
���r�� 
Ab��

 A`�±�  d`t� ��Akt��

T�Asml� 
As� Tylm� Ah��� d��¤ ry�t� ¨� Tyqyq� T��d� ��Akt�� Tylm� �}¤ �km§
�A�Asm��  � CAbt�¯� ¨� @�±� �� , X Cw�� �y�¤ T��dl� ��mm�� Yn�nm�� �y� ­CwO�m��
¢��� �§ry�t� ¨� T��d�� ��Ak� �}¤ �km§ ��m�A� . Tb�AF ­CAJ�� 	s�� Cw�m�� 
��
­rkf�� 
�A�¤ . XY «wtsm�� �y�¤ T��dl� ��mm�� �Ws�� �y� CwO�m�� ����� C�dq�

As�¤ ∆x �mF ��Ð Tqy�C �¶�rJ Y�� �s��� �ysq� ¨¡ �w���� 
As�� Y�¤±�
�kK� ¤� , ∆x ¨� T�¤rS� �A�Asm�� �l� �m�� �����  A�§� �� T�§rJ �� T�As�
��Akt��  A�§�� 
wlF±� �@¡ Yms§ ,x ¨� T�� A¡CAbt�A� T�Asml� ��Akt�� 
As�� r��
�l� ��Ak� �� �§ry�tm�� d�± Tbsn�A� ��Ak� ¨¡¤ T�Asm�� ¯¤� d�w� An�± ¨�Attm��

�lO� ¯ Tq§rW�� �l�  � �KtknF A�  A�rF �k� .r�µ� ry�tm�� ¨� T��d� T�Asm��
TlS`�  Ð� Anh��w� .¸yK�� {`� ­dq`� TFdn¡ ¤Ð T��d�� �AW�  A� w� �lO� ¯¤ T�� ©±

:Tl·F� ­d� Anyl� �rW�¤ ��Akt�� ��d�tFA� �w���� 
As�

�y�¤ �§ry�t� ¨� T��d� ��mm�� �Ws�� �y� CwO�m�� ����� 
As� �km§ �¡ (�)
?��Akt�� ��d�tFA� «wtsm��

?¨�Att� ��Akt� �§ry�t� ¨� T��d� ��Akt�� 
As� �yWts� �¡ (
)

?�§ry�t� �� r��± CAk�±� £@¡ �m`� �y� (�)

�rV d�w� �¡¤ ?ry�t� �� r��� ¨� �®�Akt�� 
As�� Tylm`�� �rW�� ¨¡ A� ( )
ry�t� ¨� ��¤dl� A¡Anml`� ¨t�� ¹z�t�A� ��Akt��¤ {§w`t�A� ��Akt�� �rW� ­rZAn�

?d��¤

?ry�t� �� r��� ¨� T��d� �AqtJ¯�¤ ��Akt�� �y� T�®`�� A� (£)

.Tl·F±� £@¡ �� �A�A�³� {`b� Ty�At�� �wOf�� ¨� �OnF

�yWts� Yl� ¨¶An��� ��Akt��¤ Ty�Attm�� �®�Akt�� 1.4

An§d�  � CwOt� Ahmh� �km§ ­rkf�� ,�§ry�t� ¨� T��d� ¨�Attm�� ��Akt�� TF�Cd� �dbnF
«wtsm��¤ T��dl� ��mm�� �Ws�� �y� CwO�m�� ����� 
As�� ,�§ry�t� ¨� f Tb�w� T�� 
Tmy� 
yb�t� ¨�wV �Wq� @��� �db� An��� M = [a, b] × [c, d] �yWtsm�� �w� XY

��Akt��  A�§�� �Wqm�� �@¡ T�As� 	s��¤ ,y0 ∈ [c, d]

A(y0) =

∫ b

a

f(x, y0) dx



��Akt�� 
As�� �wq� ��∫ d

c

A(y) dy

�y�A�m�� xCd� ­rkf�� £@¡ �yRwt� .
wlWm�� ����� ��Akt�� �@¡ ¨W`§  � ��wtm�� �m�
:�yy�µ�
:- 1-1.4

w¡ T��d�� £@h� ��mm�� �Ws�� , f(x, y) =
√

1− x2, y ∈ [0, 1], x ∈ [−1, 1] �kt� (1)
�kK�A� Am� Y Cw�� w¡ A¡Cw�� Tm¶A� T§r¶� T��wWF¯ ©wl`�� �On��
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A(y) �Wqm�� T�As� d�w�¤ y ∈ [0, 1] 
b��

A(y) =

∫ 1

−1
f(x, y) dx = π/2

y � Tbsn�A� ��Akt�A� ����� 	s�� ��

V =

∫ 2

0
A(y) dy = π.

T��d�� £@h� ��mm�� �Ws�� , f(x, y) = y
√

1− x2, y ∈ [0, 1], x ∈ [−1, 1] �kt� (2)
¨�At�� �kK�A� rh\§
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A(y) �Wqm�� T�As� 	s��¤ y ∈ [0, 2] 
b��

A(y) =

∫ 1

−1
f(x, y) dx = yπ/2

��Akt�A� ����� d�w� ��

V =

∫ 2

0
A(y) dy = π/4.

Tbsn�A� �� �§ry�tm�� d�± Tbsn�A� ­r� ��Akt�� º�r��  � �y�A�m�� �§@¡ �� rh\§
.XY «wtsm�� �y�¤ T��dl� ��mm�� �Ws�� �y� CwO�m�� ����� ¨W`§ r�µ� ry�tml�

.¨�Att� ��Ak� Yms� Tq§rW�� £@h� ��Akt�� º�r�� dn� T��An�� Tmyq��

M = [a, b]× [c, d] �ky� :�§ry�t� ¨� T��d� Ty�Attm�� �®�Akt�� :�§r`� - 2-1.4
T��d�� 
�A� �Ð� . ­ ¤d�� T�� f : M −→ R �kt�¤ , �yWts�
, y0 ∈ [c, d] �k� [a, b] ­rtf�� Yl� ��Aktl� Tl�A� f1(x) = f(x, y0)

 �� [c, d] ­rtf�� Yl� ��Aktl� Tl�A� A(y) =
∫ b

a f(x, y) dx T��d�� 
�A�¤
Tmyq��∫ d

c

A(y) dy =

∫ d

c

(∫ b

a

f(x, y) dx

)
dy

.M �yWtsm�� Yl� f T��dl� ¨�Att� ��Ak� Yms�
©± [c, d] ­rtf�� Yl� ��Aktl� Tl�A� f2(x) = f(x0, y) T��d�� 
�A� �Ð� :��m�A�
Yl� ��Aktl� Tl�A� B(x) =

∫ d

c f(x, y) dy T��d�� 
�A�¤ x0 ∈ [a, b] Tmy�
 �� [a, b]∫ b

a

B(x) dx =

∫ b

a

(∫ d

c

f(x, y) dy

)
dx

.M �yWts�� Yl� f T��dl� ¨�Att� ��Ak� AS§� Yms§
:A�A¡ ¯�¥F ry�§ A� w¡¤ ,�yWts� ©� Yl� T��dl�  Ay�Att�  ®�Ak� An§d�  � ^�®�
��  � Ð� 
A�§³A� T�A�³�  wk�  � ��wtm�� �� ?Tmyq�� Hf�  ®�Akt��  �@¡ ¨W`§ �¡
�k� XY «wtsm�� �y�¤ T��d�� �WF �y� CwO�m�� ����� ¨W`§  � d�¯ �yl�Akt�� ��
­ ¤d��¤ T�r`� f(x, y) T��  A�§� �km§ Ð� ,�wm`�� ¢�¤ Yl� A�y�} �@¡ Hy� �F°�

 Ay�Attm��  ®�Akt�� �� ®�  wk§¤ M = [a, b]× [c, d] �yWts� Yl�
∫ b

a

∫ d

c

f(x, y) dy dx,

∫ d

c

∫ b

a

f(x, y) dx dy

­r¡A\�� £@h� �A�� �y�� .Tmyq�� Hf�  AyW`§ ¯  ®�Akt�� �k� ,¾A�r`�
�kt�¤ M = [0, 1]× [0, 1] �ky� :�A¡ �A�� - 3-1.4

80



f(x, y) =





1
y2 A�dn� 0 < x < y < 1,

− 1
x2 A�dn� 0 < y < x < 1

0 ��Ð ry�
 � d�� rJAbm�� 
As��A�

∫ 1

0

(∫ 1

0
f(x, y) dx

)
dy = 1,

∫ 1

0

(∫ 1

0
f(x, y) dy

)
dx = −1.

.¨�Attm�� ��Akt�� �� �lt�§ ��Aktl� d§d� �§r`t� �At�� An��  Ð� ¤db§

M = [a, b] × [c, d] �ky� :�yWts� Yl� T��d� ¨¶An��� ��Akt�� �§r`� - 4-1.4
.­ ¤d�� T�� f : M −→ R �kt�¤ , �yWts�

¤ [a, b] ­rtfl� T¶z�� (x0, x1, · · · , xn) �kt� (�)
�®yWtsm�� T�wm�� , [c, d] ­rtfl� T¶z�� (y0, y1, · · · , ym)

T¶z�� Yms� { [xk−1, xk] × [yj−1, yj] |1 ≤ k ≤ n, 1 ≤ j ≤ m }
|P | = maxk,j(xk − xk−1)(yj − yj−1)  d`�� Yms§¤ .M �yWtsml�

T¶z�t�� �l� xAyqm�

T¶z��P = { [xk−1, xk]× [yj−1, yj] |1 ≤ k ≤ n, 1 ≤ j ≤ m }
�A� �Ð� (
)
 �� k, j �k� (ξk, ηj) ∈ [xk−1, xk] × [yj−1, yj] 
�A�¤ M �yWtsml�

�wm�m��

R(f,P) =
n∑

k=1

m∑
j=1

f(ξk, ηj)(xk − xk−1)(yj − yj−1)

.M Yl� f T��dl�  Am§C �ym�� Yms§

T�� f : M −→ R �kt�¤ , �yWts� M = [a, b] × [c, d] �ky� (�)
d�¤ �Ð� M �yWtsm�� Yl� ��Aktl� Tl�A� f T��d��  � �Aq§ .­ ¤d��
P T¶z�� ©±  � �q�� δ > 0 d�w§ ε > 0 �k� �y�� I ¨qyq�  d�

|P | < δ =⇒ |R(f,P)− I | < ε

¨¶An��� ��Akt�� Tmy� Yms§¤ ,¾�dy�¤ I  d`��  wk§ T�A��� £@¡ ¨�
z�r�A� ¢� z�r§¤ M �yWtsm�� Yl� f T��dl�
∫ ∫

M

f(x, y) dA
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:�A\�®� - 5-1.4

T�As� w¡ (xk − xk−1)(yj − yj−1) C�dqm�A� ,¾Am�� ��m§  Am§C �ym��  � �R�w�� �� (1)
r\n�� �km§ .f(ξk, ηj) �Af�C¯� ¨� 
¤rS� w¡¤ [xk−1, xk]× [yj−1, yj] ry�O�� �yWtsm��

.g TymlF T��d� ��Ak� ¢�� Yl� ����� �@h�

.T§Ahn�� Ty��d�¤ �Ab�� Tq§rV Hfn� Ah�Ab�� �km§ �§r`t�� ¨� Cw�@m�� I  d`�� Ty��d�¤ (2)

Tylfs��¤ T§wl`�� w�C� �A`ym�� �§r`� �km§ d��¤ ry�t� ¨� ��¤d�� T�A� ¨� Am�
�§ry�t� ¨� T��d�

T�� f : M −→ R�kt�¤ ,�yWts�M = [a, b]×[c, d]�ky� :�§r`� - 6-1.4
P = { [xk−1, xk] × [yj−1, yj] |1 ≤ k ≤ n, 1 ≤ j ≤ m } �kt�¤ .­ ¤d��
, Mk,j = sup(x,y)∈[xk−1,xk]×[yj−1,yj ] f(x, y) �ky�¤ ,M �yWtsml� T¶z��

.mk,j = inf(x,y)∈[xk−1,xk]×[yj−1,yj ] f(x, y)
 �C�dqm��

U(f,P) =
n∑

k=1

m∑

j=1

Mk,j (xk − xk−1)(yj − yj−1),

L(f,P) =
n∑

k=1

m∑
j=1

mk,j (xk − xk−1)(yj − yj−1)

f T��dl� ¨lfs�� w�C� �ym��¤ ©wl`�� w�C� �ym�� (	y�rt�� Yl�)  Ayms§
.M Yl�

An`R¤ �Ð� ��As�� �§r`t�� ¨�

g(x, y) =

{
mk,j A�dn� xk−1 ≤ x < xk, yj−1 ≤ y < yj

mn,m ��Ð ry�

h(x, y) =

{
Mk,j A�dn� xk−1 ≤ x < xk, yj−1 ≤ y < yj

Mn,m ��Ð ry�

Yl�  Att�A� ©�)  AtymlF  At�� g, h  �¤ g(x, y) ≤ f(x, y) ≤ h(x, y)  � d�� An���
 �¤ M Yl� ��Aktl� Tl�A� Amhn� ®�  � �Ab�� �hs�� ��¤ ,(¨¶z� �yWts� ��

.U(f,P) =

∫ ∫

M

h(x, y) dA, L(f,P) =

∫ ∫

M

g(x, y) dA

:w�C� �A`ym��  �rV� - T�A¡ T\�®� - 7-1.4
�kt�¤ ,­ ¤d�� T�� f : M −→ R �kt�

P = { [xk−1, xk]× [yj−1, yj] |1 ≤ k ≤ n, 1 ≤ j ≤ m }
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Q = { [sk−1, sk]× [tj−1, tj] |1 ≤ k ≤ n1, 1 ≤ j ≤ m1 } ¤

 � ©� , Q �� � � P �y��  At¶z��

{s0, · · · , sn1
} ⊂ {x0, · · · , xn}, {t0, · · · , tm1

} ⊂ {y0 · · · , ym}
 ��

L(f,Q) ≤ L(f,P) ≤ U(f,P) ≤ U(f,Q)

f : M −→ R �kt�¤ , �yWts� M = [a, b] × [c, d] �ky� :T§r\� - 8-1.4
.­ ¤d�� T�� 

 A� �Ð� Xq�¤ �Ð� M Yl� ��Aktl� Tl�A� f T��d�� (�)
T¶z�� ©± �y�� δ > 0 d�w§ ε > 0 �k�

 wk§ P = { [xk−1, xk]× [yj−1, yj] |1 ≤ k ≤ n, 1 ≤ j ≤ m }
(4.1) |P | < δ =⇒ |U(f,P)− L(f,P) | < ε

.M Yl� ��Aktl� Tl�A�  wk� Ah��� M Yl� TlOt� f T��d�� 
�A� �Ð� (
)
 �� f(x, y) = c Tt�A� T�� f T��d�� 
�A� �Ð� (�)

∫ ∫

M

f(x, y) dA = c (b− a)(d− c)

- A¡r�

:��Aktl� Tyl�Aq�� �§r`� �� . YW`� ε > 0 �ky�¤ , M Yl� ��Aktl� Tl�A� f T��d��  � ¾¯¤� |rfn� (�)
P = { [xk−1, xk]×[yj−1, yj] |1 ≤ k ≤ n, 1 ≤ j ≤ m } T¶z�� ©± �y�� δ > 0 d�w§

 wk§

|P | < δ =⇒
∣∣∣∣R(f,P)−

∫ ∫

M

f(x, y) dA

∣∣∣∣ < ε/4

P = { [xk−1, xk]×[yj−1, yj] |1 ≤ k ≤ n, 1 ≤ j ≤ m } T¶z�� ©± ¢�� ��Ð �� �tn§
 �� (ξk, ηj), (ξ

′
k, η

′
j) ∈ [xk−1, xk]× [yj−1, yj] ªAqn� CAyt�� ©±¤ |P | < δ �q��

|R(f,P)−R′(f,P) | < ε/2

.­CAt�m�� ªAqnl�  �rZAnm��  Am§C A`ym�� Am¡ R(f,P),R′(f,P) �y�
�� , P = { [xk−1, xk] × [yj−1, yj] |1 ≤ k ≤ n, 1 ≤ j ≤ m } T¶z��  Ð� @��n�
�y�� (ξk, ηj), (ξ

′
k, η

′
j) ∈ [xk−1, xk]× [yj−1, yj] ªAq�  A�§� �yWts� sup, inf Q�w�

Mk,j−f(ξk, ηj) <
ε

4(b− a)(d− c)
, f(ξ′k, η

′
j)−mk,j <

ε

4(b− a)(d− c)
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 � d�� ��Ð ��d�tFA�

U(f,P) − L(f,P) ≤ |U(f,P)−R(f,P) |+ |R(f,P)−R′(f,P) |
+ |L(f,P)−R′(f,P) |

≤
∣∣∣∣∣

n∑

k=1

m∑
j=1

(Mk,j − f(ξk, ηj))(xk − xk−1)(yj − yj−1)

∣∣∣∣∣
+ |R(f,P)−R′(f,P) |

+

∣∣∣∣∣
n∑

k=1

m∑
j=1

(mk,j − f(ξ′k, η
′
j))(xk − xk−1)(yj − yj−1)

∣∣∣∣∣

<
2ε

4(b− a)(d− c)

n∑

k=1

m∑
j=1

(xk − xk−1)(yj − yj−1) +
ε

2

= ε

.w�C� �A`ym�t� T§r\n�� ¨� Cw�@m�� ªrK�� �zlts� ��Aktl� Tyl�Aq��  � �@¡ 
b�§
d�w§ ε > 0 �k� ¢�� �q�� f : M −→ R T�� An§d�  � |rfn� Hk`�� �Ab�³  µ� �qtn�
P = { [xk−1, xk]× [yj−1, yj] |1 ≤ k ≤ n, 1 ≤ j ≤ m } T¶z�� ©± �y�� δ > 0

 wk§
|P | < δ =⇒ |U(f,P)− L(f,P) | < ε

Yl�� �� ­ ¤d�� Tylfs�� w�C� �A`ym��  � �tnts� T§r\n�� Yl� Tq�As�� T\�®m�� ��
@��� ,�fF� �� ­ ¤d�� T§wl`�� w�C� �A`ym��¤

I = sup
P

L(f,P), I = inf
P

U(f,P)

 wk§ P T¶z�� ©± ¢�� �R�w�� ��

L(f,P) ≤ I ≤ I ≤ U(f,P)

 � 
b�nF .I = I  � |rf�� �� �tn§¤ 0 ≤ I − I ≤ U(f,P) − L(f,P) ¢n�¤
.I = I =

∫ ∫
M f(x, y)dA

T¶z�� @���¤ YW`� ε > 0  � |rf� ��Ð ��� ��
CAt��¤ |P | < δ �y�� P = { [xk−1, xk]× [yj−1, yj] |1 ≤ k ≤ n, 1 ≤ j ≤ m }

 � Am� , k, j �k� (ξk, ηj) ∈ [xk−1, xk]× [yj−1, yj] ªAq� ©�

mk,j ≤ f(ξk, ηj) ≤ Mk,j

 ��
L(f,P) ≤ R(f,P) ≤ U(f,P)

 � ��Ð �� �tn§¤ |U(f,P)− L(f,P) | < ε �q�� P T¶z�tl� A�CAyt�� �k�

|R(f,P)− I | ≤ U(f,P)− L(f,P) < ε

.I = I ©¤As§ Ahl�Ak�¤ ��Aktl� Tl�A� T��d��  � 
b�§ A� w¡¤
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Ty�µ� Tqyq�l� �At�nF ºz��� �@¡ �Ab�³ (
)

�y�� δ > 0 d�w§ ε > 0 �k� ¢��� TlOt� T�� f : M −→ R 
�A� �Ð�
 wk§ (ξ, η), (ξ′, η′) ∈ M �ytWq� ©±

d((ξ, η), (ξ′, η′)) < δ =⇒ | f(ξ, η)− f(ξ′, η′) | < ε

.�AO�³� �� «w�� �wm`�� ¢�¤ Yl� ¨¡¤ �\tnm�� �AO�³� Ty}A�� Ty}A��� £@¡ Yms�
T¶z�� ©°� . δ = δ2

0/2 �S�¤ ,Tq�As�� Ty}A��� 	s� δ0 CAt��¤ ε > 0 @��n�
©±¤ |P | < δ �y�� P = { [xk−1, xk] × [yj−1, yj] |1 ≤ k ≤ n, 1 ≤ j ≤ m }

 wk§ (ξ, η), (ξ′, η′) ªAq�

(ξ, η), (ξ′, η′) ∈ [xk−1, xk]× [yj−1, yj] =⇒ d((ξ, η), (ξ′, η′)) < δ0

=⇒ | f(ξ, η)− f(ξ′, η′) | < ε

 � �tntsn� Mk,j −mk,j ≤ ε  � Y�� © ¥§ A� w¡¤

.U(f,P)− L(f,P) < ε(b− a)(d− c)

.¢y�A� A¡An¡r� ¨t�� (�) ­rqfl� T�yt� ��Aktl� Tl�A� f  � �Ab�³ �@¡ ¨fk§

. A¡rb� �At�� ¯¤ T�R�¤ (�)

:Tl��� - 9-1.4

.TlOt� T�� Ah�± �yWts� ©� Yl� ��Aktl� Tl�A� f(x, y) = x2y T��d�� (1)

dn� TlOt� 
sy� f(x, y) = 1, x < 1, f(x, y) = 2, x ≥ 1 T�®`�A� T�r`m�� T��d�� (2)
Ah�± [0, 2] × [0, 2] �yWtsm�� Yl� ��Aktl� Tl�A� ��Ð ��C Ahnk� , {(x, y)|x = 1} ªAqn��

.([1, 2]× [0, 2] ¤ [0, 1[×[0, 2] �ylyWtsm�� �� �� Yl� Tt�A�) TymlF T�� 

:Ty�At�� �m��� Ty}A� ¨¡ ¨¶An���  Am§C ��Ak� Q�w� Xs��

M1, · · · ,Mn�kt�¤�yWts�M �ky� :(��Aktl� �m��� Ty}A�) T§r\� - 10-1.4

Tyl�� ªAq� ¨� Ahn� �ylyWts� ©� �VAqt§ ¯ ¨t�� �®yWtsm�� �� T�wm��
M Yl� ��Aktl� Tl�A�  wk� f : M −→ R T�� ©� .M = ∪n

k=1Mk �y��
T�A��� £@¡ ¨�¤ , M1, · · · ,Mn �� �� Yl� ��Aktl� Tl�A� f 
�A� Xq�¤ �Ð�

 wk§∫ ∫

M

f(x, y) dA =
∑

k=1

∫ ∫

Mk

f(x, y) dA

. T�whs� T�ytn�� �ym`� �km§¤ ,n = 2 T�A� ¨� T§r\n�� T�} �¡rbnF - A¡r�
�y�� ­CAt�� δ > 0 ¤ YW`� ε > 0 �ky�¤ , M Yl� ��Aktl� Tl�A� T�� f : M −→ R �kt�

.(1.4) ªrK�� �q��
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�yWtsml� P1 = { [xk−1, xk] × [yj−1, yj] |1 ≤ k ≤ n, 1 ≤ j ≤ m } �yt¶z�� ©� @���
�y�� M2 �yWtsml� P = { [xk−1, xk] × [yj−1, yj] |1 ≤ k ≤ n, 1 ≤ j ≤ m } ¤ M1
�q�� M �yWtsml� T¶z�� P  wkt� P = P2 ∪ P2 �S�¤ , |P2 | < δ ¤ |P1 | < δ

¨�At�A�¤ .|P | < δ
U(f,P)− L(f,P) < ε

 � �R�w�� ��
(4.2) U(f,P) = U(f,P1) + U(f,P2), L(f,P) = L(f,P1) + L(f,P2)

, U(f,P1) − L(f,P1) = U(f,P) − L(f,P) − (U(f,P2) − L(f,P2)) ¨�At�A�¤
 �� U(f,P2)− L(f,P2) > 0  � �y�¤

U(f,P1)− L(f,P1) < ε

.M2 Yl� ��Aktl� Tl�A� f  wk� ��m�A�¤ M1 Yl� ��Aktl� Tl�A� f  � �@¡ 
b�§
 � �tn§ sup @���¤ (2.4) ��d�tFA� AS§�∫ ∫

M

f(x, y) dA =

∫ ∫

M1

f(x, y) dA +

∫ ∫

M2

f(x, y) dA

ε > 0 ©±¤ , M2 ¤ M1 �� �� Yl� ��Aktl� Tl�A� f  � |rfn� ¨sk`�� £A��³� �Ab�³  µ� �qtn�
�yWtsml� (1.4) �q�� δ2 > 0 d�w§ ��@�¤ M1 �yWtsml� Tbsn�A� (1.4) �q�� δ1 > 0 d�w§ YW`�

�S� , |P | < δ �q�� M �yWtsml� T¶z�� P �kt�¤ .δ = min(δ1, δ2) @��� , M2

P1 = (P ∩M1) ∪ {P1, Q1}, P2 = (P ∩M2) ∪ {P1, Q1}
.M1,M2  ®yWtsml� Tyl��d��  A�C±� ¨tWq� Am¡ P1, Q1 �y�

 � Am� |P1 | < δ, |P2 | < δ  � T\�®� �hs�� ��
U(f,P) ≤ U(f,P1 ∪P2) ≤ U(f,P1) + U(f,P2),
L(f,P) ≥ L(f,P1 ∪P2) ≥ L(f,P1) + L(f,P2)

�tn§ �rW�A�
U(f,P)− L(f,P) ≤ U(f,P1)− L(f,P1) + U(f,P2)− L(f,P2) < 2ε

.M Yl� (1.4) ªrK�� �q�� f  � 
b�§ A� w¡¤

 At�� f, g : M −→ R �kt� :(��Aktl� Tl�Aq�� ��¤d�� rb�) T§r\� - 11-1.4
α, β ∈ R �ky�¤ , M �yWtsm�� Yl� ��Aktl�  Atl�A�

�q��¤ M Yl� ��Aktl� Tl�A� αf + βg (�)
∫ ∫

M

(αf(x, y)+βg(x, y)) dA = α

∫ ∫

M

f(x, y) dA+β

∫ ∫

M

g(x, y) dA

 �� (x, y) ∈ M �k� f(x, y) ≤ g(x, y) 
�A� �Ð� (
)
∫ ∫

M

f(x, y) dA ≤
∫ ∫

M

g(x, y) dA
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¹CAql� �¤rt� - A¡r�
d��¤ ry�t� ¨� T�� ��Akt� TWFwtm�� Tmyq�� T§r\� ��Am� Ty�At�� T§r\n��

M = [a, b] × [c, d] �ky� :̈ ¶An��� ��Aktl� TWFwtm�� Tmyq�� T§r\� - 12-1.4
TWq� d�w� ¢��� M TlOt� f 
�A� �Ð� .f : M −→ R �kt�¤ , �yWts�

�y�� P ∈ M
∫ ∫

M

f(x, y) dA = f(P )(b− a)(d− c)

��¤d�� rb� �� ,m = min(x,y)∈M f(x, y) ¤ M = max(x,y)∈M f(x, y) �kt� - A¡r�
 � �tnts� ��Aktl� Tl�Aq��

m(b− a)(d− c) ≤
∫ ∫

M

f(x, y) dA ≤ M(b− a)(d− c)

TWyFw�� Tmyq�� T§r\� ��) f T��d�� «d� ¨� ­ w�w�
1

(b− a)(d− c)

∫ ∫

M

f(x, y) dA ¨�At�A�

�y�� P ∈ M d�w� ¢�� ©� (TlOtm�� ��¤dl�

f(P ) =
1

(b− a)(d− c)

∫ ∫

M

f(x, y) dA

T��dl� Ty�Attm�� �®�Akt�� �y�¤ �§ry�t� ¨� T��d�  Am§C ��Ak� �y� T�®`l�  µ� �qtn�

�Ð� .f : M −→ R�kt�¤ , �yWts�M = [a, b]× [c, d]�ky� :T§r\� - 13-1.4

 wk§¤  � w�w� f T��dl�  Ay�Attm��  ®�Akt��  �� M Yl� TlOt� f 
�A�
∫ d

c

(∫ b

a

f(x, y) dx

)
dy =

∫ ∫

M

f(x, y) dA =

∫ b

a

(∫ d

c

f(x, y) dy

)
dx

�y�� δ > 0 CAt��  � �km§ f T��d�� �AO�� �� YW`� ε > 0 �ky� - A¡r�

de((x, y), (x′, y′)) < δ =⇒ | f(x, y)− f(x′, y′) | < ε/[(b− a)(d− c)]

�y�� [c, d] ­rtfl� T¶z�� Y = (y0, · · · , ym) ¤ [a, b] ­rtfl� T¶z�� X = (x0, · · · , xn @���
.maxi | yi+1 − yi | < δ ¤ maxj |xj+1 − xj | < δ

ªAqn� CAyt�� ©± , Tt�A� y0 ∈ [c, d] �kt� : y ∈ [c,d] ©±  w�w�
∫ b
a f(x,y)dx  � ¯¤� 
b��

 wk§ ¨�At�A�¤ ,| f(ξj, y0)− f(ξj, y0) | < ε/[(b − a)(d − c)]  wk§ ξj, ξ
′
j ∈ [xj, xj+1]

�y� Mj(y0)−mj(y0) ≤ ε/[(b− a)(d− c)]

Mj(y0) = max
x∈[xj ,xj+1]

f(x, y0), mj(y0) = min
x∈[xj ,xj+1]

f(x, y0)
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T¶z�t�� Yl� φy0
(x) = f(x, y0) T��dl� Tylfs��¤ T§wl`�� w�C� �A`ym�� �y� �CAf��  � �tn§ �@¡ ��

�q�§ X

U(φy0
, X)− L(φy0

, X) =
∑

j

(Mj(y0)−mj(y0))(xj+1 − xj)

≤ ε/[(a− b)(d− c)]
∑

j

(xj+1 − xj) = ε/(d− c)

.I1(y0) =
∫ b

a φy0
(x) dx�S� .[a, b] ­rtf�� Yl�  Am§C �whfm� ��Aktl� Tl�A�φy0

T��d��  � 
b�§ A� w¡¤
 � d�� ηi, η

′
i ∈ [yj, yj+1 ªAq� ©� @��� :  w�w� ¨�Attm�� ��Akt��  � 
b�� ��

| I1(ηi)− I1(η
′
i) | ≤

∫ b

a

∣∣ φηi
(x)− φη′i(x)

∣∣ dx

=

∫ b

a

| f(ηi, x)− f(η′i, x) | dx < ε/(d− c)

�y� Mi −mi ≤ ε/(d− c)  wk§ ¨�At�A�¤

Mi = max
y∈[yi,yi+1]

I1(y), mi = min
y∈[yi,yi+1]

I1(y)

 � �tn§ ��@� ,[c, d] Yl�  Am§C �whfm� ��Aktl� Tl�A� I1  wk� ¨�At�A�¤
∣∣∣∣∣
∫ d

c

I1(y) dy −
∑

i

∑
j

f(ξi, ηj)(xj+1 − xj)(ηi+1 − ηi)

∣∣∣∣∣ < ε

 � 
b�§A� w¡¤
∫ d

c

(∫ b

a

f(x, y) dx

)
dy =

∫ d

c

I1(y) dy =

∫ ∫

M

f(x, y) dA

.Tq§rW�� Hfn� �t§ T§r\n�� ¨�A� �Ab��
¨l§ Amy� T�y�O�� T�A�³� rt�� .Tl·F� 14.4

 �� M = [a, b]× [c, d] �yWts� Yl� T�r`� T�� f(x, y) 
�A� �Ð� (1)
∀y ∈ [c, d]  w�w�

∫ b
a f(x, y) dx ( )

. w�w� ry�
∫ b
a f(x, y) dx ( )

 � w�w�
∫ d
c f(x, y) dy ¤

∫ b
a f(x, y) dx �yl�Akt�� ( )

. w�w�
∫ b
a

∫ d
c f(x, y) dydx ¨�Attm�� ��Akt�� ( )

 wk§ M = [a, b]× [c, d] �yWts� Yl� T�r`� f T�� ©± (2)
.M Yl� ��Aktl� Tl�A� f  � �zlts§

∫ b
a

∫ d
c f(x, y) dydx ¨�Attm�� ��Akt��  w�¤ ( )

 � �zlts§
∫ d
c

∫ b
a f(x, y) dxdy ¤

∫ b
a

∫ d
c f(x, y) dydx �yy�Attm�� �yl�Akt�� �� ��  w�¤ ( )

.M Yl� ��Aktl� Tl�A� f
. M Yl� ��Aktl� Tl�A� ry� T��d��  � �zlts§ �yy�Attm�� �yl�Akt�� d��  w�¤ �d� ( )

Amh§¤As�¤
∫ d
c

∫ b
a f(x, y) dxdy ¤

∫ b
a

∫ d
c f(x, y) dydx �yy�Attm�� �yl�Akt�� �� ��  w�¤ ( )

.M Yl� ��Aktl� Tl�A� f  � �zlts§
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 �� M = [a, b]× [c, d] �yWts� Yl� T�r`� T�� f(x, y) 
�A� �Ð� (3)
��Aktl� Ahtyl�A� �zlts§ f �AO�� ( )

��Aktl� Ahtyl�A� �d� �zlts§ f �AO�� �d� ( )
Ah�AO�� �zlts§ f T��dl�  Ay�Attm��  ®�Akt��  w�¤ ( )

.Ah�AO�� �� �tn§ f T��dl�  Ay�Attm��  ®�Akt��  w�¤ ( )

.�§CAm� 15.4

YW`m�� M �yWtsm�� Yl� ��Aktl� Ty�At�� ��¤d�� �� �� Tyl�A� xC � (1)

.M = [a, b]× [c, d] ,f(x, y) = αx + βy (�)

. M = [−1, 1]× [−1, 1] ,f(0, 0) = 0 ,(x, y) 6= (0, 0) ,f(x, y) =
x

x2 + y2
(
)

. M = [−1, 0]× [−1, 0] ,f(x, x) = 0 , x 6= ±y ,f(x, y) =
(x− 1)2

x2 − y2
(�)

.M = [0, 1]× [0, 2] , f(x, y) =

{
2x, A�dn� 2x > y

2x− y, A�dn� 2x ≤ y
( )

.M = [0, 1]× [0, 1] , f(x, y) =

{
x, A�dn� y ∈ Q
x− y, A�dn� y /∈ Q (£)

Ty�µ� �®�Akt�� d�¤� (2)

.
∫ 1
0

∫ 1
−1 x2 + y2 dydx (�)

.
∫ 3
1

∫ 1
−1 xy sin(xy) dydx (
)

.
∫ 4

2

∫ 2

−1

1
(x + y)2

dydx (�)

.
∫ 2

0

∫ 1

0

x2

(1 + y2)
dydx ( )

.
∫ 2

1

∫ 1

0

x

(x2 + y2)2
dydx (£)

.
∫ 2

1

∫ 1

0

x

(x2 + y2)
dydx (¤)

.
∫ 2

1

∫ 1

0

y

(x2 + y2)2
dydx (E)

.
∫ 2

1

∫ 1

0

y

(x2 + y2)
dydx (�)

�kt�¤ M = [a, b]× [c, d] Yl� TlOt� T�� f �kt� (3)

g(x, y) =
∫ x

a

∫ y

c
f(x, y) dydx

 � �¡r�
∂2g

∂y ∂x
(x0, y0) = f(x0, y0)

M =]a− δ, b+ δ[×]c− δ, d+ δ[ Yl� Ty�A��� Tb�r�� �� TlOt� Ty¶z� �AqtK� Ah� T�� f �kt� (4)
 wk§ (x0, y0) ∈ [a, b]× [c, d] ©± ¢�� �¡r� .δ > 0 �y�

∫ x0

a

∫ y0

c

∂2f

∂x ∂y
(x, y) dydx = f(x0, y0)− f(x0, a)− f(x0, c) + f(a, c)
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Tflt�� �VAn� Yl� ��Akt��¤ T�Asm�� 2.4

�� �lt�� ¨Fdn¡ �kJ ��Ð TqWn� Yl� �§ry�t� ¨� T�� ��Ak� TF�Cd�  µ� �qtn�
 �¤ ,D ⊂ R2 ­ ¤d�� Ty¶z� T�wm�� An§d�  � |rfnF ,Ty�w�Aq�� �®yWtsm��

�S� D ©wt�§ ¨�w�A� �yWts� M �ky�¤ ,f : D −→ R

fM(P ) =

{
f(P ), A�dn� P ∈ D
0, A�dn� P /∈ D

:D ⊂ R2
­ ¤d�� T�wm�� Yl� �§ry�t� ¨� T��d� ¨¶An��� ��Akt�� :�§r`� - 16-2.4

¨�¤ .M Yl� ��Aktl� Tl�A� fM 
�A� �Ð� D Yl� ��Aktl� Tl�A� f  � �wq�
�S� T�A��� £@¡

∫ ∫

D

f(x, y) dA =

∫ ∫

M

fM(x, y) dA

:�A\�®� - 17-2.4

^�®� , A�rZAnm��  At��d�� fM2
¤ fM1

�kt�¤ ,D Amhn� �� ©w�§  ®yWts� M1,M2 �ky� (1)
 �

fM1
(P ) = fM2

(P ) ∀P ∈ D

 wk§ ¨�At�A�¤ D �CA� TWq� ©± = 0 Amhn� �� Amny�
∫ ∫

M1

fM1
(x, y)dA =

∫ ∫

M2

fM2
(x, y)dA

.M �yWtsml� A�CAyt�� Yl� ��wt§ ¯
∫ ∫

D f(x, y) dA ��Akt��  � ©�

��Akt�� Yl� �bWn§ ��As�� �§r`t�A� �r`m�� ��Akt��  �� ¨�w�A� �yWts� �� ­CAb� D 
�A� �Ð� (2)
.�yWtsm�� Yl� ¨¶An���

T�As� ��Ð TqWn�D  � �wq� :D ⊂ R2
­ ¤d�� TqWn� T�As� :�§r`� - 18-2.4

�S� T�A��� £@¡ ¨�¤ .D Yl� ��Aktl� Tl�A� f(P ) = 1 Tt�A��� T��d�� 
�A� �Ð�

Area(D) =

∫ ∫

D

1 dA

 A�§� �yWts� ¯ An�� ©�) T�As� Ah� Hy� �VAn� �An¡  � «r�  � 	`O�� �� Hy�
.(��Akt�� ��d�tFA� Aht�As�

�k� f(P ) = 1 
 T�r`� f : D −→ R �kt�¤ D = (Q∩[0, 1])×[0, 1] @��� :�A�� - 19-2.4
P = { [xk−1, xk]× [yj−1, yj] |1 ≤ k ≤ n, 1 ≤ j ≤ m } T¶z�� ©± ¢�� d�n� .P ∈ D
ªAq� �An¡ [xk−1, xk]× [yj−1, yj] ry�} �yWts� ©� ¨�  wkyF M = [0, 1]× [0, 1] �yWtsml�

90



(ξk, ηj) ∈ [xk−1, xk]×[yj−1, yj] ªAq� @��� , T�wm�m�� £@h� ¨mtn� ¯ ªAq�¤ D T�wm�ml� ¨mtn�
@���¤ ,1 ©¤As§ rZAnm��  Am§C �ym��  wk§ ¨�At�A�¤ ,fM(ξk, ηj) = 1  wkyF D T�wm�ml� ¨mtn�
fM(ξk, ηj) = 0  wktF D T�wm�ml� ¨mtn� ¯ (ξk, ηj) ∈ [xk−1, xk] × [yj−1, yj] ªAq�
Yl� ��Aktl� Tl�A� 
sy� fM(P ) T��d��  � �@¡ �yb§ ,0 «¤As§ rZAnm��  Am§C �ym��  � d�� ¨�At�A�¤

.D Yl� ��Aktl� Tl�A� 
sy� f  �� ¨�At�A�¤ M
­ ¤d�� T�� ©� ,rf} Aht�As� ¨t�� �VAnm�� �l� T�Asm�� ��Ð �VAnm�� Tl��� ��

:¨l§ Amy� �¡rbnF Am� ��Ð¤ ,��Aktl� Tl�A�  wktF �wn�� �@¡ �� TqWn� Yl� T�r`�
:T§r\� - 20-2.4

T�As� ��Ð TqWn�  wk§ Tql�� ­rt� Yl� TlOt� T��d� ��mm�� Yn�nm�� (�)
.rfO�� ©¤As�

T�r`� ­ ¤d�� T�� f¤ rfO�� ©¤As� T�As� ��Ð TqWn� D 
�A� �Ð� (
)
.rfO�� ©¤As§ Ahl�Ak�¤ D Yl� ��Aktl� Tl�A� f  �� D Yl�

- A¡r�

�S� ,TlOt� T�� φ : [a, b] −→ R �kt� (�)

D = { (x, φ(x)) | x ∈ [a, b] }

.f(P ) =

{
1, P ∈ D
0, P ∈ M \D

�S�¤ D ©w�§ �yWts� M = [a, b]× [c, d] @���

[a, b] ­rtfl� (x0, · · · , xn) T¶z��  A�§� �km§ �\tnm�� �AO�¯� Ty}A� �� .YW`� ε �ky�
�y��

.αk = max
x∈[xk−1,xk]

φ(x), βk = min
x∈[xk−1,xk]

φ(x) �y� αk − βk < ε/(b− a) ∀k

Rk,0 = [xk−1, xk]×[c, βk] ¤Rk,1 = [xk−1, xk]×[mk, αk]�®yWtsm�A� �yWtsml�P T¶z�t�� �iÄr`u�
.D ⊂ ∪n

k=1Rk,1  � ^�®� , Rk,2 = [xk−1, xk]× [αk, d] ¤
:P T¶z�tl� Tbsn�A� f T��dl� w�C� �A`ym�� xCdnF

U(f,P) =
n∑

k=1

Mk,0(βk − c)(xk − xk−1) +
n∑

k=1

Mk,1(αk − βk)(xk − xk−1)

+
n∑

k=1

Mk,2(d− αk)(xk − xk−1)

L(f,P) =
n∑

k=1

mk,0(βk − c)(xk − xk−1) +
n∑

k=1

mk,1(αk − βk)(xk − xk−1)

+
n∑

k=1

mk,2(d− αk)(xk − xk−1)
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�� �yWts� �� Yl� 0 ©¤As� f  ± Mk,0 = mk,0 = Mk,2 = mk,2 = 0 �k�
: ¨�At�A� , Mk,1 = 1,mk,1 = 0 Amny� , Rk,0, Rk,2

U(f,P)− L(f,P) =
n∑

k=1

(Mk,1 −mk,1)(αk − βk)(xk − xk−1)

=
n∑

k=1

(αk − βk)(xk − xk−1) <
ε

b− a

n∑

k=1

(xk − xk−1) = ε

 � �bF Am� ^�®� Am� ,M Yl� ��Aktl� Tl�A� f  � 
b�§ A� w¡¤

Area(D) =

∫ ∫

M

f(x, y) dA < ε

.Area(D) = 0  �� ε > 0 ©± �y�} �@¡  � �y�¤

�q�� f : D −→ R 
�A�¤ T�As� ��Ð TqWn� D 
�A� �Ð� ¢�� �Ab�� �hs�� �� (
)
 wk§ �yWtsm�� �@h� P T¶z�� ©±¤ D ©w�§ M �yWts� ©± ¢��� m ≤ f(P ) ≤ M

U(f,P) ≤ M Area(D), L(f,P) ≥ m Area(D)

.rfO�� ©¤As§ Ahl�Ak�¤ ��Aktl� Tl�A�  wk� f  �� rfO�� ©¤As� D T�As� 
�A� �Ð��

TslF TWys� �Ayn�n� �y� ­CwO�m�� �VAnm�� ¨¡ T�Asm�� ��Ð �VAnm�� ��w�� �¡�
:¨�At�A� Ah�r`�¤

TqWn� ¨¡ D ⊂ R2 T�wm��  � �wq� : ¤d��� Tm\tn� �VAnm�� :�§r`� - 21-2.4
d��¤ ry�t� ¨� φ1, φ2 �AqtJ®�  Atl�A�  At�� �d�¤ �Ð�  ¤d��� Tm\tn�

�y��
D = { (x, y) | a ≤ x ≤ b, φ1(x) ≤ y ≤ φ2(x) }
�y�� d��¤ ry�t� ¨� ψ1, ψ2 �AqtJ®�  Atl�A�  At�� �d�¤ ¤�

D = { (x, y) | c ≤ y ≤ d, ψ1(y) ≤ x ≤ ψ2(y) }

Am� Ty�Att� �®�Akt� Ahyl� �®�Akt�� 
As�  Ak���  ¤d��� Tm\tn� �VAnm�� zymt�
Ty�At�� T§r\n�� �Rw�
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�kt� :T§r\� - 22-2.4

D = { (x, y) | a ≤ x ≤ b, φ1(x) ≤ y ≤ φ2(x) }
 �� .��Aktl� Tl�A� T�� f : D −→ R �kt�¤ , ¤d��� Tm\tn� TqWn�

T��d��
I(x) =

∫ φ2(x)

φ1(x)
f(x, y) dy

 wk§¤ [a, b] Yl� ��Aktl� Tl�A�
∫ b

a

I(x) dx =

∫ ∫

D

f(x, y) dA


 ­AW`� D 
�A� w� ��m�A�¤

D = { (x, y) | c ≤ y ≤ d, ψ1(y) ≤ x ≤ ψ2(y) }

¹CAql� �¤rt� - A¡r�
, ¤d��� Tm\tn� TqWn� ©� Yl� ��Aktl� Tl�A�  wk� TlOtm�� ��¤d��  �� «r�� Th� ��

Ty�At�� T§r\n�� ¢yl� Pn� A� w¡¤
Tl�A�  wk�  ¤d��� Tm\tn� TqWn� Yl� TlOt� T�� ©� :T§r\� - 23-2.4

.TqWnm�� �l� Yl� ��Aktl�
¹CAql� �¤rt� - A¡r�

¨l§ Amy� T�y�O�� T�A�³� rt�� .Tl·F� 24.4

 �� D ⊂ R2 T�As� ��Ð TqWn� Yl� ­ ¤d��¤ T�r`� T�� f(x, y) 
�A� �Ð� (1)
.D Yl� ��Aktl� Tl�A� f ( )

.D Yl� ��Aktl� Tl�A� ry� f ( )
.
∫ ∫

D f(x, y)dA = (max f)Area(D) ( )
.
∫ ∫

D f(x, y)dA = 0 ( )

 �� , M Yl� T�r`� T�� f ¤ Ah§w�§ �yWts� M �ky� ¤ D ⊂ R2 �kt� (2)
.D Yl� ��Aktl� Tl�A� f 
�A� �Ð� Xq�¤ �Ð� M Yl� ��Aktl� Tl�A� f ( )

.D Yl� ��Aktl� f Tyl�A� �zlts� M Yl� ��Aktl� f Tyl�A� ( )

.M Yl� ��Aktl� f Tyl�A� �zlts� D Yl� ��Aktl� f Tyl�A� ( )
.
∫ ∫

M f(x, y) dA =
∫ ∫

D f(x, y) dA ( )

D = { (x, y) | a ≤ x ≤ b, φ1(x) ≤ y ≤ φ2(x) } T�wm�� Yl� TlOt� T�� f(x, y) 
�A� �Ð� (3)
 �� , AtlOt�  At�� φ1, φ2 �y�

.D Yl� ��Aktl� Tl�A� f ( )
.
∫ ∫

D f(x, y) dA =
∫ b
a (

∫ φ2(x)
φ1(x) f(x, y) dx)dy ( )

.
∫ ∫

D f(x, y) dA =
∫ b
a (

∫ φ2(x)
φ1(x) f(x, y) dy)dx ( )

.
∫ ∫

D f(x, y) dA = (
∫ φ2(x)
φ1(x)

∫ b
a f(x, y) dx)dy ( )
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.�§CAm� 25.4

.�d�¤  � Aht�As� d�¤� �� ,T�As� ��Ð T�wm�� ­AW`m�� D T�wm�m�� 
�A� �Ð� A� xC � (1)

.D = {(x, y)|x, y ∈ Q ∩ [0, 1]} (�)
.Tyhtn� T�wm�� ©� D ⊂ R2 (
)

. D = { (x, y) |x, y ∈ [0, 1]&∃n, k ∈ N, 0 ≤ k ≤ 2n, y = k/2n } (�)
.D = { (x, y) |x2 + y2 ≤ 2x } ( )

.D = { (x, y) | |x |+ | y | ≤ 1 } (£)
.D = { (x, y) | |x |+ | y | ≥ |x + y | } (¤)

­AW`m�� D T�wm�m�� Yl� ��Aktl� Ty�At�� ��¤d�� �� �� Tyl�A� xC � (2)

.D = { (x, y) |x, y ∈ [0, 1]&∃n, k ∈ N, 0 ≤ k ≤ 2n, y = k/2n } ,f(x, y) = αx + βy (�)

. D = { (x, y) | |x |+ | y | ≤ 1 } ,f(0, 0) = 0 ,(x, y) 6= (0, 0) ,f(x, y) =
xy

x2 + y2
(
)

. D = { (x, y) | |x |+ | y | ≤ 1 } ,f(x, x) = 0 , x 6= ±y ,f(x, y) =
(x− 1)2

x2 − y2
(�)

.D = { (x, y) | 0 ≤ x ≤ 1, x ≤ y ≤ 3x } , f(x, y) =

{
2x, A�dn� 2x > y

2x− y, A�dn� 2x ≤ y
( )

.D = { (x, y) | 0 ≤ x ≤ 1, 0 ≤ y ≤ x } , f(x, y) =

{
x, A�dn� y ∈ Q
2x, A�dn� y /∈ Q (£)

, f(x, y) = xy (¤)

D = ∪∞n=1

({
(x, y) | 1

n + 1
≤ x ≤ 2n + 1

2n(n + 1)
, 0 ≤ y ≤ 2n(n + 1)(x− 1

n + 1
)
}

∪
{

(x, y) | 2n + 1
2n(n + 1)

≤ x ≤ 1
n

, 0 ≤ y ≤ 2n(n + 1)(
1
n
− x)

} )

.

Ty�µ� �®�Akt�� d�¤� (3)

.
∫ 1

0

∫ x

1
x2 + y2 dydx (�)

.
∫ √

π

0

∫ x

0
x sin(xy) dydx (
)

.
∫ 2

1

∫ 2x

x

1
x2 + y2

dydx (�)

.
∫ 2

−2

∫ 5

y2−4
(x + 2y) dxdy ( )

.
∫ π/2

−π/2

∫ 3 cos θ

0
r2 sin2 θ drdθ (£)

.
∫ 1

0

∫ √
1−x2

0

√
1− x2 − y2 dydx (¤)

.
∫ 1

0

∫ 1

√
x

sin(y3) dydx (E)

.
∫ 1

0

∫ 1

x2

x3

x4 + y2
dydx (�)

: ztnby� ­d�A� �¡r� (4)
M = [a, b]× [c, d] �yWts� Yl� x ry�tml� Tbsn�A� TlOt� Ty¶z� TqtK� Ah� T�� f 
�A� �Ð�
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T��d��  �� ]a, b[ Yl� TlOt� �AqtK� Amh�  At�� φ1, φ2 : [a, b] −→ [c, d] 
�A�¤
�q��¤ ]a, b[ Yl� �AqtJ®� Tl�A� F (x) =

∫ φ2(x)
φ(x) f(x, y) dy

F ′(x) = f(x, φ2(x))φ′2(x)− f(x, φ1(x))φ′1(x) +
∫ φ2(x)

φ1(x)

∂f

∂x
(x, y) dy
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