
��A��� 
Ab��

ry�t� �� r��� ¨� ��¤d�� �AqtJ�

Xb�r§ �AqtJ¯� �whf�¤ , ry�t� �� r��� ¨� ��¤d�� �AqtJ� TF�C w¡  µ� An�wRw�
�@¡ ¨n`yF ÐA� . �qtsm�� A¡ry�t� ry�t� Tbsn�A� T��d�� �y� ry�� �d`� �whfm� An�A¡Ð� ¨�

?Tlqts� ��ry�t� ­d� Yl� T��d�� dmt`� A�dn�
�A�m� �AqtJ¯� �whfm� AntK�An� �dbnF

©@�� �����¤ T EA��� ­C�r� T�C ¨� T��d� ¢n� ryb`t�� �km§ ¨�A�� EA� X�R  � �l`��A��
T�®`�A� V ¢l�K§

P (T, V ) = c
T

V
, T ∈]0, +∞[, V ∈]0, +∞[

T�®`�A� ��Ð �� ryb`t�� �km§¤ , ­C�r��� T�C �� ¾A§ rV 	FAnt§ X�S��  �� ¾At�A� �����  A� w�
:TylRAft��

P (T0 + ∆T, V0) = P (T0, V0) +
c

V0
∆T

��Ð rh\§¤ ,����� �� ¾Aysk� 	FAnt§ X�S��  � «r� An��� Tt�A� EA��� ­C�r� T�C 
�A� w� :Hk`�� Yl�
TylRAft�� T�®`�� ��

P (T0, V0 + ∆V ) = P (T0, V0)− c
T0

V 2
0

∆V +
cT0

V 2
0 (V0 + ∆V )

(∆V )2

.∆V �� rb�� T�rs� rfOl� �¤¥§ cT0

V 2
0 (V0+∆V ) (∆V )2 C�dqm��  � An¡ ^�®�¤

�wO��� �¤A�� An�� ©� ,�����¤ ­C�r��� �� �� ry�� dn� Tl�Am� T�®� Yl� �wO��� w¡ An�d¡
:­CwO�� Yl� T�®� Yl�

P (T0 + ∆T, V0 + ∆V ) = P (T0, V0) + a∆T + b∆V + ε(∆T, ∆V )

.­ryb� T�rs� rfOl� �¤¥� T�� ε(∆T, ∆V ) T��d��  wk�  � �Sf§¤

Ty¡A��¯� �AqtKm��¤ Ty¶z��� �AqtKm�� 1.3

xCd�¤ �§ry�tm�� d�� 
iÌÌba�u�  � ¨¡ �§ry�t� ¨� T�� ry�� �d`� TF�Cd� ­wW� �¤�
:¨�At�� �§r`t�� ¨� ­rkf�� £@¡ �yOnF ,r�µ� ry�tml� Tbsn�A� T��d�� �y� ry�� �d`�



�kt�¤ A ⊂ R2 �y� f : A −→ R �kt� :Ty¶z��� �AqtKm�� - �§r`� - 1-1.3

.A ¨� Tyl�� TWq� P0(x0, y0)

g1 TqtK� �d�¤ �Ð� , x d��¤ ry�t� ¨� T�� g1(x) = f(x, y0) T��d�� (�)
Ah� z�r�¤ , x � Tbsn�A� P0 dn� f � Ty¶z��� TqtKm�� Ahyms� An��� x0 dn�

­CwO�� Yl� Aht�At� �km§¤ .fx(x0, y0) ¤�
∂f

∂x
(x0, y0) z�r�A�

∂f

∂x
(x0, y0) = lim

h→0

f(x0 + h, y0)− f(x0, y0)

h

�d�¤ �Ð� , y d��¤ ry�t� ¨� T�� g2(y) = f(x0, y) T��d�� ��m�A� (
)
, y � Tbsn�A� P0 dn� f � Ty¶z��� TqtKm�� Ahyms� An��� y0 dn� g2 TqtK�

.­CwO�� Yl� Aht�At� �km§¤ .fy(x0, y0) ¤�
∂f

∂y
(x0, y0) z�r�A� Ah� z�r�¤

∂f

∂y
(x0, y0) = lim

k→0

f(x0, y0 + k)− f(x0, y0)

k

:Tl��� - 2-1.3

 � d�� , y Yl� dmt`� ¯ f(x, y) = h(x) �kt� (1)

∂f

∂y
(x0, y0) = lim

k→0

h(x0)− h(x0)

k
= 0

 wk§ ¨�At�A�¤ , f(x, y0) = x2 + y2
0 d�� y = y0 
yb�t� , f(x, y) = x2 + y2 �kt� (2)

∂f

∂x
(x0, y0) = 2x0

T�®`�A� T�r`m�� T��d�� xCdn� (3)

f(x, y) =

{ xy
x2+y2 (x, y) 6= (0, 0)

0 (x, y) = (0, 0)

�y�   rt� Ahmyq� ,�}±� TWq� dn� T§Ah� Ah� Hy� T��d�� £@¡  � An\�¯ �A§Ahnl� AntF�C ��
Ð� , ¨¶Ah�¯ T��d�� £@¡ ry�� �d`�  wk§  � |¤rfm�� ��  �  Ð� �R�w�� �� ,1/2 ¤ −1/2
TWqn�� �l� dn� T��d�� Tmy�  wk� �y�� �}±� TWq� �� �d� Tb§r� TWq� d��  � �yWts� An��
Aybs� ryb� C�dqm� ry�t� T��d�� �y�  � ©� rfO�� ©¤As� �}±� TWq� dn� Ahtmy� Amny� 1/2 ©¤As�

.®yl� ¯� rfO�� �� Ah��ry�t� ��zn� ¯ Amny�
 At§Ahn�� AnFC w� «r�� Th� ��
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lim
x→0

f(x, 0)− f(0, 0)

x
, lim

y→0

f(0, y)− f(0, 0)

y

 � ©� , 0 ©¤As� Amhn� �� Tmy�  � A�d�w�
∂f

∂x
(x0, y0) =

∂f

∂y
(x0, y0) = 0

y = 0 �� {§w`t�A� .(0, 0) dn� Ty¶z��� �AqtKm�� xCdnF , f(x, y) =
√

x2 + y2 �kt� (4)
Ty¶z��� TqtKm��  � ©� ,0 dn� �AqtJ®� Tl�A� ry� T�� ¨¡¤ f(x, 0) =

√
x2 = |x | d��

.(∂f/∂y)(0, 0) � Tbsn�A� ��m�A�¤ , ­ w�w� ry� (∂f/∂x)(0, 0)

�y� ry�� �d`� xCd� An�� d�ns� AyFdn¡ Ty¶z��� �AqtKm�� �§r`t� A�r\� w�
©Cw�� d�± ©E�w� CAs� Yl� P0(x0, y0) �� P (x, y) TWqn�� 
rtq� A�dn� f T��d��

Ty¡A��¯� �AqtKm�� TF�Cd� ­rkf�� £@¡ �ym`� �km§¤ , �Ay��d�³�
�kt�¤A ⊂ R2 �y� f : A −→ R�kt� :Ty¡A��³� �AqtKm�� - �§r`� - 3-1.3

.R2 ¨� ­d�¤ ¢�t� −→u = (u1, u2) �ky�¤ A ¨� Tyl�� TWq� P0(x0, y0)

(�d�¤  �) T§Ahn�� Ah��� −→u £A��� ¨� P0 dn� f T��dl� Ty¡A��¯� TqtKm�� �iÄr`u�

∂f

∂−→u (x0, y0) = lim
h→0

f(P0 + h−→u )− f(P0)

h

:d§d�t�A�¤ Ty¡A��³� �AqtKm�� �� QA� �w� ¨¡ Ty¶z��� �AqtKm��  � �R�w�� ��

∂f

∂x
=

∂f

∂
−→
i

,
∂f

∂y
=

∂f

∂
−→
j

,
−→
i = (1, 0),

−→
j = (0, 1)

:Tl��� - 4-1.3

d�� P0(x0, y0),
−→u = (u1, u2) , f(x, y) = x2 + y2 �kt� (1)

f(P0 + t−→u )− f(P0) = x2
0 + 2tu1x0 + t2u2

1 + y2
0 + 2tu2y0 + t2u2

2 − x2
0 − y2

0
= t(2u1x0 + 2u2y0 + t)

 wk§ ¨�At�A�¤ ,
∂f

∂−→u (x0, y0) = 2u1x0 + 2u2y0

 � �R�w�� �� , f(x, y) =

{ xy
x2+y2 (x, y) 6= (0, 0)

0 (x, y) = (0, 0)
�kt� (2)

f(O + t−→u )− f(O) =
tu1 tu2

t2u2
1 + t2u2

2
= u1u2

«d��  wk� A�dn� ¯� ­ w�w� ry� ¨¡¤ (∂f/∂−→u )(0, 0) = limt→0
u1u2

t  wk§ ¨�At�A�¤ ,
.rfO�� ©¤As� u1, u2 �ytb�rm��
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:
As��A� .P0 = O �kt�¤ −→u = (u1, u2) ¤ f(x, y) =
√

x2 + y2 �kt� (3)

(f(P0 + t−→u )− f(P0))/t = | t | /t
 �� ¨�At�A�¤ ,(CAsy�� �� T§Ahn�� ©¤As� ¯ �ymy�� �� T§Ahn��) ­ w�w� ry� C�dqm�� �@¡ T§Ah�¤

.­ w�w� ry� (∂f/∂−→u )(P0)

��ry�tm�� �� N ¨� T��d� Ty¡A��¯� �AqtKm��¤ Ty¶z��� �AqtKm�� TF�C �km§
Ty�At�� �Af§r`t�� 	s� ��Ð¤

P0(x
0
1, · · · , x0

N)�kt�¤A ⊂ RN �y� f : A −→ R�kt� :�Af§r`� - 5-1.3

.A ¨� Tyl�� TWq�

d��¤ ry�t� ¨� T�� gk(x) = f(x0
1, · · · , x0

k−1, x, x0
k+1, · · · , x0

N) T��d�� (�)
dn� f � Ty¶z��� TqtKm�� Ahyms� An��� x0

k dn� gk TqtK� �d�¤ �Ð� , x

Aht�At� �km§¤ .fxk
(P0) ¤�

∂f

∂xk
(P0) z�r�A� Ah� z�r�¤ , xk � Tbsn�A� P0

­CwO�� Yl�

∂f

∂xk
(x0

1, · · · , x0
N) =

lim
h→0

f(x0
1, · · · , x0

k−1, x, · · · , x0
N)− f(x0

1, · · · , x0
k−1, x

0
k, · · · , x0

N)

h

TqtKm�� �iÄr`u� . RN ¨� ­d�¤ ¢�t� −→u = (u1, · · · , uN) �ky� (
)
(�d�¤  �) T§Ahn�� Ah��� −→u £A��� ¨� P0 dn� f T��dl� Ty¡A��¯�

∂f

∂−→u (P0) = lim
h→0

f(P0 + h−→u )− f(P0)

h

( (∂f/∂x1)(P0), · · · , (∂f/∂xN)(P0) ) ¨¡ ¢�Ab�r� ©@��RN ¨� ¢�tm��
z�r�A� ¢� z�r§¤ ,(gradient vector) P0 dn� f T��dl� �Cdt�� ¢�t� Yms§

. −→∇ f(P0)

¨l§ Amy� T�y�O�� T�A�³� rt�� .Tl·F� 6.3

P0(x0, y0) dn� f(x, y) T��dl� �yty¶z��� �ytqtKm��  w�¤ (1)
.P0 dn� T��d�� �AO�� �zlts§ ( )
.P0 dn� T��d�� �AO�� �� �tn§ ( )

.P0 dn� T��dl� T§Ah�  w�¤ �zlts§ ( )
.P0 dn� T��d�� �AO�� �d`� © ¥§ ( )
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(∂f/∂x)(x0, y0) Ty¶z��� TqtKm��  w�¤ (2)
.P0 dn� �A¡A��¯� �ym� ¨� Ty¡A��¯� �AqtKm��  w�w� © ¥§ ( )

.P0 dn� −→u = (1, 1) £A��� ¨� Ty¡A��¯� �AqtKm��  w�¤ �� �tn§ ( )
. P0 dn� −→u = (1, 0) £A��� ¨� Ty¡A��¯� TqtKm��  w�¤ ¸�Ak§ ( )

. (∂f/∂y)(x0, y0) Ty¶z��� TqtKm��  w�w� © ¥§ ( )

 �� x d��¤ ry�t� ¨� T�� f(x) 
�A� �Ð� (3)
(∂f/∂x) = 0 ( ) (∂f/∂x) = (∂f/∂y)( )
(∂f/∂y) = 0( ) (∂f/∂x) = f ′ ( )

.�§CAm� 7.3

­AW`m�� TWqn�� dn� T��dl� Ty¡A��¯�¤ Ty¶z��� �AqtKm�� xC � (1)

.a, b ∈ R �y� P0(x0, y0) dn� f(x, y) = ax + by (�)

.P0 = (0, 0) dn� f(x, y) =

{
x

x−y x 6= y

0 x = y
(
)

.P0 = (1, 1) dn� f(x, y) =

{
(x−1)2

x2−y2 x 6= ±y

0 x = ±y
(�)

.P0 = (1,−1) dn� f(x, y) =

{
x3−1
x3+y3 x 6= −y

0 x = −y
( )

.P0 = (0, 0) dn� f(x, y) =

{
x2y2

x4+y2 (x, y) 6= (0, 0)

0 (x, y) = (0, 0)
(£)

.P0 = (0, 0) dn� f(x, y) =

{
x2y3

x4+y3 x4 6= −y3

0 x4 = −y3
(¤)

.P0 = (0, 0) dn� f(x, y) =

{
xy2

x3/2+y2 x3/2 6= −y2

0 x3/2 = −y2
(E)

.α, β > 0 �y� P0 = (0, 0) dn� f(x, y) =

{
xαyβ

x2α+y2β (x, y) 6= (0, 0)

0 (x, y) = (0, 0)
(�)

.P0 = (0, 0) dn� f(x, y) =

{
cos( x2

x2+y2 ) sin( x3

x2+y2 ) (x, y) 6= (0, 0)

0 (x, y) = (0, 0)
(ª)

.P0 = (0, 0) dn� f(x, y) =

{
cos(x + y) sin( x2

x2+y2 ) (x, y) 6= (0, 0)

0 (x, y) = (0, 0)
(©)

.P0 = (0, 0) dn� f(x, y) =

{
cos( x2

x2+y2 ) sin(x + y) (x, y) 6= (0, 0)

0 (x, y) = (0, 0)
(A§)

.P0 = (0, 0) dn� f(x, y) =

{
cos( x2

x2+y2 ) tan(x + π/4) (x, y) 6= (0, 0)

0 (x, y) = (0, 0)
(	§)

g(x) =
∫ b
a f(x, t) dt (2)

g′(x) =
∫ b

a

∂f

∂x
(x, t) dt
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�y�� Dr(P0) d�w§ ¢�� |rf� . A ¨� Tyl�� TWq� P0 �kt�¤ A ⊂ R2 , f : A −→ R �kt� (3)
. P0 dn�  AtlOt� fy ¤ fx  At��d��  wk� �y��¤ P ∈ Dr(P0) �k� ­ w�w� fy(P ) fx(P )

. P0 dn� TlOt�  wk� f  � �¡r�
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