
ry�t� �� r��� ¨� Tyqyq��� ��¤d�� �AO�� 2.2

d��¤ ry�t� ¨� ��¤d�� �AO�� �� ry�t� �� r��� ¨� ��¤dl� �AO�¯� �whf� �lt�§ ¯

¨�At�� �§r`t�� �®� �� ��Ð «rnF¤ ,Ty�As��� Ty�An�� ¨� ¯�

�y� f : A −→ R �kt� :ry�t� �� r��� ¨� T��d�� �AO�� �§r`� - 1-2.2

 A� �Ð� P0 dn� TlOt� f T��d��  � �wq� , P0 ∈ A �kt�¤ A ⊂ RN

 �� de(P, P0) < δ 
�A� �Ð� :P ∈ A ©± �y�� δ > 0 d�w§ ε > 0 �k�

.| f(P )− f(P0) | < ε
.P0 ∈ B TWq� �� dn� TlOt� 
�A� �Ð� A ⊃ B Yl� TlOt� f  � �wq�¤

:�§r`t�� Yl� �A\�®� - 2-2.2

T�Asm�� A�@�� An�� w¡ dy�w�� �®t�¯� ,d��¤ ry�t� ¨� �AO�¯� �§r`� ��Am§ ��As�� �§r`t�� (1)

.R¨� |x− x0 | T�Asm��  Ak� RN
¨� de(P, P0)

T§Ahn�� �§r`� �y�¤ �§r`t�� �@¡ �y� T�®`�� T\�®� �hm�� ��

 A� �Ð� Xq�¤  A� �Ð� P0 dn� TlOt�  wk� f  �� A � ���r� TWq� P0 ∈ A 
�A� �Ð� (2)

.limP→P0
f(P ) = f(P0)

.P0 dn� TlOt�  wk� f : A −→ R T�� ©�  �� A �� T�¤z`� TWq� P0 
�A� �Ð� A�� (3)

ry�t� ¨� T��d�� �AO��¤ ry�t� �� r��� ¨� T��d�� �AO�� �whf� �y� ��Amt�� rmts§

��¤d�� Yl� T§rb��� �Aylm`�� �� ��A`t�� �mKy� d��¤

A ⊂ RN
�y� f, g : A −→ R �kt� :TlOtm�� ��¤d�� rb� :T§r\� - 3-2.2

 �� P0 dn� TlOt� f, g �� �� 
�A� �Ð� , P0 ∈ A �kt�¤

.P0 dn�  AtlOt� fg , f + g (�)

�A�m� ¨mtn� P0 
�A� �Ð� ©�) g(P0) 6= 0 
�A� �Ð� P0 dn� TlOt� f/g (
)

.(f/g T��d��

TlOt� ϕ ◦ f T��d��  wk� f(P0) dn� TlOt� ϕ : R −→ R T�� ©± (�)

.P0 dn�

.¾Ay¶Aql�  wk§ �AO�¯�  �� A �� T�¤z`� TWq� P0 
�A� �Ð� - A¡r�

.(]8.1.3[ T§r\�) �A§Ahn�� rb� T§r\� �� �tn§ �AO�¯�  �� A � ���r� TWq� P0  wk� A�dn� A��

:TlOtm�� ��¤d�� Yl� TyFAF� Tl��� - 4-2.2

.�§r`t�� �� ­rJAb� ��Ð �Ab�� �hs�� �� , TlOt�  wk� Tt�A� T�� ©� (1)

�ytn§Abtm�� �� ��Ð �tn§¤ ,  AtlOt� g(x, y) = y , f(x, y) = x  At��d�� (2)

|x− a | ≤
√

(x− a)2 + (y − b)2, | y − b | ≤
√

(x− a)2 + (y − b)2
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R(x, y) =
f(x, y)

g(x, y)
�§ry�t� ¨� T§rb� T§rs� T�� ©�  � �tn§ TlOtm�� ��¤d�� rb� �� (3)

.Ah�AW� Yl� TlOt� T��  wk� ( ¤d� ¨�ry�� f, g �y�)

��¤d��  � �AtntF� �km§ TlOtm�� ��¤d�� rb� �� AS§� (4)√
R(x, y), sin(R(x, y)), cos(R(x, y)), eR(x,y), · · ·

.�§ry�t� ¨� T§rb� T§rs� T�� R(x, y) �y� , TlOt�  wk�

.r��� ¤� ��ry�t� T�®� ¨� ��¤dl� Ahmym`� �km§ Tq�As�� Tl��±� �ym� (5)

d��¤ ry�t� ¨� TlOtm�� ��¤dl� A¡AnFC ¨t�� �A§r\n��¤ �y¡Afm�� �ym`� �mktsnF

�� ­ryhK�� �A§r\n�� {`� TK�Anm� �qtnnF¤ ,ry�t� �� r��� ¨� ��¤d�� T�A� Y��

:Ty�At�� ­ryhK�� �A§r\n�� Yl� rOtqnF¤ , TlOtm�� ��¤d��

Ahtmyq� �O�¤ ,­ ¤d��  wk� Tql�� ­rt� Yl� TlOt� T�� ©� : «r�O��¤ Ym\`�� �yq��

.­rtf�� �� Xq� ¨� «r�O��¤ Ym\`��

.Am\tn� ¯AO�� TlOt�  wk� Tql�� ­rt� Yl� TlOt� T�� ©� : �\tnm�� �AO�³�

.­rt� AS§�  wk� TlOt� T��d� ­rt� ©� ­Cw} : TWyFw�� �yq��

�Af§r`t�� {`� �dq�  � ¯¤� 	�§ ry�t� �� r��� ¨� ��¤dl� �A§r\n�� £@¡ T�AyO�

TlOt� f  � �wq� , A ⊂ RN
�y� f : A −→ R �kt� :�Af§r`� - 5-2.2

 A� �Ð� A Yl� �A\t�A�

∀ε > 0∃δ > 0∀P,Q ∈ A : de(P,Q) < δ =⇒ | f(P )− f(Q) | < ε.

.∀P ∈ A : | f(P ) | ≤M �y��M > 0 d�¤ �Ð�AYl� ­ ¤d�� f  � �wq�¤

AS§�¤ , ��rt� Yl� T�r`m�� ��¤dl� ��As�� ¨� A¡AnFC d� Tq�As�� �A§r\n��  � ^�®�

?RN
¨� Tql�m�� ­rtfl� rZAnm�� �whfm�� w¡ Am� ,Tql�� ��rt� Yl�

�y� TlOt� T�� f : A −→ R �kt� :TlOtm�� ��¤d�� Q�w� :T§r\� - 6-2.2

, A ⊂ RN

­ ¤d�� T��  wk� f  �� Tql��¤ ­ ¤d�� T�wm�� A 
�A� �Ð� (�)

.«r�O��¤ Ym\`�� Ahtmyq� �O�¤

¯AO�� TlOt�  wk� f  �� Tql��¤ ­ ¤d�� T�wm�� A 
�A� �Ð� (
)

.A Yl� Am\tn�

.­rt� f(Br(P ))  �� Br(P ) ⊂ A
�A� �Ð� (�)

.¹CAql� �¤rt� - A¡r�

.�§CAm� 7.2

Ty�µ� ��¤d�� �� �� �AO�� xC � (1)

.f(x, y) = ax + by (�)
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.f(x, y) =
x

x− y
(
)

.f(x, y) =
(xy

x2 + y2
(�)

.f(x, y) =
x3 − 1
x3 + y3

( )

.f(x, y) = sin(

√
x2y2

x4 + y2
) (£)

.f(x, y) =
∫ 1

−1

y cos t

((x− t)2 + y2)3/2
dt (¤)

.f(x, y, z) = sinx cos y sin z (E)

.f(x, y, z, t) =
1

x2 + y2 + z2 − t2
(�)

.]4[ �A�� ¨� ­Cw�@m�� �¶Atn�� �¡r� (2)

T��d��  wk� z0 ©± ¢�� �¡r� , A ⊂ R3
Yl� T�r`� TlOt� T�� f(x, y, z) �kt� (3)

.B = {(x, y)|(x, y, z0) ∈ A} Yl� TlOt� g(x, y) = f(x, y, z0)

g(x, y) = f(x, y, z0) T��d�� z0 �k�  A� �Ð� �¡ : ©� ?�y�} Tq�As�� Ty}A��� Hk� �¡ (4)

?��ry�t� T�®� ¨� T��d� TlOt�  wk� f  �� (x, y) �§ry�tm�� ¨� T��d� TlOt�

�A§Ahn��¤ �AO�³� - Th�tm�� �yq�� ��Ð ��¤d�� 3.2

 � AS§� dyfm�� �� .R w¡ 	�AOm�� Ah�AW�¤ A ⊂ RN
Ah�AW� ��¤ AnFC  µ� Yt�

M > 1 �y�� �wn�� �@¡ �� T�� ©� .M ∈ N∗ �y� RM
¨� �yq�� ��Ð ��¤d�� �� ��A`t�

. vector-valued function Ty¡A��� �y� ��Ð ¤� Th�t� T�� Yms�

, F(P ) = (z1, · · · , zM)  �� P ∈ A ¤ A ⊂ RN
�y� F : A −→ RM


�A� �Ð�

F(P ) = (f1(P ), · · · , fM(P )) ­CwO�� Yl�F T��d�� �y�m� ¨�At�A� �kmy� fk(P ) = zk �S�

 � ©� ,

��¤d�� �� 	�rm-M �� ­CAb� ¨¡ RM
¨� �y� ��Ð T�� ©� : T§r\� - 8-3.2

.Ty¡A��¯� T��d�� �Ab�r� �� Tb�r� Ahn� �� Yms� , Tyqyq��� �yq�� ��Ð

,Ah�Ab�rm� �AO�¯�¤�A§Ahn�� TF�Cd� TVAsb� �w�t� ��¤d�� £@h� �AO�¯�¤�A§Ahn�� TF�C 

Tl�Aqm�� Q�w��� �y�¤ Ahny� T�®`�� �Rw� �� �AO�¯�¤ �A§Ahn�� �Af§r`� Xq� ¨W`nF¤

�Ab�rml�
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P0 ∈ RN
�kt�¤ , A ⊂ RN

�y� F : A −→ RM
�kt� :�§r`� - 9-3.2

T§Ah� w¡ Q0  � �wq� An��� Q0 ∈ RM
¤ A � ���r� TWq� P0 
�A� �Ð� (�)

 A� �Ð� P0 dn� F T��d��

∀ε > 0∃δ > 0 : ∀P ∈ A(0 < de(P, P0) < δ =⇒ de(F(P ), Q0) < ε


�A� �Ð� P0 dn� TlOt� F  � �wq� An��� P0 ∈ A
�A� �Ð� (
)

∀ε > 0∃δ > 0 : ∀P ∈ A(de(P, P0) < δ =⇒ de(F(P ),F(P0)) < ε

�kt�¤ , A ⊂ RN
�y� F : A −→ RM

�kt� :T§r\� - 10-3.2

F(P ) = (f1(P ), · · · , fM(P )) �kt�¤ , P0 ∈ RN , Q0(a1, · · · , aM) ∈ RM

 �� A � ���r� TWq� P0 
�A� �Ð� (�)

lim
P→P0

F(P ) = Q0 ⇐⇒ ∀k, 1 ≤ k ≤M : lim
P→P0

fk(P ) = ak

fk Tb�r� �� 
�A� �Ð� Xq�¤ �Ð� P0 dn� TlOt� F  �� P0 ∈ A
�A� �Ð� (
)

.P0 dn� TlOt�

:Tl��� - 11-3.2

.TlOt� ��¤ Ah�Ab�r�  ± R3
Y�� R2

�� TlOt� T�� F  �� , F(x, y) = (x, y, 0) �kt� (1)

«wtsm�� Yl� ªAqF³� Yms� R2
Y�� R3

�� TlOt� T�� F , F(x, y, z) = (x, y) �kt� (2)

.XY

­CwO�� Yl� F T�At� ­ A�� �km§ , F(x, y) = (x, y, 0)× (0, x, y) �kt� (3)

. TlOt� T�� Ah�� ¨�At�A� �St§¤ F(x, y) = (y2,−xy, x2)

�kt� (4)

F(x, y) =

{
( x2y

x2+y2 ,
xy

x2+y2 ,
xy2

x2+y2 ) (x, y) 6= (0, 0)

(0, 0, 0) (x, y) = (0, 0)

f2(x, y) =

{ xy
x2+y2 (x, y) 6= (0, 0)

0 (x, y) = (0, 0)
Ty�A��� Ahtb�r�  ± TlOt� T�� 
sy�F : R2 −→ R3

. rfO�� dn� TlOfn�

.R2
Y�� R3

�� T�� ¨¡¤ , F(x, y, z) = (a1x+ b1y + c1z, a2x+ b2y + c2z) �kt� (5)

. TyW� T�� Yms� F T��d��
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