
Yl�� 	�C �� �AqtKm�� 3.3

B ⊂ A T�wm�� ªAq� �ym� dn� ∂f/∂x Ty¶z� TqtK� f : A −→ R T��dl�  A� �Ð�
Ah�AO�� TF�C �kmy� ,Ah��Ð d�� T��d� Ah`� ��A`t�� �km§ Ty¶z��� TqtKm�� �l�  ��

.A¡C¤d� Ty¶z��� Ah�AqtK� TF�C �km§ Am�
Ty¶z��� TqtKm�� �kt�¤ , A ⊂ R2 �y� f : A −→ R �kt� :�§r`� - 1-3.3

T��dl� Ty¶z��� TqtKm�� 
�A� �Ð� ,B ⊂ A�y�B ªAq� �ym�� T�r`� ∂f/∂x

Ty¶z� TqtK� Ah� f  � �wq� An��� P0 ∈ B dn� ­ w�w� g(P ) = (∂f/∂x)(P )

�km§ ��@� . ∂
2f

∂x2 (P0) z�r�A� TqtKm�� £@h� z�r�¤ P0 dn� Ty�A��� Tb�r�� ��

:CAOt�A� . ∂2f

∂y ∂x
(P0) ,

∂2f

∂x ∂y
(P0) ,

∂2f

∂y2 (P0) Ty¶z��� �AqtKm�� �§r`�

∂2f

∂x2 (P0) =
∂

∂x

(
∂f

∂x

)
(P0),

∂2f

∂y ∂x
(P0) =

∂

∂y

(
∂f

∂x

)
(P0)

∂2f

∂y2 (P0) =
∂

∂y

(
∂f

∂y

)
(P0),

∂2f

∂x ∂y
(P0) =

∂

∂x

(
∂f

∂y

)
(P0)

f T��d� Ty�A��� Tb�r�� �� T`�C±� Ty¶z��� �AqtKm��  � ¹CAql� A�R�¤  wk§  � d�¯
d�w�  � �km§¤ ­ w�w� Ahl�  wk�  � �kmy� , ­ w�w� ­C¤rS�A� 
sy� �§ry�t� ¨�

. «r�±� �AqtKm�� d�w�  �  ¤ �AqtKm�� �l� {`�
:Tl��� - 2-3.3

 � �b� �� Antb�� , f(x, y) =

{
xy/(x2 + y2) (x, y) 6= (0, 0)
0 (x, y) = (0, 0)

�kt� (1)

∂f

∂x
(0, 0) =

{
y(y2 − x2)/(x2 + y2)2 (x, y) 6= (0, 0)
0 (x, y) = (0, 0)

. ­ w�w� ry�
∂2f

∂y ∂x
(0, 0) Amny�

∂2f

∂x2 (0, 0) = 0  � d�� Ty�A� ­r� �AqtJ¯A�

. R2 ¨� TWq� ©� dn� 	�r�� �ym� �� Ty¶z� �AqtK� Ah� f(x, y)  ¤d� ­ry�� ©� (2)

Ty¶z��� �AqtKm�� 	s�� , f(x, y) =

{
x2y2/(x2 + y2) (x, y) 6= (0, 0)
0 (x, y) = (0, 0)

�kt� (3)

∂f

∂x
(x, y) =

{
2xy4/(x2 + y2)2 (x, y) 6= (0, 0)
0 (x, y) = (0, 0)

,

∂f

∂y
(x, y) =

{
2yx4/(x2 + y2)2 (x, y) 6= (0, 0)
0 (x, y) = (0, 0)
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�� �AqtKm�� 
As�� , (�AqtJ®� Tl�A� T��d��  � ©�)  AtlOt�  AtqtKm��  A�A¡  � �R�w�� ��
d�� Ty�A��� Tb�r��

∂2f

∂x2 (x, y) =

{
y4(2y2 − 6x2)/(x2 + y2)3 (x, y) 6= (0, 0)
0 (x, y) = (0, 0)

∂2f

∂y ∂x
(x, y) =

{
8x3y3/(x2 + y2)3 (x, y) 6= (0, 0)
0 (x, y) = (0, 0)

.�}±� TWq� dn� TlOt� 
sy� Ahnk� ­ w�w� Ty�A��� Tb�r�� �� Ty¶z��� �AqtKm��  � ^�®� An¡¤

AnyW`�¤ .
∂2f

∂y ∂x
¤

∂2f

∂x ∂y
�ytWlt�m�� �ytqtKm�� ©¤As� �� �ºAst�  � ¨`ybW�� ��

©¤Ast�� �@h� A�E¯ AVrJ Ty�At�� T§r\n��

Ty¶z��� �AqtKm�� �kt�¤ , A ⊂ R2 �y� f : A −→ R �kt� :T§r\� - 3-3.3

Ty�A��� Tb�r�� ��
∂2f

∂y ∂x
,

∂2f

∂x ∂y

 �� P0 dn� �ytlOt� �ytqtKm�� �y�A¡ 
�A� �Ð� , B ⊂ A ªAq� �ym�� T�r`�

∂2f

∂y ∂x
(P0) =

∂2f

∂x ∂y
(P0)

�S� , h 6= 0 �ky�¤ P0(x0, y0) �kt� - A¡r�

ϕ(u) = f(x0+u, y0+h)−f(x0+u, y0), ψ(v) = f(x0+h, y0+v)−f(x0, y0+v)

∆2(h) = f(x0 + h, y0 + h)− f(x0 + h, y0)− f(x0, y0 + h) + f(x0, y0)

�RAftl� TWFwtm�� Tmyq�� T§r\� �ybWt� , ∆2(h) = ϕ(h)− ϕ(0) = ψ(h)− ψ(0)  � ^�®�
�y�� 0 < u1 < h, 0 < v1 < h d�w� ¢�� d�� d��¤ ry�t� ¨� ��¤dl�

∆2(h) = ϕ′(u1)h = ψ′(v1)h

�k�

ϕ′(u1) =
∂f

∂x
(x0 + u1, y0 + h)− ∂f

∂x
(x0 + u1, y0)

ψ′(v1) =
∂f

∂y
(x0 + h, y0 + v1)− ∂f

∂y
(x0, y0 + v1)

�S�

η(s) =
∂f

∂x
(x0 + u1, y0 + s), γ(t) =

∂f

∂y
(x0 + t, y0 + v1)
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0 < s1 < h, 0 < t1 < h d�w§ ¢��� �yt��d�� �y�A¡ Yl� �RAftl� TWFwtm�� Tmyq�� T§r\� �bW�¤
�y��

ϕ′(u1) = η(h)− η(0) = η′(s1)h = h
∂2f

∂y ∂x
(x0 + u1, y0 + s1)

ψ′(v1) = γ(h)− γ(0) = γ′(t1)h = h
∂2f

∂x ∂y
(x0 + t1, y0 + v1)

¨�At�A�¤

1

h2∆2(h) =
∂2f

∂y ∂x
(x0 + u1, y0 + s1)

=
∂2f

∂x ∂y
(x0 + t1, y0 + v1)

�AqtKm�� �AO�� ��¤ , rfOl� Ah`ym� �¤¥� u1, v1, s1, t1  � T\�®�¤ h → 0 A�dn� T§Ahn�� @���¤
Yl� �O�� Ty�A��� Tb�r�� �� Ty¶z���

∂2f

∂y ∂x
(x0, y0) = lim

h→0

1

h2∆2(h) =
∂2f

∂x ∂y
(x0, y0)

¤
∂2f

∂x2 (x, y) ��¤dl� Ty¶z��� �AqtKm�� ¨¡ T��A��� Tb�r�� �� Ty¶z��� �AqtKm��

�� Ty¶z� �AqtK� An§d� 
�A� �Ð� A�wm� ,
∂2f

∂x ∂y
(x, y) ¤

∂2f

∂y2 (x, y) ¤
∂2f

∂y ∂x
(x, y)

�AqtKm�� �r`� An��� P0 dn� TlOt� ¤ Dr(P0) Qr� ªAq� �ym� dn� T�r`� m Tb�r��
T�A� ¨�¤ , Ty¶z��� �AqtKm�� £@¡ �� �k� Ty¶z��� �AqtKm�� Ah�� Yl� m + 1 Tb�r�� ��
�AqtKm�� £@¡ �� ©� T�At� �km§ An��� n A� Tb�C �� Ty¶z��� �AqtKm�� �ym� �AO��

­CwO�� Yl�
∂nf

∂xα ∂yβ
, α, β ∈ N, α + β = n

¨� �Of�� �@¡ ¨� ­ C�w�� �¶Atn��¤ �Af§r`t�� T�Ay} dy`§  � ¹CAql� dyfm�� ��  wkyF
.r��� ¤� ��ry�t� T�®� ¨� ��¤d�� T�A�
¨l§ Amy� T�y�O�� T�A�³� rt�� .Tl·F� 4.3

P0(x0, y0) dn� f(x, y) T��dl� 2 Tb�r�� �� Ty¶z��� �AqtKm��  w�¤ (1)
.P0 dn� �AqtJ²� T��d�� Tyl�A� �zlts§ ( )
.P0 dn� �AqtJ²� T��d�� Tyl�A� �� �tn§ ( )

.P0 dn� �AqtJ²� T��d�� Tyl�A� ¸�Ak§ ( )
.P0 dn� �AqtJ²� T��d�� Tyl�A� �� |CA`t§ ( )

P0(x0, y0) £z�r� Qr� ¨� ­ w�w� f T��dl� m Tb�r�� �� Ty¶z��� �AqtKm�� 
�A� �Ð� (2)
 ��

.P0 dn� �AqtJ²� Tl�A� ��¤ m− 1 Tb�r�� �� Ty¶z��� �AqtKm�� ( )
.P0 dn� TlOt� ��¤ m− 1 Tb�r�� �� Ty¶z��� �AqtKm�� ( )

. P0 dn� ­ w�w� m− 1 Tb�r�� �� Ty¶z��� �AqtKm�� ( )

. P0 dn� ­ w�w� m + 1 Tb�r�� �� Ty¶z��� �AqtKm�� ( )
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£z�r� Qr� ¨� TlOt�¤ ­ w�w� T��dl� 2 Tb�r�� �� Ty¶z��� �AqtKm�� 
�A� �Ð� (3)
 �� P0(x0, y0)

.P0 dn� �AqtJ²� Tl�A� f ( )
.P0 dn� �AqtJ²� Tl�A� 1 Tb�r�� �� Ty¶z��� �AqtKm�� ( )
. P0 dn� �AqtJ²� Tl�A� 2 Tb�r�� �� Ty¶z��� �AqtKm�� ( )

. P0 dn� ­ w�w� 3 Tb�r�� �� Ty¶z��� �AqtKm�� ( )

.�§CAm� 5.3

Ty�µ� ��¤d�� �� �k� Ty�A��� Tb�r�� �� Ty¶z��� �AqtKm�� d�¤� (1)

. f(x, y) = 2x− 3y (�)
f(x, y) = xy − x2 (
)

.f(x, y) =

{
xy

x2+y2 (x, y) 6= (0, 0)

0 (x, y) = (0, 0)
(�)

.f(x, y) =

{
x3y2

x2+y2 (x, y) 6= (0, 0)

0 (x, y) = (0, 0)
( )

f(x, y, z) =
√

x2 + y2 + z2 (£)
.f(x, y, z) = sin(xyz) (¤)
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