
{§w`t�A� ��Akt��¤ �®§w�t�� 3.4

w� :®�� ,��Akt�� Yl� ��ry�tm�� �§w�� ry��� xCd�  � ��Akt�� 
As� ¨� �hm�� ��
f(x, y) �� ryb`t�� A� C�¤ D ⊂ R2 TqWn� Yl� ��Aktl� Tl�A� f(x, y) T�� An§d� 
�A�
¨� ��Akt� ��Akt�� Tmy� 	s�� �yk� x = r cos θ, y = r sin θ TybWq�� �Ay��d�³A�

?(r, θ)
�yWts� Yl� f(x, y) T��d�  Am§C �A`ym�� 
As� ­ A��� �dbnF ��¥s�� �@¡ Yl� T�A�²�
Mk,j[xk−1, xk]× [yj−1, yj] ry�} �yWts� @��n� .TybWq�� �Ay��d�³A� {§w`t�� d`� M
,(r cos θ, r sin θ) ∈ D  � �q�� ¨t�� (r, θ) Tb�rm�� ��¤E±�xCdn�¤ ,M �P T¶z�� ��

¨� ¢�Cw}  wk� [ri−1, ri] × [θl−1, θl] ©r¶�d�� �Wqm�� ¨� (r, θ) ��  � d�n�
Ab§rq� ©¤As� ©r¶�d�� �Wqm�� T�As�  � AS§� �R�w�� �� ,Mk,j ry�O�� �yWtsm��
,(ri + ri−1)(ri − ri−1)(θl − θl−1)/2 ¨¡ �Wqm�� �@¡ T�As�¤ Mk,j �yWtsm�� T�As�

	tk�  �  Ð� Annkm§

R(f,P) ≈
∑

i

∑

l

f(ri−1 cos θl−1, ri−1 sin θl−1)(ri+ri−1)(ri−ri−1)(θl−θl−1)/2

:Ty�At�� T§r\n�� ��Ð �� �tnts�¤
T�� f �kt� :TybWq�� �Ay��d�²� ¨¶An��� ��Akt�� �§w�� T§r\� - 1-3.4
�kt�¤ ,D ⊂ R2 ­ ¤d�� T�wm�� Yl� ��Aktl� Tl�A�

 �� .E = { (r, θ) | (r cos θ, r sin θ) ∈ D }
∫ ∫

D

f(x, y) d(x, y) =

∫ ∫

E

f(r cos θ, r sin θ) r d(r, θ)

­CwO�� Yl� f T��dl�  Am§C �ym�� 	tk� :�bF Am� --- . A¡r�

R(f,P) =
∑

j,k

f(Qj,k) Area(Mk,j)

=
∑

i

∑

l

f(ri−1 cos θl−1, ri−1 sin θl−1)(
ri + ri−1

2
)(ri − ri−1)(θl − θl−1)
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.rk,j = ri+ri−1

2 , Qk,j = (rk,j cos θk,j, rk,j sin θk,j) �y�
T��dl�  Am§C �ym�� £CAbt�� �km§ �ym�t�� �@¡  � ^�®�¤

g(r, θ) = r f(r cos θ, r sin θ)

.
wlWm�� �tn§ ��Ð �� .E Yl�

:Tl��� - 2-3.4


As� �hs�� �� .D = {(x, y)|x ≥ 0, x2 + y2 ≤ 1} ,f(x, y) =
√

x2 + y2 �kt� (1)
:TybWq�� �Ay��d�³� Y�� �§w�t�A� D Qrq�� �O� Yl� f ��Ak�

∫ ∫

D

f(x, y)d(x, y) =

∫ 1

0

∫ π

0
f(r cos θ, r sin θ)r dθdr

=

∫ 1

0

∫ π

0
r2 dθdr = π/3.

∫ ∫
D f(x, y) d(x, y) ��Akt�� 
As�� ,D = D(0; R) ¤ g(x, y) = e−(x2+y2) �kt� (2)

:TybWq�� �Ay��d�²� �§w�t�� �d�ts�

∫ ∫

D

f(x, y)d(x, y) =

∫ R

0

∫ 2π

0
f(r cos θ, r sin θ)r dθdr

=

∫ R

0

∫ 2π

0
re−r2

dθdr = π(1− e−R2

).

:( A¡r�  ¤d� An¡ AhyW`� ¨t��) Ty�At�� T�A`�� T§r\n�� �� T}A� T�A� Tq�As�� T§r\n��

��Aktl� Tl�A� T�� f �kt� :�§ry�t� ¨� T��d� {§w`t�A� ��Akt�� T§r\� - 3-3.4
Tl�A� Tl§w�� T : E −→ R2 �kt�¤ ,D ⊂ R2 ­ ¤d�� T�wm�� Yl�

:�y� E Yl� �AqtJ®�

E = T−1(D) = { (u, v) |T (u, v) ∈ D }.
 �� (u, v) ∈ E �k� ­ÐAJ ry� T Tl§w�tl� ¨�w�A� T�wfO� 
�A� �Ð�

∫ ∫

D

f(x, y) d(x, y) =

∫ ∫

E

f(T (u, v)) | det(J(T )(u, v)) | d(u, v)

:¨�®��� ��Aktl� Tl�Am� T§r\� ��@� An§d�¤

97



Tl�A� T�� f �kt� :��ry�t� T�®� ¨� T��d� {§w`t�A� ��Akt�� T§r\� - 4-3.4
Tl§w�� T : E −→ R3 �kt�¤ ,D ⊂ R3 ­ ¤d�� T�wm�� Yl� ��Aktl�

:�y� E Yl� �AqtJ®� Tl�A�

E = T−1(D) = { (u, v, w) |T (u, v, w) ∈ D }.
 �� (u, v) ∈ E �k� ­ÐAJ ry� T Tl§w�tl� ¨�w�A� T�wfO� 
�A� �Ð�

∫ ∫ ∫

D

f(x, y, z) d(x, y, z)

=

∫ ∫ ∫

E

f(T (u, v, w)) | det(J(T )(u, v, w)) | d(u, v, w)

,Tt�A�  wk� T TyW� Tl§w�t� ¨�w�A� T�wfO�  � T\�®m�¤ �A§r\n�� £@¡ ��¤
:�tnts� An���

:�w���� ¤� �A�Asm�� �y� ¾AbFAn� ��m§ TyW��� Tl§w�t��  d�� :T�yt� - 5-3.4

Tl§w�� T : R2 −→ R2 �kt�¤ ,T�As� ��Ð TqWn� D ⊂ R2 �kt� (�)
: �� ,TyW�

Area(D) = | det(J(T )) | Area(E)

:�y�
E = T−1(D) = { (u, v) |T (u, v) ∈ D }.

Tl§w�� T : R3 −→ R3 �kt�¤ ,��� ��Ð TqWn� D ⊂ R3 �kt� (
)
: �� ,TyW�

Vol(D) = | det(J(T )) |Vol(E)

:�y�
E = T−1(D) = { (u, v) |T (u, v) ∈ D }.

: Ahn� ¨W`� ­d§d� �AqybW� �A§r\n�� £@h�
:�AqybW� - 6-3.4

C(r, θ, z) = (r cos θ, r sin θ, z)�kt� :Ty��wWF¯� �Ay��d�³� ��d�tFA� ¨�®��� ��Akt�� 
As� (1)
:Tl§w�t�� £@h� ¨�w�A� T�wfO� 	s�� ,T§zy�CAk�� �Ay��d�²� Ty��wWF¯� �Ay��d�³� �� Tl§w�t��

J(C)(r, θ, z) =

(
cos θ −r sin θ 0
sin θ r cos θ 0

0 0 1

)

A¡ d��¤
det(J(C)(r, θ, z)) = r.
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 wk§ D ⊂ R3 TqWn� Yl� ��Aktl� Tl�A� f T�� ©± ¢��� ¨�At�A�
∫ ∫ ∫

D

f(x, y, z) d(x, y, z) =

∫ ∫ ∫

E

f(r cos θ, r sin θ, z)r d(r, θ, z).

.E = { (r, θ, z) | (r cos θ, r sin θ, z) ∈ D } �y�

�kt� ,��m�A� :T§¤rk�� �Ay��d�³� ��d�tFA� ¨�®��� ��Akt�� 
As� (2)

S(ρ, θ, φ) = (ρ cos θ sin φ, ρ sin θ sin φ, ρ cos φ)

:Tl§w�t�� £@h� ¨�w�A� T�wfO� 	s�� ,T§zy�CAk�� �Ay��d�²� T§¤rk�� �Ay��d�³� �� Tl§w�t��

J(S)(ρ, θ, φ) =

(
cos θ sin φ −ρ sin θ sin φ ρ cos θ cos φ
sin θ sin φ ρ cos θ sin φ ρ sin θ cos φ

cos φ 0 −ρ sin φ

)

A¡ d��¤
det(J(S)(r, θ, z)) = ρ2 sin φ

 wk§ D ⊂ R3 TqWn� Yl� ��Aktl� Tl�A� f T�� ©± ¢��� ¨�At�A�
∫ ∫ ∫

D

f(x, y, z) d(x, y, z)

=

∫ ∫ ∫

E

f(ρ cos θ sin φ, ρ sin θ sin φ, ρ cos φ)ρ2 sin φ d(ρ, θ, φ).

.E = { (ρ, θ, φ) | (ρ cos θ sin φ, ρ sin θ sin φ, ρ cos φ) ∈ D } �y�
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