
T§rt��CAb�� �Ayn�nm�� 3.1

�Ayn�nm��

�yt� A`m� «wtsm�� ¨� �yqtsm�� X��� �� ryb`t�� �yWts� An�� ��As�� �Of�� ¨� An§�C
:­CwO�� Yl� �yt§rt��CA�

x = x0 + λa, y = y0 + λb, λ ∈ R
�¯ A`� �®��  A`�±� ¨�®� ��rf�� ¨� �yqtsm�� X��� �� ryb`t�� �km§ ��@�¤

.T§rt��CA�
RN ¤� R3 ¤� R2 ��rf�� ¨� Yn�n� �� ¾A�wm� ryb`t�� �yWts� An�� Tqyq��� ¨�

:¨�At�� �A�m�� rn�¤ ,T§rt��CA� �¯ A`m�
:Tl��� - 1-1

�w·sm�� xdnhm�� .rt� 36000 :A¡rW� �wV ­r¶� �kJ Yl� ��CAys�� �Abs� CAmS� �®}� �t§ (1)
�§rV �� ��Ð¤ ­r¶�d�� z�r� Ahl}� TWq� ¨t�� T§zy�CAk�� �Ay��d�³A� �®}³� �§r� ��w�  d�§

:�yt� A`m��

[0, 2π[3 θ , y = 18000 sin θ , x = 18000 cos θ

.­r¶�dl� ¾A§rt��CA� ¾®y�m�  AyW`� �yt� A`m�� �y�A¡

�Ay��d�� T�µ� �l�  d�� ,�Abs�� T`�Atm� Tym�C T�� 
�d�tF� ��As�� CAmSm�� Hf� ¨� �AbF ¨� (2)
:�¯ A`m�A� ºdb�� TWq� �� rt� s d`� Yl� TWq�

[0, 36000π[3 s , y = 18000 sin(
s

18000
)− 18000 , x = cos(

s

18000
)

.­r¶�dl� r�� ¾A§rt��CA� ¾®y�m� �yt� A`m�� �y�A¡ ¨W`�

:�¯ A`m�A� YW`� T�rs� ©r�§ z¶Af��  A� �Abs�� Hf� ¨� (3)

[0, 585.37[3 t , y = 18000 sin(2+
t2

80000
)−18000 , x = 18000 cos(2+

t2

80000
)

Hfn� ¾Aflt�� ¾A§rt��CA� ¾®y�m� ¨W`� �¯ A`m�� £@¡ ,�Abs�� ºd� �� ¨��w��A� ��z�� ��m� t �y�
.­r¶�d��

R2 ¨� ­d�w�� ­r¶� Yn�n� ��m� Ty�At�� T��d�� (4)

F(t) =

{
(1− 4t,

√
8t− 16t2) t ∈ [0, 1/2]

(4t− 3,−√24t− 16t2 − 8) t ∈ [1/2, 1]

�yty�At�� �yt��d�� �� �� (5)

t ∈ [0, 1] �y� F(t) = (t + 1, 2t− 1, t), G(t) = (t2 + 1, 2t2 − 1, t2)

.Q(2, 1, 1) ¤ P (1,−1, 0) �y� Tl}�w�� Tmyqtsm�� T`Wq�� ��m§
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¨�At�� �kK�A� ��m§ t ∈ [0, 1] �y� F(t) = (cos 6πt, sin 6πt, 6πt) Yn�nm�� (6)
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©wts� Yn�n� w¡ t ∈ [0, +∞[ �y� F(t) = (e−t cos 4t, e−t sin 4t, 0) Yn�nm�� (7)
 ¤zl��� ��m§¤
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�RAft�� �y¡Af� {`b� �At�� �Ayn�nm�� TF�Cd�

�Sn�¤ , ­rt� I �y� F : I −→ R3 �kt� :�§r`� - 2-1
F(t) = (x(t), y(t), z(t))

.F Yn�nm�� TqtK� ¨¡ F′(t) = (x′(t), y′(t), z′(t)) (�)

.�\tn� Yn�n� F Yn�nm��  � �wq� An��� t ∈ I �k� F′(t) 6= −→
0 
�A� �Ð� (
)

A§rt�CA� ��m� Yn�nm��  � �wq� An��� t ∈ I �k� ‖F′(t)‖ = 1  A� �Ð� (�)
.xwq�� �wW�

¨FAmm�� ­d�w�� ¢�t� Yms� T (t) = F′(t)/ ‖F′(t)‖ Th�tm�� T��d�� ( )
.Yn�nml�

¨� Tyqyq��� T��d�� , xwq�� �wW� A§rt��CA� ��m�¤ �\tn� Yn�n� F�ky� (£)
.Yn�nm�� ºAn��� Yms� k(t) = ‖T ′(t)‖ d��¤ ry�t�
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T�®`�A� YW`§ t ∈ [a, b] A�dn� Yn�nm�� �wV  �� F(t) = (x(t), y(t), z(t)) 
�A� �Ð�

L =

∫ b

a

‖F′(t)‖ dt =

∫ b

a

√
(x′(t))2 + (y′(t))2 + (z′(t))2 dt

.��As�� �§r`t�� ¨� �Aymst�� «z�� �@¡ �Rw§¤
:Tl��� - 3-1

 At��d�� (1)
t ∈ [0, 1] �y� F(t) = (t + 1, 2t− 1, t),

t ∈ [0,
√

6] �y� G(t) = (
1√
6
t + 1,

2√
6
t− 1,

1√
6
t)

 � d�� TqtKm�� 
As��¤ ,Tmyqtsm�� T`Wq�� Hf�  ®�m�

‖F′(t)‖ =
√

6 6= 1, ‖G′(t)‖ = 1

. xwq�� �wW� A§rt��CA� Tmyqtsm�� T`Wq�� ��m� ¨t�� ¨¡ Xq� G  � ©�
. G Yn�nm�� T�AqtF� �� �@¡ rb`§¤ , k(t) = 0 w¡ G ºAn���

��m� t ∈ [0, 6
√

2π] �y� F(t) = ( 1
6
√

2π
cos 6πt, 1

6
√

2π
sin 6πt, 1√

2
t) Yn�nm�� (2)

.Yn�nm�� �kJ �� ��Ð �Cd�  � �¤A� .
�A� k(t) = 18π2 £¦An���¤ , xwq�� �wW� A§rt��CA�

A§rt��CA� ��m� Hy� t ∈ [0, +∞[ �y� F(t) = (e−t cos 4t, e−t sin 4t, 0) Yn�nm�� (3)
.Yn�nm�� �wW�

. T (t) = (− 1√
17

(cos 4t + 4 sin 4t), 1√
17

(− sin 4t + 4 cos 4t), 0)  wk§¤

.�§CAm� 4.1

­d�¤ ¢�t� −→u �ky�¤ ¨�®��� ��rf�� ¨� Yn�n� F(t) �ky� (1)

? t �k� F(t) .−→u = 0  A� �Ð� Yn�nm�� �� �l`� �ÐA� (�)
(
�A� c �y�) ?t �k� F(t) .−→u = c  A� �Ð� Yn�nm�� �� �l`� �ÐA� (
)

? 0 < a < 1 
�A� a �y� t �k� F(t) .−→u = a ‖F(t)‖  A� �Ð� Yn�nm�� �� �l`� �ÐA� (�)

 � �¡r� ,  Aty¡A���  At�� F,G : I −→ R3 �ky� (2)

.(F + G)′(t) = F′(t) + G′(t) (�)
.(F(t) .G(t))′ = F′(t) .G(t) + F(t) .G′(t) (
)

.(F(t)×G(t))′ = F′(t)×G(t) + F(t)×G′(t) (�)

Ty�µ� T§rt��CAb�� �Ayn�nm�� �� �k� ºAn��¯�¤ ©rt��CAb�� �y�mt�� xC � (3)

.t ∈ [0, 1] �y� F(t) = (t2, 2t2 + 3, 3t2) (�)
.t ∈ [−1, 0] �y� F(t) = (t, (t + 1),

√
1− (t + 1)2 − t2) (
)

.t ∈ [−6−12
√

3
13 , −6+12

√
3

13 ] �y� F(t) = (t, (t + 1),
√

1− (t + 1)2/4− t2/9) (�)
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.t ∈ [0, +∞[ �y� F(t) = (t, (t + 1),
√

1 + (t + 1)2 + t2) ( )
.F(t) = (t, 2(t + 1),

√
1− 4(t + 1)2 + t2) (£)

.F(t) = (t2, (t + 1), 1− (t + 1)2 + (t− 1)2) (¤)
.F(t) = (t, sin t, csc t) (E)

. 1/r ©¤As§ 
�A� A¡¦An���  wk§ r A¡rW� �O� ¨t�� ­r¶�d��  � �¡r� (4)

.(t,
√

1− t2/2, 0) P�An�� �Wq�� ºAn��� d�¤� (5)

.c , w , r T�¯d� (r coswt, r sinwt, ct) �lm�� ºAn��� xC � (6)

YW`� ¨syVAn�� �A�� ¨� −→v T�rs� �r�t§ q Ty�rh� Tn�K�  w�K�¤ m ¢tlt� �ys� (7)
­CwO�� Yl�  d�t� �ys��� Yl� ­r�¥m�� ­wq�� , −→B = (0, 0, b) ¢�tm�A�

ºwS�� T�rF ¨¡ c �y� −→
F = (q/c)−→v ×−→B

.CAsml� AyFdn¡ Af}¤ X��¤ , ��z�� ¨� T��d� σ(t) �ys��� CAs� d�¤�

X� �� ­CAb� Yn�nm��  �� , Am¶� rfO�� ©¤As§ A� Yn�n� ºAn���  A� �Ð� ¢�� �¡r� (8)
. �yqts�

RN �� Ty¶z��� �A�wm�m�� 4.1

AnRr� ¨� z�rnF¤ RN ¨� Ty¶z��� �A�wm�m�� Q�w� {`� �Of�� �@¡ ¨� |r`nF
�y¡�rb�� �� CA��³�  ¤ Ahyl� Tl���¤ TyFAF±� �y¡Afm�� �§dq� Yl�

­ ¤d�m�� ry�¤ ­ ¤d�m�� �A�wm�m��

�Ð� bounded set ­ ¤d�� T�wm�� A  � �wq� , A ⊂ RN �kt� :�§r`� - 5-1

.A ⊂ Br(P ) �y�� r > 0  d�¤ P TWq� d�¤
:­ ¤d�m�� �A�wm�m�� Q�w� - 6-1

Yl� �q� ¨t�� ªAqn�� T�wm�� Amny� ,­ ¤d�� T�wm��  wk§ �yWts� ©�¤ Qr� ©� :R2 ¨� (1)
.­ ¤d�� 
sy� X Cw��

.­ ¤d�� A¡C¤d� B  �� B ⊂ A 
�A�¤ ­ ¤d�� T�wm�� A 
�A� �Ð� (2)

.­ ¤d�� A ∪B  �� ­ ¤d�� T�wm�� B , A �� �� 
�A� �Ð� (3)

 A� �Ð� Xq�¤ �Ð� ­ ¤d��  wk� A ⊂ RN T�wm�� ©� (4)

sup{ de(P,Q) |P,Q ∈ A } < +∞
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Q�w��� {`� �¡rbnF - A¡r�

�S� , �yWtsm�� �d`� Am¡ a, b ¤ ¢§rW� �VAq� TWq� ¨¡ P �kt�¤ , �yWts� R �ky� (1)
, (�kK�� r\��) de(P, Q) ≤ r0  wk§ Q ∈ R ©±  � ^�®�  � �hs�� �m� r0 =

√
a2 + b2/2

.­ ¤d�� T�wm�� R  � 
b�§ A� w¡¤ R ⊂ Dr(P )  � �q�t§ r > r0 ©± ¨�At�A�¤

P

B
r
(P)

r
0

�y� A ∪ B ⊂ Bt(P )  wky� . B ⊂ Bs(Q) , A ⊂ Br(P ) �kt� (3)
:¨�At�� �kK�A� �Rw� w¡ Am� t = r + s + de(P, Q)

P

Q

r

s
t

Tql�m��¤ T�wtfm�� �A�wm�m��
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, P ∈ RN �kt�¤ A ⊂ RN �kt� :�§r`� - 7-1

�y�� r > 0  d� d�¤ �Ð� A ¨� interior point Tyl�� TWq� P  � �wq� (�)
.Br(P ) ⊂ A

:r > 0  d� ©±  A� �Ð� A � boundary point T§ ¤d� TWq� P  � �wq� (
)
.Br(P ) 6⊂ RN \ A AS§�¤ Br(P ) 6⊂ A

ªAq� A¡r}An� �ym� 
�A� �Ð� open set T�wtf� T�wm�� A  � �wq� (�)
.Ahy� Tyl�� 

.T§ ¤d��� AhVAq� �ym� �wt�� �Ð� closed set Tql�� T�wm�� A  � �wq� ( )

:Tql�m��¤ T�wtfm�� �A�wm�ml� TyFAF±� Q�w��� {`� - 8-1

Qrq�� ªAq� ¨¡ r £rW� �O�¤ P £z�r� Qr� ©± Tyl��d�� ªAqn�� (1)
. Dr(P ) �wtfm��

T`��w�� ªAqn�� ¨¡ r £rW� �O�¤ P £z�r� Qr� ©± T§ ¤d��� ªAqn�� (2)
.Qrq�A� TWy�m�� ­r¶�d�� Yl�

T�wm�� w¡ �l�m�� Qrq��¤ T�wtf� T�wm�� w¡ �wtfm�� Qrq�� (3)
.Tql��

. T�wtf� T�wm�� w¡ T�wtfm�� �A�wm�m�� ��  d� ©�  A��� (4)
. T�wtf� T�wm�� w¡ �yt�wtf� �yt�wm�� �VAq� (5)

. Tql�� T�wm�� w¡ T�wtf� T�wm�� ©� �mk� (6)
. Tql�� T�wm�� w¡ Tql�m�� �A�wm�m�� ��  d� ©� �VAq� (7)

. Tql�� T�wm�� w¡ �ytql�� �yt�wm��  A��� (8)
. ry�k�� Ahl��¤ , Tql�� ¯¤ T�wtf� 
sy� Q×Q T�wm�m�� (9)

-¹CAql� �§rmt� �¤rt�  A¡rb��

:Tl��� - 9-1

.T�wtf� T�wm�� R2 \∆ Ahtlmk�¤ , Tql�� ∆ = { (x, y) ∈ R2|x = y } T�wm�m�� (1)
�yqtsm�� X���¤ P �y� T�Asm��) r = d(P, ∆)  � ^�®�¤ P ∈ R2 \∆ @��� ��Ð �Ab�³
¨� Tyl�� TWq� P  � 
b�§ A� w¡¤ ,R2 \∆ Dr(P ) ⊂ R2 \∆  �¤ , Tb�w�  wk� (∆
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T�wm�m��  Ð� ,Tyl�� TWq� ¨¡ T�wm�m�� £@¡ ªAq� �� TWq� ©�  �  Ð� Antb�� .R2 \ ∆
.T�wtf�

TWq� ¨¡ c ≤ y < d �y� (b, y) TWq� ©�  ± ,Aql�� Hy� A = [a, b[×[c, d[ �yWtsm�� (2)
¨� r}An� ¨¡ c ≤ y < d �y� (a, y) ­CwO�� Yl� ªAqn�� AS§� .Ah� ¨mtn� ¯¤ A � T§ ¤d�

. T�wtf� 
sy� A ¨�At�A� ,Tyl�� ªAq� 
sy� Ahnk� A

@��� ��Ð �Ab�³ , T�wtf� T�wm�� A = { (x, y, z) ∈ R3 | x, y, z > 0 } T�wm�m�� (3)
Br(P ) ⊂ A ¤ r > 0  � d�n� r = min(x0, y0, z0) �S�¤ P (x0, y0, z0) ∈ A

 ± ��Ð¤

Q(x, y, z) ∈ Br(P ) =⇒
√

(x− x0)2 + (y − y0)2 + (z − z0)2 < r

=⇒ | x− x0 | < r & | y − y0 | < r & | z − z0 | < r

=⇒ | x− x0 | < x0 & | y − y0 | < y0 & | z − z0 | < z0
=⇒ x > 0 & y > 0 & z > 0

¨l§ Amy� T�y�O�� T�A�³� rt�� .Tl·F� 10.1
R2 ¨� ­ ¤d�� T�wm�� ©� (1)

Qr� ¨¡ ( ) A}r� 
sy� ( )
�wtf� Qr� ©wt��( ) Qr� ¨� ­�wt��( )

R3 ¨� Tyhtn� T�wm�� ©� (2)
­ ¤d��  wk� ( ) T�wtf�  wk�( )
­r� �� ­CAb� ¨¡( ) Tql��  wk� ¯( )

RN ¨� Tql�� T�wm�� ©� (3)
T�wtf�  wk�  � �km§ ¯ ( ) T�wtf� T�wm�� ©wt��( )
T�wtf� T�wm�� �� �ºz�  wk�( ) Ty�A� ry�  wk� ( )

RN ¨� T�wtf� T�wm�� ©� (4)
Tql��  wk�  � �km§ ¯ ( ) Tql�� T�wm�� ©wt��( )
Tql�� T�wm�� �� �ºz�  wk�( ) Ty�A� ry�  wk� ( )

.�§CAm� 11.1

­ ¤d�� ry� �� ­ ¤d�� Ty�µ� �A�wm�m�� �� �� 
�A� �Ð� A� xC � (1)

A = { (x, y) ∈ R2 |x2 + y2 = 1 } (�)
A = { (x, y) ∈ R2 |x2 + y3 = 1 } (
)

A = { (x, y) ∈ R2 |x < y } (�)
A = { (r, θ) ∈ R2 | r > 1, θ < π } ( )

A = { (x, y, z) ∈ R3 | z = x2 + y2 + 1 } (£)
A = { (x, y, z) ∈ R3 | |x− y | < z < 1 } (¤)

A = { (ρ, θ, ϕ) ∈ R3 | ρ < ϕ } (E)
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.­ ¤d�� ry�¤ Tql�� T�wm��  wk§ R3 ¨� «wts� ©�  � �¡r� (2)

.Ty�At�� �A�wm�m�� �� �k� T§ ¤d��� ªAqt�� �ym� d�¤� (3)

A = { (x, y) ∈ R2 |x2 + y2 = 1 } (�)
A = { (x, y) ∈ R2 | − 1 < x + y < 1 } (
)

A = { (r, θ) ∈ R2 | r ≥ 1, | θ − π | < π/4 } (�)

A = { (x, y) ∈ R2 | 0 < y < sin(1/x), 0 < x } ( )
A = { (x, y) ∈ R2 | sin(x + y) = 0 } (£)

A = { (x, y, z) ∈ R3 |x2 + y2 < | z | ≤ 1 } (¤)

.��Ð ry� ¤� Tql�� ¤� T�wtf� Ty�At�� �A�wm�m�� �� �� 
�A� �Ð� A� xC � (4)

A = { (x, y) ∈ R2 |x2 + y2 = 1 } (�)
A = { (x, y) ∈ R2 | − 1 < x + y < 1 } (
)

A = { (x, y) ∈ R2 | |x |+ | y | < 1 } (�)

A = { (x, y) ∈ R2 | max(|x + 1 | , | y − 1 |) ≤ 2 } ( )
A = { (r, θ) ∈ R2 | r ≥ 1, | θ − π | < π/4 } (£)

A = { (x, y) ∈ R2 | 0 < y < sin(1/x), 0 < x } (¤)
A = { (x, y) ∈ R2 | sin(x + y) = 0 } (E)

A = {P ∈ R2 | −−→OP .
−−−−→
(1,−1) = 0 } (�)

A = {P ∈ R2 | −−→OP .
−−−→
(1, 1) = −1 } (ª)

A = { (x, y, z) ∈ R3 |x2 + y2 < | z | ≤ 1 } (©)

A = { (x, y, x) ∈ R3 | x
2

4
+

y2

9
+ z2 = 1 } (A§)

B = { (x, y) ∈ R2 | (x, y, 0) ∈ A } 
�A�¤ R3 ¨� T�wtf� T�wm�� A 
�A� �Ð� ¢�� �¡r� (5)
?Tql�m�� �A�wm�ml� Th�AK� T�yt� �Ab�� �km§ �¡ .R2 ¨� T�wtf� T�wm�� B  ��

¨�Ayb�� Ahly�m�¤ ��ry�t� T�®�¤ �§ry�t� ¨� ��¤d�� 5.1

TF�C �®� �� d��¤ ry�t� ¨� Tyqyq� T�� ©� Q�w� Yl� �r`t�  �  At`m�� ��
¢sf� ¸yK�� �`f�  � �km§ �§ry�t� ¨� T��d�� T�A� ¨�¤ ,() T��d�� �lt� ¨�Ayb�� Yn�nm��
�y��  A`�±� ¨�®� ��rf�� ¨� ªAqn� T��d�� ��m� �y� T��dl� ��mm�� �Ws�� �� ��A`t�A�
.�y�¤±� �yy��d�³A� ��mm�� rOn`�� dn� T��d�� Tmy� w¡ TWqnl� ¨F�r�� ¨��d�³�  wk§
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f T��dl� ��mm�� �Ws�� , A ⊂ R2 �y� f : A −→ R �kt� :�§r`� - 12-1
ªAqn�� T�wm�� w¡ (graph of f )

.G(f) = { (x, y, z) ∈ R3 | (x, y) ∈ A&z = f(x, y) }
ªAqn�� T�wm��  �� A ⊂ R3 �y� f : A −→ R
�A� �Ð� : ��m�A�

.G(f) = { (x, y, z, t) ∈ R3 | (x, y, z) ∈ A&t = f(x, y, z) }
. T��dl� ¨�Ayb�� �y�mt�� Yms�

, ��¤dl� Tl�mm�� �wWs�� �Fr�  � 	FA��� Yl� ¨�Ayb�� �Fr�� ���r� ��d�tFA� �km§
�A�wFr�� �lt� Tl��±� {`� ¨l§ Amy� «r�¤

�Ayn�n� ¨¡¤ |Af��¯�¤ �Af�C¯� �Ayn�n� �®� �� �wWs�� �l� TF�C AS§� �km§
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, Tflt�� �A�Af�C� Yl� Tyq�� �A§wts� �� T��dl� ��mm�� �Ws�� �VAq� ��m�

Ck(f) = { (x, y) ∈ A | f(x, y) = k }
.|Af��¯�¤ �Af�C¯� �Ayn�n� TWF�w� �Ws�� Yl� �r`t�� Tyfy� Ty�At�� Tl��±� �yb�¤

:Tl��� - 13-1

d�n� ,|Af��¯�¤ �Af�C¯� �Ayn�n� xCd�¤ k > 0 @��� , f(x, y) =
√

a2x2 + b2y2 �kt� (1)

Ck(f) = { (x, y) ∈ A | a2x2 + b2y2 = k2 }
TWq� £z�r� P�A� �W� ��m� T� A`m�� £@¡  � Tylyl�t�� TFdnhl� Tq�As�� AntF�C �� �l`�¤

k/b ¤ k/a ¢§Cw�� ��wV�¤ �}±�

w¡ T��dl� ��mm�� �Ws��  � d�� AhS`� �w� T}w}r� 
�A� w� Am� �Ayn�nm�� £@¡ �Fr�¤
. P�A� �W� �kJ Yl� ¨q�±� ¢`Wq�¤ z Cw�� w¡ £Cw��¤ �}±� TWq� dn� ¢F�C �¶A� ª¤r��

­CwO�� Yl� TO�A� �wW� �� ­CAb� Ah� |Af��¯�¤ �Af�C¯� �Ayn�n�  � �l`� T�� An§d�  � |rf� (2)

Ck(f) = { (x, y) ∈ A | a2x2 + b2y2 = k }
√

k �� 	FAnt� P�An�� �Wq�� C¤A�� ��wV�  � ¨� ��As�� �A�m�� �� �Ayn�nm�� £@¡ �lt��
�km§ AS§� , f(x, y) = k = a2x2 + b2y2 �Rw� T��d��  A�§� �km§¤ , k �� Hy�¤
�yt� A`m�� ��� ax + by = 0 ¨F�r�� «wtsm�� �� T��d�� £@h� ��mm�� �Ws�� �VAq�  A�§�
T� A`m�� �q�§ �VAqt�� Yn�n�  � d�n� A`� z = a2x2 + b2y2 , αx + βy = 0, β 6= 0

z = (a2 +
b2β2

α2 )x2

�WF w¡ f T��dl� ��mm�� �Ws��  � �tnts� ��Ð �� , «wtsm�� ¨� ¸�Ak� �W� T� A`� ¨¡¤
. ¨O�A� �Wq� ¤Ð ¨·�Ak�
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