

[
A + 2Bt + ct2

]

 �� A < 0  � �y�¤ ∆ < 0 £zym� t ¨� Ty�A��� T�Cd�� �� C�dq� w¡ C�dqm�� �@¡  � �y�
�y�� Dr1

(P0) Qr�  A�§� �km§ Ty�A��� Tb�r�� �� Ty¶z��� �AqtKm�� �AO�� ��¤ , S(t) < 0∀t
:∀Q ∈ Dr1

(P0)

∂2f

∂x2 (Q)
(x− x0)

2

2
+

∂2f

∂x ∂y
(Q) (x− x0)(y − y0) +

∂2f

∂y2 (Q)
(y − y0)

2

2
< 0

.P ∈ Dr1
(P0)©± f(P ) < f(P0)  wk� ¨�At�A�¤

.��m�A� «r�±� º�z�±�  A¡r�
T��dl� Tyl�m�� «r�O��¤ Ym\`�� �yq��  A�§³ :�A�� - 7-4.3

f(c, t) = c2(a− c)te−bt, c ∈ [0, a], t > 0
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Ty�A���¤ Y�¤±� Tb�r�� �� Ty¶z��� �AqtKm�� 
As�� �db�

∂f

∂c
(c, t) = (2a− 3c)cte−bt,

∂f

∂t
(c, t) = c2(a− c)(1− bt)e−bt,

∂2f

∂c2 (c, t) = (a− 3c)2te−bt,
∂2f

∂t2
(c, t) = c2(a− c)e−bt(b2t− 2b),

∂2f

∂c ∂t
(c, t) = (2a− 3c)c(1− bt)e−bt

A,B,C, ∆ �y� 	s�� Ahn� �� dn�¤ ,
−→∇ R =

−→
0 A¡dn� ¨t�� Xqn�� d�w� ��

P A B C ∆ f(P ) �wn��
(0, 1/b) 2a/eb 0 0 0 0 «r�}

(2a/3, 1/b) −2a/be 0 −4(a3b/27e) −8(a4/27e2) 4a3/27be Ym\�

000 0.5 t10.5

0.1

1.5
1 2

0.2

1.5

0.3

2c

0.4

2.5

0.5

3

0.6
0.7

¨�At�A� Amh� , ­dy�¤ Tyl�� Ym\� Tmy�¤ ­dy�¤ Tyl�� «r�} Tmy� Ah� T��d��  � d�� ��Ð ��
.T��dl� «r�O��¤ Ym\`�� �yq��

¨l§ Amy� T�y�O�� T�A�³� rt�� .Tl·F� 8.3

 �� P0 dn� Tyl�� Ym\� Tmy� T��dl�  A� �Ð� (1)−→∇ f(P0) =
−→
0 ( )  w�w� −→∇ f(P0)( )−→∇ f(P0).(P − P0) = 0( ) ( )

 �� ∆ < 0, A > 0, B > 0 :P0 TWq� dn� f T��d� Ty�At�� ª¤rK�� 
qq�� �Ð� (2)
.P0 dn� Tyl�� Ym\� Tmy� Ah� f ( )
.P0 dn� Tyl�� «r�} Tmy� Ah� f ( )
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.P0 dn� �rF TWq� Ah� f ( )
.�AtntF� ©± �O�  � �yWts� ¯ ( )

.�§CAm� 9.3

Ty�µ� ��¤d�� �� �k� Tyl�m�� «r�O��¤ Ym\`�� �yq�� xC � (1)

fh, a, b ∈ R  f(x, y) = ax + by (�)
.f(x, y) = x2 + y2 (
)

.f(x, y) = 1−
√

x2 + y2 (�)
.f(x, y) = sin(x2 + y2) ( )

.f(x, y) = sin(xy) (£)

.f(x, y) =

{
sin(x2y2)
x2+y2 (x, y) 6= (0, 0)

0 (x, y) = (0, 0)
(¤)

.f(x, y) = x2y
x2+y2 (E)

.f(x, y) =
√

4− 4(x2

4 + y2

9 ) (�)

.f(x, y) =
√

4− 4(x2

4 − y2

9 ) (ª)

.f(x, y) = (x2 + y2) cos(x + 2y) (©)

.f(x, y) = (x2 − y2)e−(x2+y2)/2 (A§)

Yl�¤ .(0, 0, 8) � �km§ A� 
r��  wk� ¨t�� z = 4x2 + y2 ¨·�Akm�� �s�m�� Yl� TWqn�� d�¤� (2)
�y� , (0, 0, a) TWqnl� �km§A� 
r��  wk� ¨t�� �s�m�� ��Ð Yl� TWqn�� d�¤� �wm`�� ¢�¤

.a ry�t� A�dn� �d�§ ÐA�

 � �¡r� .g(x, y) = (f(x, y))2 �kt�¤ f(x, y) > 0 �q��¤ �AqtJ²� Tl�A� T�� f(x, y) �kt� (3)
.�rs�� ªAq�¤ «r�O��¤ Ym\`�� �yq�� ªAq� Hf� Amh� f, g

.Q0(a, b, c) ∈ R3 �� T�As� ��� d`b� ¨t�� z = h(x, y)�Ws�� Yl� TWqn��  A�§� T��s�xCdnF (4)
T�r� TWq� ¨¡ P0(x0, y0)  � �¡r� .Q = (x, y, h(x, y)) �y� f(x, y) = de(Q,Q0) �S�
Q1(x0, y0, h(x0, y0)) ¤ Q0 �y� Tl}�w�� Tmyqtsm�� T`Wq�� 
�A� �Ð� Xq�¤ �Ð� f T��dl�

.Q1 dn� z = h(x, y) �Ws�� Yl� T§ wm�

���r�¯ �®�A`�¤ Yl�m�� �yq�� 5.3

,T�wtf� T�wm�� ¨� �§ry�t� ¨� T��d� «r�O��¤ Ym\`�� �yq��  d�� �y� AnFC 
Tylm`�� �¶Asm�� {`� �k� ,Ty�A���¤ Y�¤±� Tb�r�� �� T��d�� �AqtK� Yl� ª¤rK� ��Ð¤
�A�m�� ¨� Am� , wy� ¤� Ty�AR� ª¤rJ 
�� T��d� «r�} ¤� Ym\� Tmy�  A�§� 	lWt�

:¨�At��
�y�w� �At�³� ¨� �d�ts§¤ ,d��¤ rt� Ahn� �� T`F �kK�� Ty��wWF� ¾Abl� �tn§ �nO� :�A�� - 10-5.3
�wn�� �� ��rm�� rtmytns�� Tflk� 
�A� �Ð� .Ahb��w�� �w�¤ T��wWF¯� ¨�d�Aq� �w� :ªw�Sm�� �Cw�� ��
�lk§ ©@�� Tbl`�� �kJ w¡ Am� Mr� a ¨¡ ¨�A��� �wn�� �� ��rm�� rtmytns�� Tflk�¤ Mr� b ¨¡ �¤±�

?�km§ A� ���
Tylk�� Tflkt�� �y�m� �km§ , T��wWF¯� �Af�C� w¡ h¤ T��wWF¯� ­d�A� rW� �O� w¡ r �ky� -����

T��d�A� Tbl`l�
C(r, h) = a× 2πrh + b× 2πr2

,	`k� rtmytnF 1000 ©� rt� 1 A§¤As� �����  wk§  � ªrK� T��d�� £@h� Tmy� ���  A�§� 
wlWm��¤
:­Cw} ¨� ªrK�� �@¡ �S�

V (r, h) = πr2h = 1000.
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�@¡ ¨� «r�} Tmy� Ah� Hy� T��d�� £@¡  �¤ ,]0, +∞[×]0, +∞[ w¡ C T��d�� �AW�  � �R�w�� ��
,V (r, h) = 1000 T�®`�A� �r`m�� Yn�nm�� ªAq� Yl� Ah� «r�} Tmy�  A�§³ �At�� Annk� ,�AWn��

 � d�n� r T�¯d� h �� {§w`t�A� �km� �@¡¤

h = 1000/πr2, C(r, 1000/πr2) = ϕ(r) = 2000a/r + 2πbr2

.h = 20
3
√

2π
( b

a)
2/3 ¨�At�A�¤ r = 10 3

√
a/(2πb) d�n� ,r ¨� T��d� T��d�� £@h� «r�} Tmy� d�w� ��

T��sm�� �§w��¤ r ¤ h �y� T�®�  A�§� T�whF �Sf� T��sm�� £@¡ �� �� Annkm�
?Annkm� �@¡ �k§ �� w� �m`�� Am� ,d��¤ ry�t� ¨� T��sm�

�¶Asm�� �� �wn�� �@h� ¾®� ���r�®� Tny`m�� ry� �®�A`m�� Tq§rV �dq�
 At�r`�¤ �AqtJ®�  Atl�A�  At�� f, g �kt� :���r�¯ �®�A`� T§r\� - 11-5.3

 � �q�� �Ð� P ∈ D TWq� ©± ,D ⊂ RN TqWn� Yl�

f(P ) = max
Q∈C

f(Q) ¤� f(P ) = min
Q∈C

f(Q)

dyq�� ��
c = 
�A� , C = {Q ∈ D | g(Q) = c}

.−→∇ f(P ) = λ
−→∇ g(P ) �y�� λ ∈ R d�w§ ¢���

:Tl��� - 12-5.3

:���r�¯ Tq§rW� ��As�� �A�m�� ��� �dbnF (1)

C(r, h) = a× 2πrh + b× 2πr2, V (r, h) = πr2h = 1000

­CwO�� Yl� �bO§ ���r�¯ ªrJ  � d�� ¨�At�A�¤

2aπh + 4bπr = λ2πrh, 2aπr = λπr2

d�� V (r, h) = 1000 T� A`m�� ¨� {§w`t�A�¤ h = 2br/a ,λ = 2a/r ¨W`§ A� w¡¤
.r = 103

√
a/(2πb), h = 20

3
√

2π
( b

a)
2/3

T��dl� Ym\� Tmy� �� ��bnF (2)
f(x, y) = xy

ªrK�� �q�� ¨t��¤
g(x, y) = x2 + 2y2 = 1

d�n� Ty¶z��� �AqtKm�� 
As�� �db�
−→∇ f = (y, x),

−→∇ g = (2x, 4y)

���r�¯ �¯ A`� ��� ��
y = 2λx, x = 4λy
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.x2 = 2y2 d�� ªrK�� ¨� {§w`t�A�¤ ,x = ±y
√

2 ¨�At�A�¤ λ = y/2x Yl� �O�n�
d�n� g T��d�� ¨�  µ� |w`�

y = ±1

2
, x = ±1

2

¤ (1
2 ,−1

2) dn� «r�} Tmy� Ah�¤ (−1
2 ,−1

2) ¤ (1
2 ,

1
2) dn� Ym\� Tmy� Ah� f  wk� ¨�At�A�¤

.(−1
2 ,

1
2)


�� f(x, y) = x + y T��dl� Ym\� Tmy�  A�§³ ���r�¯ �®�A`� Tq§rV ��d�tF� �¤A�nF (3)
­CwO�� Yl� �bO� ���r�¯ �¯ A`�  � d�� Ty¶z��� �AqtKm�� 
As�� ,xy = 16 ªrK��

1 = λy, 1 = λx


sy� 8 = f(4, 4) Tmyq�� .x = y = ±4 d�� ªrK�� ¨� {§w`t�A� �� ,y = x d�� Ahn�¤
f(16, 1) = 17 > 8  ± ��Ð¤ YW`m�� ªrK�� 
�� f(x, y) T��dl� «r�} ¯¤ Ym\� Tmy�

�� «r�} ¯¤ Ym\� Tmy� Ah� Hy� T��d�� £@¡ Tqyq��� ¨� ,f(1, 1/16) = 17

16 < 8 ¤
 A�§³ �A� Hy�¤ A�E¯ AVrJ ¨W`� ���r�¯ �®�A`� T§r\�  � �A�m�� �@¡ �Rw§ .YW`m�� ªrK��

.«r�O��¤ Ym\`�� �yq��

�AqybW�

(0, 1) TWqn�� �y� T�As� ��� d�¤� :«wtsm�� ¨� Yn�n�¤ TWq� �y� T�Asm��  A�§� - 13-5.3
.xy = 1 T� A`m�A� YW`m�� d¶�z�� �Wq��¤

T��dl� «r�O�� �yq��  A�§³ ���r�¯ �®�A`� �d�ts� -����

f(x, y) = [de((x, y), (0, 1))]2 = x2 + (y − 1)2

­CwO�� Yl�  wk� ���r�¯ �¯ A`� .xy = 1 ªrK�� 
��

2x = λy, 2(y − 1) = λx.

¢n�¤ y3(y − 1) = 1 d�� xy = 1 ªrK�� ��d�tFA�¤ y2 − y = x2 ¤ λ = 2x/y  wkt�

y ≈ 1.380277569, x ≈ 0.7244919589.

�y� T�As� ��� d�¤� : A`�±� ¨�®� ��rf�� ¨� �WF¤ TWq� �y� T�Asm��  A�§� - 14-5.3
.x2 + y2 = z T� A`m�A� YW`m�� �Ws��¤ (1/2, 1/2, 1) TWqn��
T��dl� «r�O�� �yq��  A�§³ ���r�¯ �®�A`� �d�ts� -����

f(x, y, z) = [de((x, y, z), (1/2, 1/2, 1))]2 = (x− 1

2
)2 + (y − 1

2
)2 + (z − 1)2

.x2 + y2 − z = 0 ªrK�� 
��
­CwO�� Yl�  wk� ���r�¯ �¯ A`�

2(x− 1

2
) = 2λx, 2(y − 1

2
) = 2λy, 2(z − 1) = −λ.
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(y − 1
2) = −2y(z − 1) ¤ (x− 1

2) = −2x(z − 1) ¤ λ = −2(z − 1)  wkt�

x =
1

2(2z − 1)
, y =

1

2(2z − 1)

¢n�¤ 2z(2z − 1)2 = 1 d�� x2 + y2 − z = 0 ªrK�� ��d�tFA�¤

z =
1

12
(100 + 12

√
69)(1/3) +

1

3(100 + 12
√

69)(1/3)
+

1

3
.

.y ¤ x d�w� ��

Tl�A� ��¤ f, g1, · · · , gm �kt� : wy� ­d`� ���r�¯ �®�A`� T§r\� - 15-5.3

 � �q�� �Ð� P ∈ D TWq� ©± ,D ⊂ RN TqWn� Yl� T�r`�¤ �AqtJ®�

f(P ) = max
Q∈C

f(Q) ¤� f(P ) = min
Q∈C

f(Q)

 wyq�� �q�� C �y�


��w� c1, · · · , cm �y� , C = {Q ∈ D | g1(Q) = c1, · · · , gm(Q) = cm}

d�w§ ¢��� , ¾AyW� Tlqts� −→∇ g1(P ), · · · ,
−→∇ gm(P ) �Ah�tm�� 
�A�¤

�y�� λ1, · · · , λm ∈ R

.
−→∇ f(P ) = λ1

−→∇ g1(P ) + · · ·+ λm
−→∇ gm(P )

d�¤� : A`�±� ¨�®� ��rf�� ¨� �y�WF �VAq�¤ TWq� �y� T�Asm��  A�§� :�ybW� - 16-5.3
.y
√

3 + z = 0 «wtsm�� �� xy = 16 T��wWF¯� �VAq� �y�¤ (0, 0, 0) TWqn�� �y� T�As� ���
T��dl� «r�O�� �yq��  A�§³ ���r�¯ �®�A`� �d�ts� -����

f(x, y, z) = [de((x, y, z), (0, 0, 0))]2 = x2 + y2 + z2

.g2(x, y, z) =
√

3y + z ¤ g1(x, y, z) = xy  wyq�� 
��
­CwO�� Yl�  wk� ���r�¯ �¯ A`�

xy = 16,
√

3y + z = 0, (2x, 2y, 2z) = λ1(y, x, 0) + λ2(0,
√

3, 1)

:d�� �¯ A`m�� £@¡ �y� λ1, λ2 �@��¤

x = ±2
√

8, y = ±
√

8, z = ∓
√

24

 ®qts�
−→∇ g2(x, y, z) = (0, 1, 1) ¤

−→∇ g1(x, y, z) = (±√8,±2
√

8, 0)  � �� d��t�
T�As� ��� �q�� T��wWF¯�¤ «wtsm�� �VAq� Yl� �ytWqn�� �y�A¡ �� ¾®�  � �tny� ,(�R�¤) ¾AyW�

.
√

32 + 8 + 24 = 8 :©¤As� �}±� TWq� �� Amhn� �� T�As�¤ ,�}±� TWq� ��
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