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£@h�  wk§ ¨k�¤ ,P0 ∈ R2
TWq� dn� �§ry�t� ¨� T�� T§Ah� TF�Cd� �Of�� �@¡ �dbnF

 ¤ P0 TWqn�� �� T��d�� �AW� r}An� 
rtq�  � �kmm�� ��  wk§  � d�¯ Yn`� TF�Cd��

�wtf� Qr� ©�  �� ¢t�Ay} �km§ A� w¡¤ ���r� TWq� 
�A� �Ð� �@¡ �q�t§¤ ,Ah� �O�  �

�§r`� �km§ T�A��� £@¡ ¨� .Ahsf� P0 ry� T��d�� �AW� �� r}An� ©wt�§ P0 £z�r�

:Ty�At�� ­CwO�� Yl� T§Ahn�� �whf�

, A ⊂ R2
�y� f : A −→ R �kt� :�§ry�t� ¨� T�� T§Ah� �§r`� - 1-1.3

T��d�� T§Ah� ¨¡ `  � �wq� . ` ∈ R �ky�¤ ,A � ���r� TWq� P0 �kt�¤

�y�� δ > 0 d�w§ ε > 0 �k� :�q�� �Ð� P0Y�� P �¤¥� A�dn� f(P )

­CwO� ¤� .0 < de(P, P0) < δ �q�� P ∈ A TWq� ©± | f(P )− ` | < ε
­rOt��

∀ε > 0 ∃δ > 0 : ∀P (P ∈ A& 0 < de(P, P0) < δ =⇒ | f(P )− ` | < ε)

:Tl��� - 2-1.3

` = 8  � 
b��¤ P0(1, 2) @��� ,A = R2
w¡ T��d�� £@¡ �AW� f(x, y) = 2x+ 3y �kt� (1)

. P0 Y�� P �¤¥� A�dn� f(P ) T§Ah� ¨¡

| f(x, y)− ` | = | 2x+ 3y − 8 | = | 2(x− 1) + 3(y − 2) |
≤ 2 |x− 1 |+ 3 | y − 2 | ≤ 2de(P, P0) + 3de(P, P0)

| y − 2 | ≤ de(P, P0) ¤ |x− 1 | ≤ de(P, P0) ±

≤ 5de(P, P0)

 � �tny� δ = ε/5  Ð� @���

de(P, P0) < δ =⇒ | f(P )− 8 | < ε



 � �R�w�� �� , P0 = (0, 0) @���¤ iR2 \ {(0, 0)} Ah�AW� f(x, y) =
x3

x2 + y2 �kt� (2)

P (x, y) �¤¥� A�dn� f(x, y) T§Ah� w¡ ` = 0 ∈ R  � 
b�nF .f �AWn� ���r� TWq� (0, 0)
.(0, 0) Y��

| f(x, y)− ` | =

∣∣∣∣ x3

x2 + y2

∣∣∣∣ = |x | x2

x2 + y2

≤ | x | ≤
√
x2 + y2

x2 ≤ (x2 + y2) ±

= de(P, P0)

d�� δ = ε A�rt�� �Ð� ¢�� �tn§

de(P, P0) < δ =⇒ | f(P )− 0 | < ε

 � 
b�nF . P0 = (0, 0) @���¤ R2 \ {(0, 0)} Ah�AW� f(x, y) =
y sinx2

sin(x2 + y2)
�kt� (3)

.(0, 0) Y�� P (x, y) �¤¥� A�dn� f(x, y) T§Ah� w¡ ` = 0 ∈ R

| f(x, y)− ` | =

∣∣∣∣ y sinx2

sin(x2 + y2)

∣∣∣∣
≤ | y |

∣∣∣∣ x2 + y2

sin(x2 + y2)

∣∣∣∣ ( x2

x2 + y2 )

sinx2 ≤ x2
 ±

≤ | y |
∣∣∣∣ x2 + y2

sin(x2 + y2)

∣∣∣∣
≤
√

2
√
x2 + y2, de(P, P0) < π/4

x2 + y2 < π/4 A�dn�

∣∣∣ x2+y2

sin(x2+y2)

∣∣∣ < √2  ±

d�� δ = min(ε/
√

2,
√
π/4) A�rt�� �Ð� ¢�� �tn§

de(P, P0) < δ =⇒ | f(P )− 0 | < ε

Tqyq��� ¨� ,dh� ©� 	lWt§ ¯ �§ry�t� �� r��� ¨� ��¤dl� �§r`t�� �@¡ �ym`�

�§r`t�� Hf� An§d�

�y� f : A −→ R �kt� :��ry�tm�� �� N ¨� T�� T§Ah� �§r`� - 3-1.3

`  � �wq� . ` ∈ R �ky�¤ ,A � ���r� TWq� P0 ∈ RN
�kt�¤ , A ⊂ RN

:�q�� �Ð� P0Y�� P �¤¥� A�dn� f(P ) T��d�� T§Ah� ¨¡

∀ε > 0 ∃δ > 0 : ∀P (P ∈ A& 0 < de(P, P0) < δ =⇒ | f(P )− ` | < ε)
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¨ftknF¤ , (Tb�AF ¤� Tb�w�) T§Ah�¯Am�� Y�� T�� �¤¥�  � �whf� �§r`� AS§� �km§

.r�µ� �§r`t�� �yO§  � ¹CAql� �km§¤ �yt�A��� «d�� �§r`t�

TWq� P0 ∈ RN
�kt�¤ , A ⊂ RN

�y� f : A −→ R �kt� : �§r`� - 4-1.3

�Ð� P0Y�� P �¤¥� A�dn� f(P ) T��d�� T§Ah� ¨¡ +∞  � �wq� .A � ���r�

:�q��

∀M > 0 ∃δ > 0 : ∀P (P ∈ A& 0 < de(P, P0) < δ =⇒ f(P ) > M)

:Tl��� - 5-1.3

f(P ) T§Ah� ¨¡ ` = 14  � 
b�nF , P0 = (1, 2, 3) , f(x, y, z) = x2 + y2 + z2
�kt� (1)

.P0Y�� P �¤¥� A�dn�

| f(x, y, z)− 14 | =
∣∣x2 + y2 + z2 − 14

∣∣
=

∣∣x2 − 1 + y2 − 4 + z2 − 9
∣∣

= | (x− 1)(x+ 1) + (y − 2)(y + 2) + (z − 3)(z + 3) |
≤ |x− 1 | |x+ 1 |+ | y − 2 | | y + 2 |+ | z − 3 | | z + 3 |
≤ 3 |x− 1 |+ 5 | y − 2 |+ 7 | z − 3 |

de(P, P0) < 1 A�dn� | z + 3 | < 7 ¤ | y + 2 | < 5 ¤ |x+ 1 | < 3  ±

≤ 15de(P, P0)

 � �tny� δ = min(1, ε/15) CAt��

de(P, P0) < δ =⇒ | f(P )− 14 | < ε

Y�� �¤¥� f(P )  � 
b�nF . P0 = (0, 0, 0) �kt�¤ f(x, y, z) =
1

x2 + y2 + z2 �kt� (2)

.P0 Y�� P �¤¥� A�dn� +∞
 � �R�w�� �� . δ = 1/

√
M CAt�� , YW`� M > 0 �ky�

de(P, P0) < δ =⇒ | f(P ) | > 1

δ2 = M

:T§Ahn�� Ty��d�¤ �� ­ At`m�� T§r\n�� ¨¡ Ah�At�� T§r\� �¤�

�kt�¤ , A ⊂ RN
�y� f : A −→ R �kt� :T§Ahn�� Ty��d�¤ :T§r\� - 6-1.3

A � ���r� TWq� P0 ∈ RN

P0Y�� P �¤¥� A�dn� f T��dl� T§Ah� `1, `2 ∈ R∪{+∞,−∞}�� ��  A� �Ð�
.`1 = `2  ��

­ At`m�� Ew�r�A� T§Ahn�� Tmy� �� rb`�  � �km§ ¨�At�A�¤

lim
P→P0

f(P ) = `
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 � |rf� .¹CAql� «r�±� �¯A���  A¡r� �rt�¤ `1, `2 ∈ R T�A� ¨� T§r\n�� 
y�nF - A¡r�

P ∈ A ©± �y�� δ1 > 0, δ2 > 0 d�w§ T§Ahn�� �§r`� �� ε = | `1 − `2 | /2 @���¤ `1 6= `2

0 < de(P, P0) < δ1 =⇒ | f(P )− `1 | < ε, 0 < de(P, P0) < δ2 =⇒ | f(P )− `2 | < ε

�y�� P ∈ A TWq� d�w� ¢��� A � ���r� TWq� P0  � �y�¤ δ = min(δ1, δ2) CAt��

 � d�� P TWqn�� £@¡ ��d�tFA� , 0 < de(P, P0) < δ

| `1 − `2 | ≤ | `1 − f(P ) |+ | `2 − f(P ) | < ε+ ε = | `1 − `2 |

.`1 = `2 ¨�At�A�¤ , �W� `1 6= `2|rf��  � �tn§ ��Ð �� ,�y�ts� w¡¤

. �A§Ahn�� �� ­ At`m�� �A§r\n�� ��  Aty�At��  At§r\n��


�A� �Ð� :T��d�� T§ ¤d�� �zlts§ T§Ahn��  w�¤ :T§r\� - 7-1.3

�y�� δ > 0 d�w§ ¢��� limP→P0
f(P ) = ` ∈ R

P ∈ A& 0 < de(P, P0) < δ =⇒ `− 1 < f(P ) < `+ 1

A ⊂ RN
�y� f, g : A −→ R�kt� :�A§Ahnl� T§rb��� Q�w��� :T§r\� - 8-1.3

¤ limP→P0
f(P ) = `1  A� �Ð� , A � ���r� TWq� P0 ∈ RN

�kt�¤ ,

 �� `1, `2 ∈ R �y� limP→P0
g(P ) = `2

.limP→P0
(f + g)(P ) = `1 + `2 (1)

.limP→P0
(f . g)(P ) = `1 . `2 (2)

.`2 6= 0  � ªrK� limP→P0
(
f

g
)(P ) =

`1
`2

(3)

.limP→P0
(ϕ ◦ f)(P ) = ϕ(`1)  wk§ ϕ : R −→ R TlOt� T�� ©± (4)

. ¹CAql� º�z�±� ¨�A� �rt�¤ , (4) Xq� 
b�nF - A¡r�

�� ºz� f «d�  wk§  � d�®� ¾A�r`� ϕ ◦ f �yt��d�� �yO��  wk§ ¨k� ¢�� ¯¤� ^�®� (4)  A¡r�

. ϕ �A��

t ∈ R ©± �y�� δ1 > 0 d�w§ ϕ �AO�� �� , YW`� ε > 0 �ky�

(*) | t− `1 | < δ1 =⇒ |ϕ(t)− ϕ(`1) | < ε

�y�� δ > 0 d�w§ ¢�� �tn§ limP→P0
f(P ) = `1 T§Ahn�� �§r`� ¨� ε1 = δ1 @���

(**) 0 < de(P, P0) < δ =⇒ | f(P )− `1 | < δ1

�tnts� (**) ¤ (*) �ytn§Abtm�� ��d�tFA�

0 < de(P, P0) < δ =⇒ | f(P )− `1 | < δ1 =⇒ |ϕ(f(P ))− ϕ(`1) | < ε

:Tl��� - 9-1.3
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, limP→(0,0)
x3

x2 + y2 = 0  � ��AF �A�� ¨� Antb�� , f(x, y) = sin(
x3

x2 + y2 ) �kt� (1)

 �� , R Yl� TlOt� sin t T��d��  � �y�¤

lim
P→(0,0)

f(x, y) = sin 0 = 0

,rfO�� ©¤As� ¯ �Aqm�� T§Ah�  � �R�w�� �� P0(0, 0) , f(x, y) =
x3

x2 + y2 + 1
�kt� (2)

 Ð� ,rfO�� ©¤As� Xsb�� T§Ah� Amny�

lim
P→(0,0)

f(x, y) = 0

,Aqbs� T§Ahn�� Tmy� T�r`� Yl� dmt`§ ¢�� w¡ T§Ahn�� �§r`� 	y`§ A� r���  A� Am�C

dyq�� �@¡ �� Pl�t�� .�§r`t�� �� �q�tl� T§Ahn�� Tmy� T�r`� ªrtK� �§r`t�� T�AyO�

Ty�At�� T§r\n�� ��d�tFA� �km�

A ⊂ RN
�y� f : A −→ R�kt� :T§Ahn��  w�w� ¨Jw� ªrJ :T§r\� - 10-1.3

 wk§ �y�� ` ∈ R d�w§ , A � ���r� TWq� P0 ∈ RN
�kt�¤ ,

¨Jw� ªrJ �q�� �Ð� Xq�¤ �Ð� limP→P0
f(P ) = `

∀ε > 0∃δ > 0∀P,Q ∈ A :
de(P, P0) < δ & de(Q,P0) < δ =⇒ | f(P )− f(Q) | < ε

- A¡r�

�y�� δ > 0 d�w§ T§Ahn�� �§r`� �� ,YW`� ε > 0 �ky�¤ ,limP→P0
f(P ) = `  � |rf� =⇒

∀P ∈ A : de(P, P0) < δ =⇒ | f(P )− ` | < ε/2

de(P, P0) < δ, de(Q,P0) < δ �y��P,Q ∈ A�§rOn�©± ¢�� d�� δ � Tmyq�� £@¡Hfn�

| f(P )− f(Q) | ≤ | f(P )− ` |+ | f(Q)− ` | < ε/2 + ε/2 = ε

.�q�t� ¨Jw� ªrJ  � ©�

,ε1 > 0 @��� .P0 dn� f T��dl� T§Ahn�� Tmy�  A�§� w¡ An�d¡ .¨Jw� ªrJ �q�� |rf� ⇐=
de(P, P0) < δ1, de(Q,P0) < δ1 P,Q ∈ A �y�� δ1 > 0 d�w§ ¨Jw� ªrJ ��

�� r��� d�w� ¢��� A r}An`� ���r� TWq� P0  � �y� ,| f(P )− f(Q) | < ε1  wk§

�S�¤ ,P1 ∈ A, de(P1, P0) < δ1 TWq� 
b�u� , de(P, P0) < δ1 �y�� P ∈ A TWq�

.b1 = f(P1) + ε1 ¤ a1 = f(P1)− ε1
P,Q ∈ A ©± | f(P )− f(Q) | < ε2 �y�� ¨Jw� ªrJ �� δ2 CAt��¤ ε2 = ε1/2 @���

�S�¤ de(P2, P0) < min(δ1, δ2) �y�� P2 CAt�� ,δ2 �� ��� P0 �� Amhn� �� T�As�

��Ð C�rkt� ,a1 ≤ a2 < b2 ≤ b1  � ^�®� ,b2 = f(P2) + ε2 ¤ a2 = f(P2) − ε2
�y�� b1 ≥ b2 ≥ b3 · · · ,a1 ≤ a2 ≤ a3 · · ·  �d�� Yl� �O�� An�� ^�®�

bn − an < ε/2n

.P0 dn� T��d�� T§Ah� Ah�� �Ab�� �km§ ` = supn an @���
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��CAsm��¤ Ty�Attm�� �A§Ahn��

�§ry�t� ¨� ��¤dl� �A§Ahn�� 
As� �km§ ¢��� A�AbW�� Tq�As�� Tl��±� {`� ¨W`� d�

Ty�Attm�� �A§Ahn�� @���

lim
y→0

(lim
x→0

f(x, y)) lim
x→0

(lim
y→0

f(x, y))

¨�At�� �A�m�� �Rw§ Am� �y�} ry� CwOt�� �@¡ �k�

 � «r�  � �hs�� �� . P0(0, 0) , f(x, y) =
xy

x2 + y2 �kt� :�A�� - 11-1.3

CAyt�� ©°� ε < 1/2 AnyW�� �Ð� �k� , limy→0 f(x, y) = 0 limx→0 f(x, y) = 0
de(P, P0) < δ  � ��r� f(P ) = 1/2 �q�� P (δ/2, δ/2) TWqn��  � d�� δ > 0 Tmyq�

¨�At�A�¤

lim
P→P0

f(P ) 6= 0

 w�¤ ��C limP→P0
f(P ) T§Ahn�� Ahy� d�w� ¯ ¨t�� �¯A��� TF�C �� �kmt� ¨k�

�§r`t� ¯¤� �db� ,Yn�n� Yl� ¤� CAs� Yl� �A§Ahn�� �whf� �d�tsnF Ty�Attm�� �A§Ahn��

��CAsm��

�¤¥§ CAs� w¡ C  � �wq� P0(x0, y0) ∈ R2
�kt� :��CAsm�� :�§r`� - 12-1.3

�y�� ϕ, ψ : [0, 1] −→ R  At§ A��¤  AtlOt�  At�� �An¡ 
�A� �Ð� P0 Y��

.{ (ϕ(t), ψ(t)) | t ∈ [0, 1] } = C (�)

.(ϕ(0), ψ(0)) = (x0, y0) (
)

. C = (ϕ, ψ) 	tk� CAsm�� �� ryb`tl�¤

:Tl��� - 13-1.3

�yt��d�� @��� , �}±� TWq� ¨¡ P0 = O �kt� (1)

ϕ(t) =

{
2t− 1 t ∈ [1/2, 1]
0 t ∈ [0, 1/2]

, ψ(t) =

{
1 t ∈ [1/2, 1]
2t t ∈ [0, 1/2]

Amny� ,(a) �kK�� ¨� Am� rskn� X� ­Cw} Yl� O Y�� �¤¥§ CAs� C1 = (ϕ, ψ)  � d�n�

.(b) �kK�� ¨� �Rw� C2 = (ψ, ϕ)
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�yt��d�� @��� . TWq� ©� P0(x0, y0) �kt� (2)

ϕ(t) = x0 + αt, ψ(t) = y0 + βt, α, β ∈ R

. (c) �kK�� ¨� Am� P0 Ahy�rV d�� Tmyqts� T`W� �� ­CAb� C = (ϕ, ψ) CAsm��  wky�

�yt��d�A�  d�m�� CAms�� (3)

ϕ(t) = t3/2, ψ(t) = t4/5

. (d) �kK�� ¨� Am� �}±� TWq� Y�� �¤¥§ CAs� w¡
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f : A −→ R �kt� :��CAsm�� �ym� Yl� T§Ahn�� Ty��d�¤ : T§r\� - 14-1.3

 wk§ �y�� R > 0 d�w§ ¢�� �q�� P0 ∈ R2
�kt�¤ , A ⊂ R2

�y�

. DR(P0) \ {P0} ⊂ A
CAs� ©±  A� �Ð� Xq�¤ �Ð� limP→P0

f(P ) = `

 wk� P0 Y�� �¤¥§ C = { (ϕ(t), ψ(t)) | t ∈ [0, 1] }
. limt→0 f(ϕ(t), ψ(t)) = `

. ` ∈ R T�A� ¨� T§r\n�� 
b�nF - A¡r�

C = { (ϕ(t), ψ(t)) | t ∈ [0, 1] } �CAs� @���¤ limP→P0
f(P ) = `  � |rf� =⇒  A¡r�

, t → 0 A�dn� (ϕ(t), ψ(t)) → P0  � �AtntF� �km§ ϕ, ψ �yt��d�� �AO�� �� . P0 Y�� �¤¥§

. limt→0 f(ϕ(t), ψ(t)) = ` ¨�At�A�¤

P1, P2, · · · ∈ DR(P0)\{P0}ªAq�¤ ε0 > 0 Ð� d�w§ limP→P0
f(P ) 6= ` �|rf�⇐=  A¡r�

Tmyqts� T`Wq� Pn+1 ¤ Pn �y� �O� ,| f(Pn)− ` | > ε0 Amny� de(Pn, P0) < 1/n �y��

�S� ,Pn = (xn, yn) �ky� :r��� T�d� .` Y�� £Cw} �¤¥� ¯ Amny� P0 Y�� �¤¥§ CAs� Yl� �O�n�

ϕ(t) =

{
n(n+ 1)(xn − xn+1)(t− 1/n) + xn t ∈ [ 1

n+1 ,
1
n ]

0 t = 0

ψ(t) =

{
n(n+ 1)(yn − yn+1)(t− 1/n) + yn t ∈ [ 1

n+1 ,
1
n ]

0 t = 0

Y�� © ¥§ Am� (ϕ(1/n), ψ(1/n)) = Pn  �¤ TlOt� ��¤ ϕ, ψ  � �Ab�� �hs�� ��

lim
t→0

f(ϕ(t), ψ(t)) 6= `

	s� ��Ð �t§¤ ,T§Ahn��  w�¤ �d� �Ab�� ¨� w¡ Tq�As�� T§r\nl� ¨FAF±� ��d�tF¯�

:Ty�µ� T�ytn��

�q�� P0 ∈ R2
�kt�¤ , A ⊂ R2

�y� f : A −→ R �kt� :T�yt� - 15-1.3

. DR(P0) \ {P0} ⊂ A  wk§ �y�� R > 0 d�w§ ¢��

�A�¤ P0 Y�� Amhn� �� �¤¥§C1 = (ϕ1, ψ1), C2 = (ϕ2, ψ2)�§CAs� d�¤ �Ð�

lim
t→0

f(ϕ1(t), ψ1(t)) 6= lim
t→0

f(ϕ2(t), ψ2(t))

.­ w�w� ry� limP→P0
f(P )  ��

:Tl��� - 16-1.3

�yt��d�A� �r`m�� CAsm�� w¡ Cm = (ϕ, ψ) �ky�¤ , P0 = O , f(x, y) =
xy

x2 + y2 �kt� (1)

ϕ(t) = t, ψ(t) = mt, m ∈ R

 � ^�®�

lim
t→0

f(ϕ(t), ψ(t)) = lim
t→0

mt2

t2 +m2t2
=

m

1 +m2
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limP→O f(P )  �� ¨�At�A�¤ CAsm�� �®t�A� �lt�� T§Ahn��  � ©� , m Yl� dmt`� Tmy� ¨¡¤

. ­ w�w� ry�

�yt��d�A� �r`m�� CAsm�� w¡ Ca = (ϕ, ψ) �ky�¤ , P0 = O , f(x, y) =
x2y3

x2 + y3 �kt� (2)

ϕ(t) = t, ψ(t) = 3
√
at4 − t2, a ∈ R

 � ^�®�

lim
t→0

f(ϕ(t), ψ(t)) = lim
t→0

t2(at4 − t2)
t2 + at4 − t2

=
−1

a

limP→O f(P )  �� ¨�At�A�¤ CAsm�� �®t�A� �lt�� T§Ahn��  � ©� , a Yl� dmt`� Tmy� ¨¡¤

. ­ w�w� ry�

¨l§ Amy� T�y�O�� T�A�³� rt�� .Tl·F� 17.3


�A� �Ð� T�r`�  wk� P0(x0, y0) dn� f(x, y) T��d�� T§Ah� (1)

P0 ∈ dom(f) ( ) dom(f) � T§ ¤d� TWq� P0( )

dom(f) � Tyl�� TWq� P0( ) dom(f) � ���r� TWq� P0 ( )

P0(x0, y0) dn� f(x, y) T��dl� T§Ah�  w�¤ (2)

. y �k� limx→x0 f(x, y) T§Ahn��  w�¤ �zlts§ ( )

. P1 ∈ dom(f) �k� limP→P1 f(x, y) T§Ahn��  w�¤ �zlts§ ( )

. limx→x0 limy→y0 f(x, y) T§Ahn��  w�¤ �zlts§ ( )

. limx→x0 limy→y0 f(x, y) T§Ahn��  w�¤ �� �tn§ ( )

 �� limP→P2 f(P ) = `2 ¤ limP→P1 f(P ) = `1 
�A� �Ð� (3)

`1 6= `2 �zlts§ P1 6= P2( ) P1 = P2 �zlts§ `1 = `2( )

P1 = P2 �zlts§ `1 6= ` ( ) P1 6= P2 �zlts§ `1 6= ` ( )

.�§CAm� 18.3

­AW`m�� TWqn�� dn� Ty�µ� ��¤d�� �� �� T§Ah� xC � (1)
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.a, b ∈ R �y� P0(x0, y0) dn� f(x, y) = ax+ by (�)

.P0 = (0, 0) dn� f(x, y) =
x

x− y
(
)

.P0 = (1, 1) dn� f(x, y) =
(x− 1)2

x2 − y2
(�)

.P0 = (1,−1) dn� f(x, y) =
x3 − 1
x3 + y3

( )

.P0 = (0, 0) dn� f(x, y) =
x2y2

x4 + y2
(£)

.P0 = (0, 0) dn� f(x, y) =
x2y3

x4 + y3
(¤)

.P0 = (0, 0) dn� f(x, y) =
xy2

x3/2 + y2
(E)

.α, β > 0 �y� P0 = (0, 0) dn� f(x, y) =
xαyβ

x2α + y2β
(�)

.P0 = (0, 0) dn� f(x, y) = cos(
x2

x2 + y2
) sin(

x3

x2 + y2
) (ª)

.P0 = (0, 0) dn� f(x, y) = cos(x+ y) sin(
x2

x2 + y2
) (©)

.P0 = (0, 0) dn� f(x, y) = cos(
x2

x2 + y2
) sin(x+ y) (A§)

.P0 = (0, 0) dn� f(x, y) = cos(
x2

x2 + y2
) tan(x+ π/4) (	§)

�y�� M  d� d�¤ �Ð� B ⊂ A Yl� ­ ¤d�� A ⊂ RN
�y� f : A −→ R T��  � �wq� (2)

∀P ∈ B : | f(P ) | ≤M

f  wk� �y�� Br(P0) ­r� d�w§ ¢��� P0 dn� Tyqyq� T§Ah� Ah� T��d�� 
�A� �Ð� ¢�� �¡r�

. Br(P0) ∩A Yl� ­ ¤d��

 �� limP→P0 g(P ) = 0 ¤ A Yl� ­ ¤d�� T�� f 
�A�¤ f, g : A −→ R 
�A� �Ð� ¢�� �¡r� (3)

. limP→P0 f(P )g(P ) = 0
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