
�AqtJ®� Tl�Aq�� ��¤d�� 2.3

TWFwtm�� Tmyq�� T§r\� Yms§ A� ¨¡ d��¤ ry�t� ¨� T��d� TqtKm�� Q�w� �¡� «d��
£@¡ Pn�¤ ,t0 dn� T��d�� Tmy� T�¯d� t0 �� Tb§rq�� Xqn�� dn� T��d�� Tmy� ¨W`� ¨t��¤

:Yl� T§r\n��
Tl�A� T�� f : [a, b] −→ R �kt� :�RAftl� TWFwtm�� Tmyql� ���r�¯ T§r\�

 wk§ x, x0 ∈]a, b[ ©± ¢��� ,TlOt� AhtqtK�¤ ]a, b[ Yl� �AqtJ®�

f(x) = f(x0) + f ′(θ)(x− x0)

.x0 ¤ x �y� TWq� θ �y�
 � T§r\n�� £@¡ �� �tn§

f(x) = f(x0) + f ′(x0)(x− x0) + (f ′(θ)− f ′(x0))(x− x0)

T��d�A� Ahb§rq� �km§ f(x) T��d�� Tmy�  � ©� , limx→x0
(f ′(θ) − f ′(x0)) = 0 �y�

.x− x0 �CAf�� �� �rF� rfOl� �¤¥§ ry�} �W�� f(x0) + f ′(x0)(x− x0) TyW���
Ty¶z��� �AqtKm�� Yl� Tny`� ª¤rK� ry�t� �� r��� ¨� T��d� �q�t� Ty}A��� Hf�

TWq� P0(x0, y0) �kt�¤ A ⊂ R2 �y� f : A −→ R �kt� :T§r\� - 1-2.3

�k� T�r`� ∂f/∂y ¤ ∂f/∂x Ty¶z��� �AqtKm�� 
�A� �Ð� .A ¨� Tyl�� 
 �� , Qrq�� �@¡ ¨� TlOt�¤ , r > 0 �y� P (x, y) ∈ Dr(P0)

f(x, y) = f(x0, y0) +
∂f

∂x
(x0, y0)(x− x0) +

∂f

∂y
(x0, y0)(y − y0) + φ(x, y)

. lim
(x,y)→(x0,y0)

φ(x, y)

de(P, P0)
= 0 �y�

An§d� .h(t) = f(x0, t) ¤ g(s) = f(s, y) �S� ,Dr(P0) ¨� TWq� P (x, y) �kt� - A¡r�

f(x, y)−f(x0, y0) = f(x, y)−f(x0, y)+f(x0, y)−f(x0, y0) = g(x)−g(x0)+h(y)−h(y0)
(3.1)
x �y� (y Yl� dmt`� d�) s d�w� ¢�� d�� d��¤ ry�t� ¨� T��dl� �RAftl� TWFwtm�� Tmyq�� T§r\� ��

�y�� x0 ¤

g(x)− g(x0) = g′(s)(x− x0) = (∂f/∂x)(s, y) (x− x0)

=
∂f

∂x
(x0, y0)(x− x0) +

(
∂f

∂x
(s, y)− ∂f

∂x
(x0, y0)

)
(x− x0)

�y�� y0 ¤ y �y� t d�w� ��@�¤

h(y)− h(y0) = h′(t)(y − y0) = (∂f/∂y)(x0, t) (y − y0)

=
∂f

∂x
(x0, y0)(y − y0) +

(
∂f

∂x
(x0, t)− ∂f

∂x
(x0, y0)

)
(y − y0)
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@���

φ(x, y) =

(
∂f

∂x
(s, y)− ∂f

∂x
(x0, y0)

)
(x−x0)+

(
∂f

∂x
(x0, t)− ∂f

∂x
(x0, y0)

)
(y−y0)

Yl� �O�� (3.1) ¨� {§w`t��¤

f(x, y)− f(x0, y0) =
∂f

∂x
(x0, y0)(x− x0) +

∂f

∂y
(x0, y0)(y − y0) + φ(x, y)

:P0 ¤ P �y� T�Asm�� �� �rF� rfO�� Y�� �¤¥�  � w¡¤ 
wlWm�� ªrK�� �q�� φ  � 
b��  �  µ� ¨fk§

lim
(x,y)→(x0,y0)

φ(x, y)

de(P, P0)
= lim

(x,y)→(x0,y0)

(
∂f

∂x
(s, y)− ∂f

∂x
(x0, y0)

)

× (x− x0)√
(x− x0)2 + (y − y0)2

+ lim
(x,y)→(x0,y0)

(
∂f

∂x
(x0, t)− ∂f

∂x
(x0, y0)

)

× (y − y0)√
(x− x0)2 + (y − y0)2

= 0

(y−y0)√
(x−x0)2+(y−y0)2

¤ (x−x0)√
(x−x0)2+(y−y0)2

 ®�A`�� Amny� TlOt� Ty¶z��� �AqtKm��  ± ��Ð¤
. � ¤d��

A¡dmt`� T�A¡ Ty}A� �� rb`� ¨¡¤ ¨l�m�� 	§rqt�� T§r\� Yms� Tq�As�� T§r\n��
�AqtJ®� Tl�Aq�� ��¤dl� �§r`t�
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:�§r`� - 2-2.3

¨� Tyl�� TWq� P0(x0, y0)�kt�¤ A ⊂ R2 �y� f : A −→ R�kt� (�)
 Aqq�§ a, b ∈ R  � d�¤ Dr(P0) Qr� d�¤ �Ð� .A

f(x, y) = f(x0, y0)+a(x−x0)+b(y−y0)+φ(x, y),∀P (x, y) ∈ Dr(P0)

.P0 dn� �AqtJ®� Tl�A� f  � �wq� An��� , lim
(x,y)→(x0,y0)

φ(x, y)

de(P, P0)
= 0 �y�

�Ð� .A ¨� Tyl�� TWq� P0 �kt�¤ A ⊂ RN �y� f : A −→ R �kt� (
)
�q�§ −→D ∈ RN ¢�t�¤ Br(P0) T�wtf� ­r� �d�¤

f(P ) = f(P0) +
−→
D . (P − P0) + φ(P ) ∀P ∈ Br(P0)

.P0 dn� �AqtJ®� Tl�A� f  � �wq� An��� lim
P→P0

φ(P )

de(P, P0)
= 0 �y�

�At�� �RAft�A� dfP0
(P ) =

−→
D . (P − P0) C�dqm�� Yms§ T�A��� £@¡ ¨� (�)

.P0 dn� f T��dl�

(1) T§r\� ��¤ �§r`t�� �� ­rJAb� �tn� Ty�At�� T§r\n��
Tyl�� TWq� P0 �kt�¤ A ⊂ RN �y� f : A −→ R �kt� :T§r\� - 3-2.3

­r� ¨� ­ w�w� ∂f/∂xk, k = 1, · · · , N Ty¶z��� �AqtKm�� 
�A� �Ð� .A ¨�
.P0 dn� �AqtJ®� Tl�A� f T��d��  �� P0 dn� TlOt�¤ Br(P0) T�wtf�

:Tl��� - 4-2.3

, Ah�AW� Xq� �ym� Yl� �AqtJ®� Tl�A�  wk� f(x, y) =
R(x, y)

S(x, y)
T§rb� T§rs� T�� ©� (1)

��¤ AS§� ¨¡  wk� T§rb� T§rs� T�� ©± Ty¶z��� �AqtKm��  ± Tq�As�� T�ytn�� �� �@¡ �tn§¤
.TlOt� ¨�At�A� Ty¶z��� �AqtKm��  wkt� , Tyl}±� T��d�� �AW� Hf� Ah�¤ T§rb� T§rs�

 � ^�®� ��Ð �Ab�³ , R3 ªAq� �ym� dn� �AqtJ®� Tl�A� f(x, y, z) = sin(xyz) T��d�� (2)
Ty¶z��� �AqtKm��

∂f

∂x
(x, y, z) = yz cos(xyz),

∂f

∂y
(x, y, z) = xz cos(xyz),

∂f

∂z
(x, y, z) = xy cos(xyz)

.TlOt� ��¤ ¨¡

T��d�� £@¡ .f(x, y) =

{
x2 sin(1/x) + y2 sin(1/y) x 6= 0, y 6= 0
0 x = 0 ¤� y = 0

�kt� (3)

¤ a = b = 0 @��� �§r`t�� �� �@¡ �St§¤ , O �}±� TWq� dn� �AqtJ®� Tl�A�
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 � T\�®�¤ φ(x, y) = f(x, y)

lim
(x,y)→(0,0)

f(x, y)√
x2 + y2

= 0

d�� Ty¶z��� �AqtKm�� 
As�� «r�� Ty�A� ��

∂f

∂x
(x, y) =

{− cos(1/x) + 2x sin(1/x) x 6= 0
0 x = 0

∂f

∂y
(x, y) =

{− cos(1/y) + 2y sin(1/y) y 6= 0
0 y = 0

AVrJ Hy� Ty¶z��� �AqtKm�� �AO��  � �@¡ 
b�§¤ , �}±� TWq� dn�  AtlOt� ry�  At�� Am¡¤
.�AqtJ®� Tyl�Aql� A�E¯

¨¡ ¢�Ab�r�  wk�  � d�¯ �AqtJ¯� �§r`� ¨�
−→
D ¢�tm��  � �Ab�� �hs�� ��

 � ©� , P0 dn� f T��dl� Ty¶z��� �AqtKm��
Tyl�� TWq� P0 �kt�¤ A ⊂ RN �y� f : A −→ R �kt� :T§r\� - 5-2.3

 �� P0 dn� �AqtJ®� Tl�A� f 
�A� �Ð� .A ¨�

dfP0
(P ) = (

−→∇ f)(P0) . (P − P0) (�)
	s�u�¤ ­ w�w�−→v ­d�¤ ¢�t� ©� £A��� ¨� f T��dl� Ty¡A��³� TqtKm�� (
)

T�®`�� ��
∂f

∂−→v (P0) = (
−→∇ f)(P0) .−→v

 Ð� .P0 dn� �AqtJ®� Tl�A� f(x, y) �kt� .Xq� �§d`� ¨�  A¡rb�� 	tknF �yRwtl� - A¡r�

∀P (x, y) ∈ Dr(P0) : f(x, y) = f(x0, y0) + a(x− x0) + b(y − y0) + φ(x, y)

 � d�� −→v = (v1, v2) £A��� ¨� Ty¡A��³� TqtKm�� 
As��

∂f

∂−→v (x0, y0) = lim
t→0

f(P0 + t−→v )− f(P0)

t

= lim
t→0

av1 + bv2 +
φ(P0 + t−→v )

t
= av1 + bv2

lim
t→0

φ(P0 + t−→v )

t
= lim

(x,y)→(x0,y0)

φ(x, y)

de(P0 + t−→v , P0)
= 0  ±

 � AS§� 
b�§¤ , Ty¡A��³� �AqtKm��  w�¤ 
b�§A� w¡¤

∂f

∂−→v (x0, y0) = (a, b) .−→v
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 � ©� ,«r�±� Ty¶z��� TqtKml� ��m�A�¤ (∂f/∂x)(P0) = a  � �tn§ −→v = (1, 0) @���
.(a, b) = (

−→∇ f)(P0)

Tyl�� TWq� P0 �kt�¤ A ⊂ RN �y� f : A −→ R �kt� :T§r\� - 6-2.3

dn� TlOt� ­C¤rS�A�  wk� f  �� P0 dn� �AqtJ®� Tl�A� f 
�A� �Ð� .A ¨�
.P0

 Ð� .P0 dn� �AqtJ®� Tl�A� f �kt� - A¡r�

∀P ∈ Br(P0) : f(P ) = f(P0) +
−→∇ f(P0) . (P − P0) + φ(P )

 � �tn§ P → P0 A�dn� T§Ahn�� @���

lim
(P )→P0

f(P ) = f(P0)

�y� f : A −→ R �kt� :�At�� �RAftl� ¨Fdnh�� Yn`m�� - T§r\� - 7-2.3
P0 dn� �AqtJ®� Tl�A� f 
�A� �Ð� .A ¨� Tyl�� TWq� P0 �kt�¤ A ⊂ R2

 ��
«wtsm�� (�)

P : z = f(x0, y0) + (
−→∇ f)(x0, y0) . (x− x0, y − y0)

�Ð� ¢�� Yn`m� ��Ð¤ , (x0, y0, z0) TWqn�� dn� T��d�� �Ws� AyFAm�  wk§
T��dl� ��mm�� �Ws�� Yl� ���¤ C : (ϕ(t), ψ(t), ζ(t)) Yn�n� ©� A�@��
dn� Yn�nm�� �@h� xAmm��  �� (ϕ(0), ψ(0), ζ(0)) = (x0, y0, z0) �y�� f

.P «wtsm�� ¨� A`��¤  wk§ (x0, y0, z0) TWqn��

Yl� © wm� −→n = ((∂f/∂x)(x0, y0), (∂f/∂y)(x0, y0),−1) ¢�tm�� (
)
. P0 dn� ¨�CA��� £A��³� ¨� f T��dl� ��mm�� �Ws��

. ¹CAql� �¤rt� - A¡rb��
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�y� f, g : A −→ R �kt� :�AqtJ²� T�Aq�� ��¤d�� rb� - T§r\� - 8-2.3
 Atl�A� f, g �� ®� 
�A� �Ð� .A ¨� Tyl�� TWq� P0 �kt�¤ A ⊂ RN

 �� P0 dn� �AqtJ®�
.dP0

(f + g)(P ) = dP0
f(P ) + dP0

g(P ) ¤ P0 dn� �AqtJ²� Tl�A� f + g (�)

¤ P0 dn� �AqtJ²� Tl�A� f.g (
)
.dP0

(f.g)(P ) = dP0
f(P ) g(P0) + f(P0) dP0

g(P )

¤ P0 dn� �AqtJ²� Tl�A� f/g  �� −→∇ g(P0) 6= −→
0 ¤ g(P0) 6= 0  A� �Ð� (�)

dP0
(f/g)(P ) =

dP0
f(P ) g(P0)− f(P0) dP0

g(P )

(g(P0))2

. ¹CAql� �¤rt� - A¡rb��
Tlsls�� ­d�Aq� Y�¤±� ­CwO��

�� �AqtK� T�¯d� ��¤ �yO�� TqtK�  A�§� Tyfy� w¡ Tlsls�� ­d�Aq�  wOqm��
T}A� T�A� ¨l§ Amy� xCdnF , �AqtKm�� 
As� ¨� T�A¡ ­� � ¨¡¤ , ��¤d�� �l� ��

T��d�� �AW� ¨� YW`� Yn�n� Yl� T�� TqtK�  A�§� ¨� ��mt�

�ky�¤ , A ⊂ RN �y� f : A −→ R �kt� : - 9-2.3

ϕk : [a, b] −→ R�y� A ¨� «wt�� RN ¨� Yn�n� C = (ϕ1(t), · · · , ϕN(t))

P0 = (ϕ1(t0), · · · , ϕN(t0)) �y�� [a, b] ­rtf�� ¨� Tyl�� TWq� t0 
�A� �Ð� ,
Tl�A� f ¤ t0 dn� TlOt� �AqtK� Ah� ϕ1, · · · , ϕN 
�A�¤ A ¨� Tyl�� TWq�

T��d��  �� P0 dn� �AqtJ²�
ψ(t) = f(ϕ1(t), · · · , ϕN(t)), t ∈ [a, b]

T�®`�A� YW`� AhtqtK�¤ t0 dn� �AqtJ²� Tl�A�

ψ′(t0) =
−→∇ f(P0) . (ϕ′1(t0), · · · , ϕ′N(t0))

�AqtJ²� f T��d�� Tyl�A� �� , P = (ϕ1(t), · · · , ϕN(t)) �S�¤ t ∈ [a, b] @��� - A¡r�
d�� P0 dn�

ψ(t)− ψ(t0) = f(P )− f(P0) =
−→∇ f(P0) . (P − P0) + φ(P )

Yl� �O�� t0 dn� �AqtJ²� ϕ1(t), · · · , ϕN(t) ��¤d�� Tyl�A� ��¤

P−P0 = (ϕ1(t)−ϕ1(t), · · · , ϕN(t)−ϕN(t)) = (ϕ′1(t1)(t−t0), · · ·ϕ′N(tN)(t−t0))

 � d�� ��Ð �� .t0 ¤ t �y� t1, · · · , tN �y�

ψ(t)− ψ(t0) = (t− t0)
−→∇ f(P0) . (ϕ′1(t1), · · ·ϕ′N(tN)) + φ(P )
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T§Ahn�� @��¤ t− t0 Yl� Tmsq�A�¤

lim
t→t0

ψ(t)− ψ(t0)

t− t0
= lim

t→t0

−→∇ f(P0) . (ϕ′1(t1), · · · , ϕ′N(tN)) +
φ(P )

t− t0

.limt→t0
φ(P )
t−t0

= 0  � T�r`�¤ ϕ′k �AqtKm�� �AO�� ��d�tFA� T�wlWm�� T�®`�� ¨W`§ A� w¡¤
.C Yn�nm�� Yl� f TqtK� Yms� Tq�As�� T§r\n�� ¨� ψ T��d�� TqtK�

¨l§ Amy� T�y�O�� T�A�³� rt�� .Tl·F� 10.3
P0(x0, y0) dn� f(x, y) T��dl� �yty¶z��� �ytqtKm��  w�¤ (1)

.P0 dn� �AqtJ²� T��d�� Tyl�A� �zlts§ ( )
.P0 dn� �AqtJ²� T��d�� Tyl�A� �� �tn§ ( )

.P0 dn� �AqtJ²� T��d�� Tyl�A� ¸�Ak§ ( )
.P0 dn� �AqtJ²� T��d�� Tyl�A� �� |CA`t§ ( )

P0(x0, y0) dn� �AqtJ®� Tl�A� f(x, y) T��d��  wk�  � (2)
.P0 dn� �A¡A��¯� �ym� ¨� Ty¡A��¯� �AqtKm��  w�w� © ¥§ ( )

.P0 dn� �A¡A��¯� �ym� ¨� Ty¡A��¯� �AqtKm��  w�¤ �� �tn§ ( )
. P0 dn� −→u = (1, 1) £A��� ¨� Ty¡A��¯� TqtKm��  w�¤ ¸�Ak§ ( )

. P0 dn� ­ w�w� �A¡A��¯� �ym� ¨� Ty¡A��³� �AqtKm�� �k� �� w� Yt� �q�t§ d� ( )

 �� P0 dn� �AqtJ®� Tl�A� f 
�A� �Ð� (3)−→∇ f(P0) . P =
−→∇ f(P0) . P0( ) −→∇ f(P0) . (P − P0) = 0 ( )

−→∇ f(P0) =
−→
0 ( ) −→∇ f(P0) . (P − P0) = limP→P0

f(P )− f(P0)
de(P, P0)

( )

P0 dn� �AqtJ²� f(x, y) T��d�� Tyl�A� (4)
.P0 dn�  AtlOt� ∂f

∂y ¤ ∂f
∂x  Aty¶z���  AtqtKm��  wk�  ± © ¥§ ( )

.P0 dn�  AtlOt� ∂f
∂y ¤ ∂f

∂x  Aty¶z���  AtqtKm�� 
�A� w� �tn§ ( )
.P0 dn�  A� w�w� ∂f

∂y ¤ ∂f
∂x  Aty¶z���  AtqtKm��  wk�  ± © ¥§ ( )

.P0 dn� f T��d�� �AO�� �� �tn§ ( )

.�§CAm� 11.3

�AqtJ®� Ty�µ� ��¤d�� �� �� Tyl�A� xC � (1)

. f(x, y, z) = 213x71y12z93 − 25x28y65z16 (�)
. f(x, y) = (3x6y11)/(2x2 − y3) (
)

. f(x, y) = sin(xy)/(x2 + y2) (�)

. f(x, y) =

{
sin(xy)/(x2 + y2) (x, y) 6= (0, 0)
0 (x, y) = (0, 0)

( )

f(x, y) =

{
x3y2

x2+y2 (x, y) 6= (0, 0)

0 (x, y) = (0, 0)
(£)

­AW`m�� TWqn�� dn� T��dl� ��mm�� �Wsl� xAmm�� «wtsm�� T� A`� d�¤� (2)

.(1,−1, 1) dn� f(x, y) = 213x71y12 − 25x28y65 (�)
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. (3, 0, 0) dn� f(x, y) =
√

4− 4(x2

9 + y2

2 5 (
)

. (2, 3, 1) dn� f(x, y) =
√

1− (x2

4 − y2

9 (�)
. (1, 1, 1

2) dn� f(x, y) = sin(1
2πxy)/(x2 + y2) ( )

. (0, 0, 0) dn� f(x, y) =

{
x2y2

x2+y2 (x, y) 6= (0, 0)

0 (x, y) = (0, 0)
(£)

P0 dn� YW`m�� Yn�nm�� Yl� T��d�� TqtK� d�¤� (3)

(0, 0, 1) dn� C = (t, sin(πt), cos(πt)) , f(x, y, z) = x2 + y2 + z2 (�)
(0, 0, 1) dn� C = (t, sin(πt), cos(πt)) , f(x, y, z) = x2 + y2 − z2 (
)

(0, 0, 1) dn� C = (t, 2 sin(πt), cos(2πt)) , f(x, y, z) = x2 + y2 + z2 (�)
(1, 1, π/2) dn� C = (t, t2, πt2/2) , f(x, y, z) = sin(xyz) ( )

. −→∇ f £A��� ¨� �km§ A� rb��  wk� f T��d� Ty¡A��³� TqtKml� TqlWm�� Tmyq��  � �¡r� (4)

�q�� T�� A ⊂ RN �y� f : A −→ RN �kt� (5)
−→∇ f(P ) =

−→
0 ∀P ∈ Dr(P0) ⊂ A

.Dr(P0) Yl� f(P ) = constant  � �¡r�
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