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RN ,R3,R2 �A��rf��

�wl`�� �¶As� �� d§d`�A� ,An�Ay� ¨� ¨`ybV �kK� ry�t� �� r��� ¨� ��¤d�� rh\�
��¤d�� ��d�tFA� Ah� TyRA§C �ÐAm� ºAn� �km§ Ty�Amt�¯� �AF�Cd��¤  AOt�¯�¤ Ty`ybW��

.ry�t� �� r��� ¨�
:Tl��� - 1-1

Ahbtk�¤ .�����¤ ­C�r��� T�C ¨� T��d� EA��� X�R ��m§ Ty�A�m�� ��EA��� TF�Cd�  At`m�� �Ðwmn�� (1)
.P (T, V ) ­CwO�� Yl�

	lW�� ¨�¤ t ��z�� ¨� T��d� Ty�Am�� ��C¤±� T}Cw� ¨� dnF ¤� �hF r`F xCd�  AOt�¯� �l� ¨� (2)
.V (t, b, s) T��d� Ahbtkn� .s �ybl� |¤r`m��¤ b º�rK�� Yl�

­r�wtm�� º�@��� Tym� ¨� T��d� Tqy�d�� �An¶Ak�� ��w�� {`� wm� xCd� T§wy��� �wl`�� ¨� (3)
.N(F, S, t) ­CwO�� Yl� ��Ð ��m�¤ .��z��¤ Ahl�K� ¨t�� T�Asm��¤

¨t�� , ��� · · · ,R3 , R2 �A��rf�� TF�Cd� �dbnF ry�t� �� r��� ¨� ��¤d�� �hf�¤
.��ry�tm�� Ahy� 'Ly`t'

¨Fdnh�� Ahly�m�¤ RN �A�wm�m�� 1.1

�� �k�  wk§  �  At`m�� ��  � ^�®�  � ¯¤� d�¯ ?�§ry�t� ¨� T�� �� ��A`t� �y�
EA`�� X�R �y�m� dn� ®�� , �§ry�tm�� �y� Xl�� ¯� 	�y� ,QA� Yn`� �§ry�tm��
T�C dn� ��� ­d�¤ 10 ¢m�� EA� X�R ¨W`� P (275, 10)  �� P (T, V ) T��d�
.­ryb� Tym¡� ¢� �§ry�tm�� ¢� 	tk� ©@�� 	y�rt��  � ©� , Hk`�� Hy�¤ , 275 ­C�r�

. Tb�rm�� ��¤E±� �� T�wk� T�wm�� ¨� r}An`� �§ry�tm�� ��m� ��@�
T�wm�m�� r}An� ¨¡ Tyqyq���  �d�±� �� Tb�rm�� ��¤E±�

R2 = R× R = { (x, y) |x, y ∈ R }
:�ytyFAF� �ytylm� �iÄra`u� r}An`�� �� T�wm�m�� £@¡ Yl�

�iÄra`u� t ∈ R ©±¤ (x1, y1), (x2, y2) ∈ R2©± :R2
Yl� T§rb��� �Aylm`�� - 2-1

(x1, y1) + (x2, y2) = (x1 + x2, y1 + y2) :�m��� Tylm�

t.(x1, y1) = (tx1, ty1) : d� ¨� 
rS�� Tylm�

.R ¨� ­ At`m�� T§rb��� �Aylm`�� ¨¡ �m§±� �rW�� Yl� �Aylm`�� �y�



�Sn� ,��ry�t� T�®� �� ��A`t�� Annkm§ ��m�A�

R3 = R× R× R = { (x1, x2, x3) | x1, x2, x3 ∈ R }
�iÄra`u� �A� �kK� .�§ry�tm�� T�A� ¨� Anl`� Aml�� T§rb��� �Aylm`�� �iÄra`u�¤

T�wm�m�� w¡ :RN
d`� −N ¤Ð ©dyl�³� ��rf�� - 3-1

RN =

­rm-N
︷ ︸︸ ︷
R× · · · × R = { (x1, · · · , xN) | x1, · · · , xN ∈ R }

©±¤ (x1, · · · , xN), (y1, · · · , yN) ∈ RN ©± T�r`m�� T§rb��� �Aylm`�� ��
­CwO�A� t ∈ R

, (x1, · · · , xN) + (y1, · · · , yN) = (x1 + y1, · · · , xN + yN) :�m��� Tylm�

, t.(x1, · · · , xN) = (tx1, · · · , txN) : d� ¨� 
rS�� Tylm�

.R ¨� ­ At`m�� T§rb��� �Aylm`�� ¨¡ �m§±� �rW�� Yl� �Aylm`�� �y�
:- 4-1

w¡ R2 �� (−1, 1) ¤ (3, 5) �§rOn`�� �wm�� (1)

(3, 5) + (−1, 1) = (3 + (−1), 5 + 1) = (2, 6)

¨l§ Am� Q(5,−1, 1) ¤ P (4, 3,−2) �y� 2P + 3Q rOn`�� 
As� �km§ (2)

2P + 3Q = 2.(4, 3,−2) + 3.(5,−1, 1)

= (2× 4 + 3× 5, 2× 3 + 3× (−1), 2× (−2) + 3× 1)

= (23, 3,−1)

Yn`� Ah� Hy� P 7 , P/Q , PQ2 �w� �� ��ryb`t� ,RN Yl� 
rS�� Tylm� �§r`t� �q� �� (3)
.P, Q ∈ RN A�dn�

¨Fdnh�� �y�mt��

��m� ��@� ,�yqts� X� Xq� ­Cw} Yl� Tyqyq���  �d�±� ��m�  �  At`m�� ��
 wk� T§zy�CA� �Ay��d�� �A\� CAyt�A� ��Ð �t§¤ , «wtsm�� ªAq� ­Cw} Yl� R2 r}An�

:��

, �}±� TWq� Yms� O Tt�A� TWq� (�)

Am¡@��� A� ­ A�¤ , �Ay��d�³� ©Cw�� Amhyms� O ¨�  A`VAqt�  Amyqts�  AW� (
)
,  �d�A`t�

. �§Cw�m�� �� �� Yl� xAy� ­d�¤ (�)
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x ¢n� d`b§¤ ¨�A��� Cw�m�� ©E�w§ ¾Amyqts� ¾AW� @��� (x, y) ∈ R2 rOn`�� ��m� ¨k�¤
�Ð� CAsy�� Y�� ­d�¤ −x ¤ Tb�w� x 
�A� �Ð� �ymy�� Y�� ­d�¤ x ©�) Th�w� ­d�¤
­d�¤ y ¢n� d`b§¤ �¤±� Cw�m�� ©E�w§ Amyqts� AW� ��m�A� @��� �� , (Tb�AF x 
�A�
rOn� �� . (x, y) rOn`�� ��m� ¨t�� TWqn�� ¨¡ �yW��� �§@¡ �VAq� TWq� ,Th�w�
 � d`�� , R2 ¨� Á�rOn� ��m� «wtsm�� ¨� TWq� ��¤ ,«wtsm�� ¨� TWqn� ��m§ R2 ¨�
 � Yl� T�¯dl� P (x, y) 	tk� ��Ð CAhZ³¤ .Amh� Tl�mm�� TWqn�� �Ay�A��  Ayms§ (x, y)

.(x, y) �Ay��d�³� Ah� P TWqn��

P(X,Y)

O

1

1

Y

X

R2 ¨� C¤A�m�� :4 �kJ

�}� TWq� @��� ��Ð¤ , A`�±� ¨�®� ��rf�� ªAqn� R3 r}An� �y�m�  At`m�� ��
�y�mt�� �@¡ ¨� . Cw�� �� Yl� xAy� ­d�¤¤ TWqn�� �l� ¨� Ty�®t� C¤A�� T�®�¤
«wtsm��  � ^�®� .TWqn�� �l� rZAn§ (x, y, z) ∈ R3 �rOn� ��rf�� ¨� TWq� ©± d��
Tb�r� �Ay�®�� ��m� ¨t�� ªAqn�� �ym� ©w�§ �y�¤±� �Ay��d�³� ©Cw�� �S§ ©@��
��Ð ¨ms�¤ , R2 r}An� �� rZAn� ¨� ªAqn�� �l� �R¤ �km§¤ , (x, y, 0) ­CwO�� Yl�
TWqn�� Xqs� (x, y, 0) ¨�®��A� Tl�mm�� TWqn�� ¨ms� Am� XY «wtsm�A� «wtsm��

.XY «wtsm�� Yl� (x, y, z) 
 Tl�mm��

P(X,Y,Z)

O

1

1

Z

X
Y

1

R3 ¨� C¤A�m�� :5 �kJ
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T§rb� �¯ A`m� TyFdnh�� �AkJ±� �}¤ R3 ¤ R2 r}An`� ¨Fdnh�� �y�mt�� �yt§
¢yn§C ¨s�rf�� �AyRA§r�� ��A�¤ �wslyf�� A¡rkt�� ¨t�� Tq§rW�� ¨¡¤ , �Ay��d�³� �y�
��n� .(©r�� �aityla��) Tylyl�t�� TFdnh�A� 
ymF¤ (1650- 1596 Renée Descartes) �CAk§ 

­CwO�� Yl� T� A`m� �}w§ R2 ¨� �yqts� X� ©�  � ¾®�� �l`�

L : ax + by + c = 0

X��� Yl� �q� ¨t�� �l� ¨¡ T� A`m�� £@¡ Ah�Ay��d�� �q�� ¨t�� ªAqn��  � ��Ð Yn`�¤
.�yqtsm��

T§dyl�³� T�Asm��
,�ytWqn�� �y�A¡ �y� Tl}�w�� Tmyqtsm�� T`Wq�� �wV ¨¡ �ytWq� �y� T�Asm��

¨¡ R2 «wtsm�� ¨� Q(x2, y2) , P (x1, y1) �ytWq� �y� T�Asm��  wk� ¨�At�A�¤

d(P, Q) =
√

(x2 − x1)2 + (y2 − y1)2

YW`� R3 ¨�®��� ��rf�� ¨� Q(x2, y2, z2) , P (x1, y1, z1) �ytWq� �y� T�Asm�� :��m�A�
T�®`�A�

d(P,Q) =
√

(x2 − x1)2 + (y2 − y1)2 + (z2 − z1)2

¾A�wm�¤

�iÄr`u� , RN ¨�  AtWq� Q(y1, · · · , yn) , P (x1, · · · , xn) �kt� :�§r`� - 5-1

Ah��� �ytWqn�� �y� T§dyl�³� T�Asm��

de(P, Q) =

(
n∑

k=1

(xk − yk)
2

)1/2

TyFAF� Q�w� T`�C� An¡ ¨W`nF¤ ,T§dyl�³� T�Asml� Q�w��� {`� �AtntF� �hs�� ��

, Q(y1, · · · , yn) , P (x1, · · · , xn) �kt� :T§dyl�³� T�Asm�� Q�w� -6-1
An§d� , t ∈ R �ky�¤ RN ¨� r}An� R(z1, · · · , zn)

Tb�w� T�Asm��  � �wq�¤) de(P, Q) = 0 ⇐⇒ P = Q , de(P,Q) ≥ 0 (�)
(­ d��

(Tl�Amt� T�Asm��) de(P, Q) = de(Q,P ) (
)
(�l�m�� ­d�A�) de(P, R) ≤ de(P, Q) + de(Q,R) (�)
(Ts�A�t� T�Asm��) de(tP, tQ) = | t | de(P, Q) ( )

.YW`�  d� 0 < r �ky�¤ , P (x0, y0, z0) ∈ R3 �kt� :R3 ¨� ­r� �WF T� A`� : �ybW� - 7-1
r A¡rW� �O�¤ P A¡z�r� ¨t�� ­rk�� �WF T� A`� d�¤�
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����
, de(Q,P ) = r �q�� ¨t�� Q(x, y, z) ∈ R3 ªAqn�� �l� ¨¡ ­rk�� �WF Yl� �q� ¨t�� ªAqn��

¨¡¤ ­rk�� T� A`� d�� �y�rW�� �y�rt�

(x− x0)
2 + (y − y0)

2 + (z − z0)
2 = r2

Tql�m��¤ T�wtfm�� ��rk��¤ Q�r�±�
w¡¤) P �� Tb§rq�� ªAqn�� T�wm�� TF�C A� C�¤ P ∈ R2 TWq� An§d� 
�A� �Ð�
T�wm�� rbt`�¤ 0 < r  d� @��� An��� (¾®�� �A§Ahn�� TF�C A� C� w� ¾�dyf�  wk§ d� A�

r}An`��
Dr(P ) = {Q ∈ R2 | de(Q,P ) < r }

.r £rW� �O�¤ P £z�r� ©@�� �wtfm�� Qrq�� 
 r}An`�� �� T�wm�m�� £@¡ Yms�¤
:�l�m�� Qrq�� TF�Cd� ¾AS§� ¾A�Ay�� �At��

Dr(P ) = {Q ∈ R2 | de(Q,P ) ≤ r }
Xy�� Yl� �q� ¨t�� ªAqn�� Ahy�� ¾A�AS� �wtfm�� Qrq�� r}An� T�wm�� �� ­CAb� w¡¤

.Qrql� T§ ¤d��� ­r¶�d��
:�A\�®�¤ Tl��� - 8-1

Amhnk� D1(1, 0) rybk�� Qrq�� ¨�  A§wt�� D1/2(
3
2 , 0) , D1/2(

1
2 , 0)  �ry�O��  A}rq�� (1)

?r�}±� Q�r�±� �� ¨htn�  d� ©�� rybk�� Qrq�� TyW�� �km§ �¡ .¢�AyW�§ ¯

 �� r1 = r − de(P1, P ) A�@��¤ ¢y� TWq� P1 
�A�¤ , Qr� Dr(P )  A� �Ð� (2)
.Dr1

(P1) ⊂ Dr(P )

P

O

r

r
1

P
1

.Tq�As�� Ty}A��A� �tmt§ ¯ �l�m�� Qrq�� (3)

:RN Y�� �y¡Afm�� £@¡ �ym`� �hs�� ��
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Br(P ) T�wtfm�� ­rk�� �r`� ,0 < r �ky�¤ P ∈ RN �kt� :�§r`� - 9-1

¨l§ Am� Br(P ) Tql�m�� ­rk��¤

Br(P ) = {Q ∈ RN | de(Q,P ) < r }
Br(P ) = {Q ∈ RN | de(Q,P ) ≤ r }

T�¤z`m�� ªAqn��¤ ���rt�� ªAq�
�km§ A¡r}An� {`�  � d�ns� «wtsm�� ¨� A ªAqn�� �� T�wm�� ©� Anly�� w�
,T�wm�ml� «r�±� r}An`�A� TqyO� ry� r}An`�� �l�  wk� d� ©� T�¤z`�  wk�  �
©wt�§ ¯ �wtf� Qr� �An¡  wk§  � ¨¡ T�¤z`m�� TWqn�� �whfm� TyRA§r�� T�AyO��

:T§z�r�� T�Atk�A� ¤� ,TWqn�� £@¡ ¯� T�wm�m�� �l� ªAq� ��
∃r > 0 : Dr(P ) ∩ A ⊆ {P}

 � �km§ ��Aqm�� ¨� .T�wm�m�� ��� �� Ahn� 
�rt�¯� �km§ ¯ T�¤z`m�� ªAqn�� �l�
C�w��  wk§ ©� ,ºAK� Am� ­CAt�m�� T�wm�m�� r}An� Ahn� 
rtq� R2 �� ¾AWq� d��
YW`� �whfm�� �@h� TyRA§r�� T�AyO�� ,T�wm�m�� r}An� �� ¨¶Ah� ¯  d� Xqn�� �l�

:¨�At�� �§r`t�A�

���r� TWq� ¨¡ P  � �wq� ,P ∈ R2 �kt�¤ A ⊂ R2 �kt� : �§r`� - 10-1

 A� �Ð� A T�wm�ml�
∀r > 0 : (Dr(P ) ∩ A) \ {P} 6= ∅

:�A\�®�¤ Tl��� - 11-1

T�¤z`� TWq� ¤� A � ���r� TWq� A��  wk§ A T�wm�� r}An� �� rOn� ©�  � �R�w�� �� (1)
.A ��

¨¶Ah� ¯  d� ©w�§  � d�¯ P £z�r� �wtf� Qr� ©�  �� A T�wm�ml� ���r� TWq� P 
�A� �Ð� (2)
.A r}An� ��

�kt� (3)
A = Q2 = { (a, b) ∈ R2 | a, b ∈ Q }

©± ¢�± ��Ð¤ ,A T�wm�ml� ���r� TWq� ¨¡ P  � d�ns� P (x, y) ∈ R2 TWq� ©� A�@�� w�
,0 < | y − b | < r/2 ¤ 0 < |x− a | < r/2 �y�� a, b �yyFAy� �§ d� d�nF r > 0

.(a, b) ∈ Dr(P ), (a, b) 6= P  � ©� 0 < de((x, y), (a, b)) < r  � ��Ð �� �tn§

P (x, y) ∈ R2 rOn� ©� �@�� w� An�± ��Ð¤ R2 ¨� ���r� Xq� ©� Ah� Hy� Z2 T�wm�m�� (4)
¾�d��¤ ¾�rOn� ¯� Z2 �� rOn� ©� ©wt�§ ¯ Dr(P ) Qrq��  � d�ns� r = 1/2 A�rt��¤

.r��±� Yl�
�kt� (5)

A = { ((−1)n 1

n
, (−1)[2n/3] 3

2n
) |n ∈ N∗ }

.T�¤z`� ªAq� ¨¡ A r}An� �ym� �k� ,(0, 0) ¨¡ ­d��¤ ���r� TWq� Ah� A  � �Ab�� �km§
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Ty��wWF¯�¤ T§¤rk��¤ TybWq�� �Ay��d�³�
¨¡¤ ,(xta�Ã C ra�) TybWq�� �Ay��d�³A� AS§� ¹CAq�� r�@� ¨�At�� �Ofl� �qtn�  � �b�
�§rV �� �Ay��d�³�  d�t�¤ ,  �d�±� �� ��¤E�� «wtsm�� ªAq� �y�mt� «r�� Tq§rV

CAyt��
,	Wq�� ¤� �}±� TWq� Yms� O Tt�A� TWq� (�)

,¨bWq�� Cw�m�� Yms§ �}±� TWq� �� �lWn� �A`J (
)

.��wV°� xAy� ­d�¤ (�)

(r, θ) �¤z�� @��� TybWq�� �Ay��d�³A� TWq� �y�mt�¤

r = 	Wq��¤ TWqn�� �y� Tl}�w�� Tmyqtsm�� T`Wq�� �wV
θ = ­AW`m�� TWqn�� Y�� O �� �A`K��¤ ¨bWq�� Cw�m�� �y� T§¤�z�� xAy�

©¤rk�� �y�mt�� w¡ �¤±� ,¨bWq�� �y�mtl�  Ah�AK�  ®y�m� d�w§ ¨�®��� ��rf�� ¨�
CAt�� ¢y�¤

,	Wq�� ¤� �}±� TWq� Yms� O Tt�A� TWq� (�)

,Z Cw��¤ Y Cw��¤ X Cw�� Amhyms� ­d�A`t� T§zy�CA� C¤A�� T�®� (
)

.��wV°� xAy� ­d�¤ (�)

P(ρ,θ,φ)

O

φ

Z

X
Y

θ

ρ

R3 ¨� T§¤rk�� �Ay��d�³� :6 �kJ
(ρ, θ, ϕ) 	�rm�� ¨�®��� @��� T§¤r� �Ay��d��� P TWqn�� �y�mt�¤

ρ = 	Wq��¤ TWqn�� �y� Tl}�w�� Tmyqtsm�� T`Wq�� �wV
θ = X Cw�� �y�¤ XY «wtsm�� Yl� P Xqs� Y�� O �� �}�w�� �A`K�� �y� T§¤�z�� xAy�
ϕ = Z Cw�� �y�¤ PY�� O �� �}�w�� �A`K�� �y� T§¤�z�� xAy�

CAt�� ¢f§r`t�¤ Ty��wWF³� �Ay�A�³� Ymsy� r�µ� �y�mt�� A��
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,	Wq�� ¤� �}±� TWq� Yms� O Tt�A� TWq� (�)

,Z Cw��¤ Y Cw��¤ X Cw�� Amhyms� ­d�A`t� T§zy�CA� C¤A�� T�®� (
)

.��wV°� xAy� ­d�¤ (�)

P(r,θ,z)

O

z

X
Y

θ

r

R3 ¨� Ty��wWF¯� �Ay��d�³� :7 �kJ
¨¡ r, θ �y� (r, θ, z) 	�rm�� ¨�®��� @��� Ty��wWF� �Ay��d��� P TWqn�� ��m�¤
(|Af��� ¤�) �Af�C� ¨¡ z Amny� XY «wtsm�� Yl� P TWqn�� Xqsm� TybWq�� �Ay��d�³�

. XY «wtsm�� �� P TWqn��
¨l§ Amy� T�y�O�� T�A�³� rt�� .Tl·F� 12.1

An§d� R2¨� (1)
R ��� T§rb��� �Aylm`�� �ym� ( )

T�r`� A¡r}An� �y� 
rS��¤ �m��� �Aylm� ( )
R Yl� �m��� Tylm`� ­ At`m�� Q�w��� Hf� Ah� �m��� Tylm� ( )

T�r`� T§rb� �Aylm� ©� d�w� ¯ ( )

¨¡ R2¨� O �}±� TWqn� TybWq�� �Ay��d�³� (2)
r = 0, θ = 0 ( ) T�r`� ry� ( )
r = ∞, θ = 0( ) r = 0, θ = 2π( )

R2 ¨� �l�m�� Qrq�� (3)
A�wtf� A}r� ©wt�§ ¯ ( ) r�� Aql�� A}r� ©wt�§ ¯ ( )
�wtf� Qr� �� ºz�  wk§( ) �wtf� Qr� �� �ºz�  wk§ ¯( )

RN ¨� Tyhtn� T�wm�� ©� (4)
���r� ªAq� AhVAq� �ym�  wk�( ) ���r� ªAq� Ah� Hy� ( )
T�¤z`� ªAq� Ah� Hy� ( ) T�¤z`� ªAq� AhVAq� �ym�( )

¨¡ TybWq�� Ah�Ay��d��  �� (x, y) 6= (0, 0) T§zy�CAk�� �Ay��d�³� P ∈ R2 TWqnl� 
�A� �Ð� (5)
r = x, θ = y ( ) r = x2 + y2, θ = arctan(y/x)( )
r =

√
x2 + y2, θ = arctan(y/x)( ) �bF Am� A§� 
sy� ( )
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.�§CAm� 13.1

T§zy�CAk�� Ah�Ay��d�� ¨t�� ªAqnl� TybWq�� �Ay��d�³� d�¤� (1)
( 1√

2
, 1√

2
) ( 1√

3
, 1√

3
) (1

2 ,
√

3
2 )

(x, 2x) (2x, x) (r cos θ, r sin θ)

.R3 ¨� Ty��wWF¯�¤ T§¤rk�� �Ay��d�³� �� ��¤ T§zy�CAk�� �Ay��d�³� �y� �A�®`�� d�¤� (2)

.TybWq�� �Ay��d�³� ¨� ax + by + c = 0 �yqtsm�� X��� T� A`� 	t�� (3)

�Ay��d�³� �� �� ¨� 1 A¡rW� �O�¤ �}±� TWq� A¡z�r� ¨t�� ­rk�� T� A`� 	t�� (4)
.T§zy�CAk��¤ T§¤rk��

Ah�d�A�¤ Z Cw�� w¡ A¡Cw��¤ h Ah�Af�C�¤ 1 A¡rW� �O� ¨t�� T��wWF±� T� A`� 	t�� (5)
.Ty��wWF¯� �Ay��d�³� ¨� XY «wtsm�� Yl�

.RN ¨� T§¤rk��¤ TybWq�� �Ay��d�²� ¢�AK� �Ay��d�� �A\� �§r`� �km§ �y� �y� (6)

RN ¨� �Ah�tm�� 2.1

¤� «wtsm�� ¨� TWq� ©�  � Ð� ,AyFdn¡ RN r}An� �y�mt� «r�� Tq§rV ¨¡ �Ah�tm��
Tl}�w�� Th�wm�� Tmyqtsm�� T`Wq�� ¢� dOq�¤ ,�Rw� ¢�t� 
 Ahly�m� �km§ ��rf�� ¨�
�wW�� T�r`m� A�Am�  d�t� Ah��� �Ah�tm�� zymt�¤ .­AW`m�� TWqn�� Y�� �}±� TWq� ��

.£A��³� ¤
TWqnl� T§zy�CAk�� �Ay��d�³A� A�� :�ytq§rW� O 6= P TWqn� �Rwm�� ¢�t� YW`u§
¢�tm�� �wV ��m� ¨t��¤) TybWq�� Ah�Ay��d��� ¤� ,(¢�tm�� �Ab�r� Ahyms� ¨t��¤) P
T�wm�� �� © A�� rZAn� ¨� Ah`R¤ �km§ RN r}An�  � �St§ ¨�At�A�¤ .(¢¡A���¤

.Tb�rm-N ��Ð �Ah�tm��
xCw�A�y� T§r\� ��d�tFA� ��Ð¤ ,¢�Ab�r� T�r`m� ¢�t� �wV  A�§� Am¶� �yWts�

w¡ R2 ¨� −→u = (x, y) ¢�t� �wV  � �R�w�� �m� ,(Ahmym`�¤)

‖−→u ‖ =
√

x2 + y2

¢��� −→u = (u1, · · · , uN) ∈ RN ¢�t� �wV �r`� 
wlF±� Hfn�¤

(1.1) ‖−→u ‖ =

√√√√
N∑

k=1

u2
k
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P

O

Q

P+Q

�Ah�tm�� �m� :8 �kJ
 d� ¨� ¢�t� 
rR Tylm�¤ �Ah�tml� �m��� Tylm� �§r`� Annkm§ rZAnt�� �@¡ ��

 � ^�®�¤ ,¨qyq�

:�Ah�tm�� Yl� T§rb��� �Aylm`l� ¨Fdnh�� �}w�� - 14-1

£A`lR ©@�� �®R±� ©E�wt� rWq� YW`§−→OQ ,−→OP �Rw� ¨h�t� �wm�� (�)
, −→OQ , −→OP

t xAyqm� A§¤As� ¢�wV  wk§ t ¨qyq�  d� ¨� −→OP ¢�t� 
rR ��A� (
)
¤� Ab�w� t  A� �Ð� −→OP £A��� Hf� w¡ ¢¡A���¤ , −→OP �wV ¨� A�¤rS�

. Ab�AF t  A� �Ð� H�A`m�� £A��¯�

Am¡d��  �� £A��¯� Hf� ¨� −→OQ , −→OP  Ah�tm��  A� �Ð� Hk`�A�¤ (�)
¨� �ys�A`t�  A� �Ð�¤ ,	�w� ¨qyq�  d� ¨� r�µ� 
rR ��A� ©¤As§

. 	�AF ¨qyq�  d� ¨� r�µ� 
rR ��A� ©¤As§ Am¡d��  �� £A��³�

w¡ −→u £A��� ¨� ­d�w�� ¢�t�  �� −→u ¢�t� AnyW�� �Ð� :­d�w�� �Ah�t� - 15-1

−̂→u =
−→u
‖−→u ‖

�yRwt�¤ ,Ahyl� T§rb��� �Aylm`��¤ ¨Fdnh�� Ahly�m� �wR¤ ¨� �Ah�tm�� �� dyfts�
 A`�±� ¨�®� ��rf�� ¨�¤ «wtsm�� ¨� �yqtsm�� X��� �¯ A`� xCd� �y� �ybnF ��Ð

d`b-N ¤Ð ��rf�� ¨�¤
Q(x2, y2) ,P (x1, y1) �kt� :R2 ¨� �yqtsm�� X�l� T§rt��CAb��¤ Ty¡A��¯� �¯ A`m�� - 16-1
T�r`� �km§ , AtWqn��  A�A¡ ¢yl� �q� ©@�� L X��� �¯ A`� xCdnF , «wtsm�� ¨�  Atflt��  AtWq�

10



��d�tFA� X��� �@¡

L Yl�  A`q� P, Q (�)

L £A��� ¨�
−→
PQ (
)

¨�At�A�¤ ±−→PQ £A��� ¨�
−→
PS  � �R�w�� �� , S(x, y) ∈ L �kt�

(1.2)
−→
OS =

−→
OP +

−→
PS =

−→
OP + λ.

−→
PQ, λ ∈ R

T�wl`m�� �Ah�tm�� �y�¤ X��� Yl� S ∈ L TWq� ©� �Rw� ¢�t� �y� T� A`m�� £@¡ X�r�
. L X�l� Ty¡A��¯� T� A`m�� (2.1) Yms�¤

−→
OP

−→
PQ =

−→
OQ−−→OP

d�� T� A`m�� £@¡ ¨� �Ay��d�³A� {§w`t�A�

(1.3) x = x1 + λ(x2 − x1), y = y1 + λ(y2 − y1), λ ∈ R

. L X�l� T§rt��CAb�� �¯ A`m�A�  At� A`m��  A�A¡ Yms�
­ At`m�� ­CwO�� Y�� �}wt� �yt� A`m�� �y�A¡ �y� λ 	WK�¤

(1.4) ax + by + c = 0

�y�

(1.5) a = (y1 − y2), b = (x2 − x1), c = (y2 − y1)x1 + (x1 − x2)y1

P

O

Q

S

�yqtsm�� X�l� Ty¡A��³� T� A`m�� �AtntF� :9 �kJ
Q�w��� Yl� «wF dmt`� ¯ ¢y�A� A¡An�d�tF� ¨t�� CAk�±�  � ^�®�  � �Ah�� ��

¨� ��Ð P�l� , A`�±� ��  d� ©± Ahmym`� �km§¤ ,�Ah�tml� TyFdnh��¤ T§rb���
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 AtWq� AnyW�� �Ð� :RN ¨� �yqtsm�� X�l� T§rt��CAb��¤ Ty¡A��¯� �¯ A`m�� - 17-1
CAm�� �yqtsm�� X���  �� , RN¨� P (x1, · · · , xN), Q(y1, · · · , yN)  Atflt��

Ty¡A��¯� T� A`m�� ¢�  wk� �ytWqn�� �y�Ah�
−→
OS =

−→
OP + t.

−→
PQ, t ∈ R

T§rt��CAb�� �¯ A`m��¤

z1 = x1 + t(y1 − x1), · · · , zN = xN + t(yN − xN), t ∈ R
. S(z1, · · · , zN) ∈ L TWq� ©±

�Ah�tml� ¨FAyq�� 
rS��
�wW� ¢tbs�  wk� ©@�� ¨qyq���  d`�� ¢��� �yh�tm� ¨FAyq�� 
rS�� �}A� �iÄr`u�
 A� �Ð� �wW�� �@¡ 	�As� ¤�) ¢yl� r�µ� ¢�tm�� Xqs� �wW� T§¤As� �yh�tm�� d��
 wk§ R2 ¨� ¢�� �Ab�� �km§ �A�l�m�� 
As� ��d�tFA�¤ (¢�tm�� £A��� Hk� ¨� Xqsm��

 d`�� w¡ −→v = (v1, v2) , −→u = (u1, u2) �yh�tml� ¨FAyq�� 
rS�� �}A�

(1.6) −→u .−→v = ‖−→u ‖ ‖−→v ‖ cos θ = u1v1 + u2v2

. �yh�tm�� �y� T§¤�z�� ¨¡ θ �y�
�}A� YW`§ −→v = (v1, v2, v3) , −→u = (u1, u2, u3) �yh�t� ©± R3 ¨� ��@�

T�®`�A� ¨FAyq�� 
rS��

−→u .−→v = u1v1 + u2v2 + u3v3

−→v = (v1, · · · , vN)−→u = (u1, · · · , uN)�yh�t�©± wk§  A`�±� ��  d�©±��Ð �ym`t�¤
¨qyq���  d`�� w¡ ¨FAyq�� Amh�rR �}A�

−→u .−→v =
N∑

k=1

ukvk

Ty�At�� T�ytnl� ­rJAb� © ¥§ ¨FAyq�� 
rS�� �}A�� ¨Fdnh�� �§r`t��  � ^�®�

d�A`� �Ð� Xq�¤ �Ð� rfO�� ©¤As§ �yh�tm� ¨FAyq�� 
rS�� �}A� :- 18-1

.©rfO�� ¢�tm�� Am¡d��  A� ¤�  Ah�tm��

¨FAyq�� 
rS�� �}A� �§r`� �� T�whs� Ah�Ab�� �km§ Ty�At�� �A�®`��

12



:̈ FAyq�� 
rS�� �}A�� T§rb��� Q�w��� - 19-1

−→u .−→v = −→v .−→u (�)
α ∈ R ©± (α−→u ) .−→v = α(−→u .−→v ) (
)
−→u . (−→v +−→w ) = −→u .−→v +−→u .−→w (�)

−→u =
−→
0  �� −→v ∈ RN �k� −→u .−→v = 0  A� �Ð� ( )

‖−→u ‖ =
√−→u .−→u (£)

¨FAyq�� 
rS�� �}A� �AqybW� {`� ¨l§ Amy� ¨W`nF
�ky� :R2 ¨� ­AW`� TWqn� CAm��¤ YW`� X� Yl� © wm`�� �yqtsm�� X��� T� A`� :1 �ybW� - 20-1
L⊥ X��� T� A`� d�¤� , «wtsm�� ¨� TWq� P (x0, y0) ¤ �yqts� X� L : ax + by + c = 0

P TWqn�A� CAm��¤ L Yl� © wm`��
����

 � ^�®� , −→u = (a, b) �S�¤ L Yl�  Atflt��  AtWq� R(x1, y1), S(x2, y2) �kt�
−→u .

−→
RS = a(x2 − x1) + b(y2 − y1) = 0

Ty¡A��¯� T� A`m��  A�§� �km§ ¨�At�A�¤ .L⊥ £A��� w¡ −→u £A���  �� ¨�At�A�¤ , −→u ⊥ −→
RS  � ©�

:L⊥ �yqtsml�
T§rt��CAb�� ­CwO�� ¨� ¤� ,

−→
OQ =

−→
OP + t.−→u , t ∈ R  A� �Ð� Xq�¤ �Ð� Q(x, y) ∈ L⊥

x = x0 + at, y = y0 + bt, t ∈ R
T� A`m�� d�wn� �yt� A`m�� �y�A¡ �y� t �@��¤

b(x− x0)− a(y − y0) = 0

P (x0, y0) TWqn�� �y� T�Asm�� d�¤� :R2 ¨� �yqts� X�¤ TWq� �y� T�Asm�� :2 �ybW� - 21-1
.L : ax + by + c = 0 �yqtsm�� ^���¤

����
T�Asm��  � �R�w�� �� , L Yl� P (x0, y0) �� X�As��  wm`�� �d� ¨¡ M = (x1, y1) �kt�

.d(P,L) =
∥∥∥−−→PM

∥∥∥ ¨¡ T�wlWm��

 � �tny� x1 − x0 = ta, y1 − y0 = tb ¤�
−−→
PM = t(a, b) ¨�At�A�¤ L Yl� © wm�

−−→
PM �k�

∥∥∥−−→PM
∥∥∥ = | t |

√
a2 + b2

«r�� Ty�A� ��

M ∈ L =⇒ ax1 + by1 + c = 0 =⇒ a(x0 + ta) + b(y0 + tb) + c = 0

=⇒ t = −ax0 + by0 + c

a2 + b2

13



T§Ahn�� ¨� d�n�

d(P,L) =
| ax0 + by0 + c |√

a2 + b2

T� A`� d�¤� :« wm`�� £A���¤ ¢yl� TWq� Ty�wl`m� R3 ¨� «wtsm�� T� A`� :3 �ybW� - 22-1
.¢yl� A§ wm� −→u = (a, b, c) ¢�tm��  wk§¤ P (x0, y0, z0) TWqn�� ©w�§ ©@�� R3 ¨� «wtsm��

����
¨�At�A�  wky� «wtsm�� ��Ð ¨� �q§

−→
PQ ¢�tm�� , 
wlWm�� «wtsm�� Yl� TWq� Q(x, y, z) �kt�

 � ©� −→u Yl� A§ wm�
−→u .

−→
PQ = 0

­CwO�� Yl� �Ay��d�³A� Aht�At� �km§¤ , «wtsm�� T� A`� ¨¡¤

a(x− x0) + b(y − y0) + c(z − z0) = 0

.«wtsm�� Yl� © wm� ¢�t� �Ab�r� ¨¡ «wtsml� T§zy�CAk�� T� A`m�� ¨� z, y, x �®�A`�  � ^�®�¤
ax+by+cz+d = 0 ¢t� A`�H «wts� 
yW�� �Ð� :«wts�¤ TWq� �y� T�Asm�� :4 �ybW� - 23-1

. H ¤ P �y� T�Asm�� d�¤� , P (x0, y0, z0) ∈ R3 TWq�¤
����

¨¡ T�wlWm�� T�Asm�� , H Yl� P �� X�As��  wm`�� �d� ¨¡ M = (x1, y1, z1) �kt�
. d(P,H) =

∥∥∥−−→PM
∥∥∥∥∥∥−−→PM

∥∥∥ = | t | √a2 + b2 + c2 ¨�At�A�¤ (a, b, c) £A���Hf� ¨�
−−→
PM  �^�®� 2 �ybW� T�A� ���¤

.
«r�� Ty�A� ��

M ∈ H =⇒ ax1 + by1 + cz1 + d = 0
=⇒ a(x0 + ta) + b(y0 + tb) + c(z0 + tc) + d = 0

=⇒ t = −ax0 + by0 + cz0 + d

a2 + b2 + c2

T§Ahn�� ¨� d�n�

d(P,H) =
| ax0 + by0 + cz0 + d |√

a2 + b2 + c2

	tkn� ,
−→
OP �Rwm�� ¢�t� �y�¤ P ∈ RN TWqn�� �y� zym� ¯�  At`m�� �� :T�A¡ T\�®� - 24-1

,¨qyq�  d� ¨� 
rS��¤ �m��� �Aylm� �� YJAmt§ ��AWt�� �@¡  � ^�¯ .
∥∥∥−→OP

∥∥∥ �� ¯d� ‖P‖ ®��
 � AS§� ^�¯¤

de(P,Q) =
∥∥∥−→PQ

∥∥∥ =
∥∥∥−→OP −−→OQ

∥∥∥ = ‖P −Q‖

R3 ¨� �yh�tm� ¨¡A��³� 
rS��
−→u ×−→v ¢�t� ¢���−→v ,−→u �yh�tm� ¨¡A��³� 
rS�� �}A� �r`� ¨�®��� ��rf�� ¨�
�®R±� ©E�wt� T�As� ©¤As§ ¢�wV¤ �yh�tm�� �§@¡ �S§ ©@�� «wtsm�� Yl� © wm�
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Ahnk� , 
wlWm�� ¢�tm�� �wV  d�� Tq�As�� ­CAb`��  � �R�w�� �� .−→v , −→u £A`lR ©@��
��@� ,«wts� ©� Yl� © wm� Am¡®�  As�A`t�  A¡A��� �Anh� .A�Am� ¢¡A���  d�� ¯
�nO§ �y�� ¨¡A��¯� 
rS�� �}A� £A��� CAt�� :Tynymy�� Tm§rb�� ­d�A� Yl� �lW}�

.Tynym§ Tm§r� (−→u ,−→v ,−→u ×−→v ) 	�rm�� ¨�®���
 �� −→v = (v1, v2, v3) ¤ −→u = (u1, u2, u3)  A� �Ð� :�Ab�rm�� ��d�tFA�¤

�y� −→u ×−→v = (w1, w2, w3)�y�

w1 =

∣∣∣∣
u2 u3
v2 v3

∣∣∣∣

w2 = −
∣∣∣∣

u1 u3
v1 v3

∣∣∣∣

w3 =

∣∣∣∣
u1 u2
v1 v2

∣∣∣∣

T�®`�A� ¨¡A��³� 
rS�� �}A� �wV YW`§¤

‖−→u ×−→v ‖ = ‖−→u ‖ ‖−→v ‖ sin θ

. −→v ¤ −→u �y� ­CwO�m�� T§¤�z�� ¨¡ θ �y�

R3 ¨� «wtsm�� T� A`� d�¤� :¢yl� ªAq� �®� Ty�wl`m� R3 ¨� «wtsm�� T� A`� :5 �ybW� - 25-1
.R(x3, y3, z3) , Q(x2, y2, z2) , P (x1, y1, z1) ªAqn�� ©w�§ ©@��

����
«wtsm�� Yl� © wm`�� £A���  wk§ ¨�At�A� , H 
wlWm�� «wtsm�� ¨�  A`q§

−→
PR ¤

−→
PQ  Ah�tm��

:�y�
−→
PQ×−→PR = (a, b, c) w¡

a =
∣∣∣ y2 − y1 z2 − z1

y3 − y1 z3 − z1

∣∣∣

b = −
∣∣∣ x2 − x1 z2 − z1

x3 − x1 z3 − z1

∣∣∣

c =
∣∣∣ x2 − x1 y2 − y1

x3 − x1 y3 − y1

∣∣∣

T�®`�A� «wtsm�� T� A`� YW`�¤

a(x− x1) + b(y − y1) + c(z − z1) = 0

¨l§ Amy� T�y�O�� T�A�³� rt�� .Tl·F� 26.1

 A�wk§ R2 ¨�  Ah�t� ©� (1)
 �d�A`t� ( ) £A��³� Hf� Amh� ( )
�§d�A`t� ry�( ) �bF Am� A§� Aqq�§ d�( )
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�yh�t� �wm�� (2)
Am¡d�� £A��� Hf� ¨�  wk§( ) Amhn� ©� £A��� ¨�  wk§ ¯ ( )
Am¡d�� Yl� A§ wm�  wk§ ( ) Amhn� ©� Yl� d�A`t§  � �km§ ¯( )

w¡ �yh�tm� ¨FAyq�� 
rS�� �}A� (3)
¢�t� ( ) ¨qyq�  d� ( )
¨FAy�  d�( ) �yqts� X�( )

��m� ax + by + cz + d = 0 T� A`m�� (4)
¢�t� ( ) «wtsm�� ¨� �yqts� X� ( )
¨�®��� ��rf�� ¨� «wts�( ) ¨�®��� ��rf�� ¨� �yqts� X�( )

.�§CAm� 27.1

�Ah�tm�� 
�A� �Ð� A� T�A� �� ¨� �y�¤ ,Ty�µ� �Ah�tml� ¨FAyq�� 
rS�� �}A� d�¤� (1)
¯ �� £A��³� Hf� ¨� 
�A� �Ð� A�¤ ¯ �� ­d�A`t�

(1, 1), (−1, 1) (1, 1, 0), (1, 0, 1) (0, 1, 0), (1, 0, 0)
(1, 1, 1), (1, 1, 2) (2, 3, 1), (1

2 , 3
4 , 1

4) (1,
√

3,
√

2), (
√

3,−2,
√

3/2)

CAm��¤ H : x = 1 «wtsm�� Yl� © wm`�� �yqtsm�� X�l� Ty¡A��³� T� A`m�� d�¤� R3¨� (2)
. �}±� TWqn�

T�wl`� TWq� �y�¤ ¢ny� T�Asm��¤ ¢yl� �ytWq� Ty�wl`m� R3 ¨� «wtsm�� T� A`� d�¤� (3)
.¢�CA�

.YW`� wts� ©E�w� ¨t�� �A§wtsm�� �ym� T� A`m� T�A`�� ­CwO�� d�¤� (4)
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